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Introduction

INTRODUCTION

» | will assume familiarity with notions such as
literals, formulas, SAT Solving, CDCL, ...

» | also assume everyone is convinced of the
benefits of proof logging
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INTRODUCTION

» | will assume familiarity with notions such as  Consider the formula F:
literals, formulas, SAT Solving, CDCL, ...

Example

» | also assume everyone is convinced of the aVvbVrVy bvevazVy
benefits of proof logging cVvdVazVy dvaVvzVy
» | will focus on symmetry handling:
A permutation o of literals is a (syntactic) The permutation
symmetry of a formula F if:
> o respects negation: o(z) = o(T) (abed) (zy) (abed) (7))
> Fl,=F

(Flo is replacing each x by o(z) in F)
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Introduction

INTRODUCTION

Example

» | will assume familiarity with notions such as  Consider the formula F:
literals, formulas, SAT Solving, CDCL, ...

» | also assume everyone is convinced of the avVoVzVy bvevazVy
benefits of proof logging cVdVzVy dvaVvzVy
» | will focus on symmetry handling:
A permutation o of literals is a (syntactic) The permutation
symmetry of a formula F if:
> o respects negation: o(z) = o(T) (abed) (xy) (abed) (7))
> Fl,=F
(Flo is replacing each z by o(z) in F) is a symmetry of F since F|, is
bVeVyVa cVdVyVa
dvaVvyVezx aVbVyVz
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INTRODUCTION

Example

| will assume familiarity with notions such as Consider the formula F:
literals, formulas, SAT Solving, CDCL, ...

| also assume everyone is convinced of the avVoVzVy bvevazVy
benefits of proof logging cVvdVvazVy dvaVvzVy
| will focus on symmetry handling:
A permutation o of Iiteral§ is a (syntactic) The permutation
symmetry of a formula F if:

> o respects negation: o(z) = o (%) (abed) (xy) (abed) (7))

> Fl,=F

(Flo is replacing each z by o(z) in F) is a symmetry of F since F|, is

Symmetric problems are often problematic for _
vanilla CDCL solvers (insert obligatory bvevyvz cvdVyVae
reference to PH principle here) dvaVvyVe aVbVyVz
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Introduction

OUTLINE OF THIS TALK

1. Introduction

2. Handling Symmetries in SAT (Overview)

3. Symmetry Breaking with VeriPB
1. The VeriPB proof System
2. Redundance-Based Strengthening
3. Redundance-Based and Dominance-Based Strengthening for Optimisation
4. VeriPB-certified symmetry breaking

4. Challenge: Sat Modulo Symmetries

5. Conclusion (More Challenges)
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Handling Symmetries in SAT (Overview)

SYMMETRY HANDLING TECHNIQUES

N

Non-Breaking

Breaking

L 2

Static Dynamic
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Non-Breaking

Breaking

Handling Symmetries in SAT (Overview)

SYMMETRY HANDLING TECHNIQUES

, |

Add lex-leader constraint
for symmetries of F"

set of clauses B such that
aEBiffa X a00

Global symmetry breaking
SHATTER [ASMO6]
BreakID [DBBD16]

L 2

Static

Certified Symmetry Breaking
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Non-Breaking

Breaking

Handling Symmetries in SAT (Overview)

SYMMETRY HANDLING TECHNIQUES

N

Add lex-leader constraint
for symmetries of subformulas of F"

Global symmetry breaking
SHATTER [ASMO6]
BreakID [DBBD16]

Local symmetry breaking [BS07]

L 2

Static
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Non-Breaking

Breaking

Handling Symmetries in SAT (Overview)

SYMMETRY HANDLING TECHNIQUES

’ |

For “simple symmetries”,
instead of branching on variables,
on the number of variables that are true

Global symmetry breaking
SHATTER [ASMO6]
BreakID [DBBD16]

Local symmetry breaking [BS07]
Asymmetric branching SYMCHAFF [Sab09]

L 2

Static
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Non-Breaking

Breaking

SYMMETRY HANDLING TECHNIQUES

N

Handling Symmetries in SAT (Overview)

Add lex-leader constraint
for symmetries of I

when these clauses would propagate

Global symmetry breaking Local symmetry breaking [BS07]

SHATTER [ASMO06] Asymmetric branching SYMCHAFF [Sab09]

BreEAKID [DBBD16] Effective symmetry breaking [MBCK18]
Static Dynamic
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Non-Breaking

Breaking

Handling Symmetries in SAT (Overview

SYMMETRY HANDLING TECHNIQUES

N

Propagator for =<¢,-minimality

Global symmetry breaking Local symmetry breaking [BS07]
SHATTER [ASMO06] Asymmetric branching SYMCHAFF [Sab09]
BreEAKID [DBBD16] Effective symmetry breaking [MBCK18]

SAT modulo symmetries [KS21]
SAT modulo CAS [BKG19]

L 2

Static Dynamic
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Non-Breaking

Breaking

SYMMETRY HANDLING TECHNIQUES

N

Handling Symmetries in SAT (Overview

When SAT solver learns c,
also learn ¢[, (if this seems “interesting”) [SHvMO09, BNOS10, DBD*12, DBB17]

Global symmetry breaking
SHATTER [ASMO6]
BreakID [DBBD16]

Symmetric Learning [HKM*05]

Local symmetry breaking [BS07]
Asymmetric branching SYMCHAFF [Sab09]
Effective symmetry breaking [MBCK18]
SAT modulo symmetries [KS21]

SAT modulo CAS [BKG19]

<
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Non-Breaking

Breaking

SYMMETRY HANDLING TECHNIQUES

N

Handling Symmetries in SAT (Overview)

Hybrid combination of Symmetric Learning [HKM*05]
Effective symmetry breaking predicates [SHvMO09, BNOS10, DBD*12, DBB17]
(first)

and symmetric learning
(for symmetries not broken completely)

ESBP-+SP [MBK19]

Global symmetry breaking Local symmetry breaking [BS07]
SHATTER [ASMO06] Asymmetric branching SYMCHAFF [Sab09]
BreEAKID [DBBD16] Effective symmetry breaking [MBCK18]

SAT modulo symmetries [KS21]
SAT modulo CAS [BKG19]

<

Static Dynamic
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Handling Symmetries in SAT (Overview)

CERTIFIED SYMMETRY HANDLING

Static Symmetry breaking
» DRAT proof logging for limited cases only [HHW15]
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CERTIFIED SYMMETRY HANDLING

Static Symmetry breaking
» DRAT proof logging for limited cases only [HHW15]
» VERIPB proof logging for general case [BGMN22]
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» VERIPB proof logging for general case [BGMN22]
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Handling Symmetries in SAT (Overview)

CERTIFIED SYMMETRY HANDLING

Static Symmetry breaking
» DRAT proof logging for limited cases only [HHW15]
» VERIPB proof logging for general case [BGMN22]

» Also appears to be applicable to dynamic symmetry breaking

Symmetric learning
> Recently proposed proof logging [TD20]
1. Special-purpose, specific approach
2. Requires adding explicit concept of symmetries
3. Not compatible with preprocessing techniques

Better to keep proof system super-simple(?)
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Symmetry Breaking with VeriPB | The VeriPB proof System

THE VERIPB PROOF SYSTEM

A proof system for pseudo-Boolean optimization problems
» Reasons with general pseudo-Boolean constraints
» Builds on cutting planes
> Extends this with strengthening rules (natural generalizations of RAT/PR)
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Symmetry Breaking with VeriPB | The VeriPB proof System

THE VERIPB PROOF SYSTEM

A proof system for pseudo-Boolean optimization problems

» Reasons with general pseudo-Boolean constraints

» Builds on cutting planes

> Extends this with strengthening rules (natural generalizations of RAT/PR)
Details about the proof checker, see Stephan Gocht's PhD thesis [Goc22]
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Symmetry Breaking with VeriPB | The VeriPB proof System

PSEUDO-BOOLEAN CONSTRAINTS

Pseudo-Boolean constraints are 0-1 integer linear constraints
> ait; > A
i

> a;, A€
> literals ¢;: x; or T; (where z; +T; = 1)

» as before, variables x; take values 0 = false or 1 = true
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th VeriPB ~ The VeriPB proof System

PSEUDO-BOOLEAN REASONING: CUTTING PLANES [CCT87]

Literal axioms ————
£; >0

Siaili= A Sl > B
S (caai + cabi)l; > caA + cpB
Yo cail; > A
> aili 2 [A/c]

Linear combination [ca,cB €N]

Division [c € NT]
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Symmetry Breaking with VeriPB | The VeriPB proof System

STRENGTHENING RULES

When is it allowed to derive a new constraint? If it is (clear that it is) implied?
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Symmetry Breaking with VeriPB | The VeriPB proof System

STRENGTHENING RULES

When is it allowed to derive a new constraint? If it is (clear that it is) implied?

Sometimes weaker criterion needed — recall that to get variable a encoding
a3z +2y+z+w>3)
we introduced pseudo-Boolean constraints
Ja+3r+2y+z+w>3 5a+3T+2y+z+w>5

Cutting planes method inherently cannot certify such constraints — they are not implied!
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STRENGTHENING RULES

When is it allowed to derive a new constraint? If it is (clear that it is) implied?

Sometimes weaker criterion needed — recall that to get variable a encoding
a3z +2y+z+w>3)
we introduced pseudo-Boolean constraints
Ja+3r+2y+z+w>3 5a+3T+2y+z+w>5

Cutting planes method inherently cannot certify such constraints — they are not implied!

Wish to allow without-loss-of-generality arguments that can derive non-implied constraints
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Symmetry Breaking with VeriPB | Redundance-Based Strengthening

REDUNDANCE-BASED STRENGTHENING

C'is redundant with respect to F if F' and F' A C are equisatisfiable

Adding redundant constraints should be OK

Bart Bogaerts (VUB) Certified Symmetry Breaking WHOOPS'24



Symmetry Breaking with VeriPB Redundance-Based Strengthening

REDUNDANCE-BASED STRENGTHENING

C is redundant with respect to F' if F' and F' A C' are equisatisfiable

Adding redundant constraints should be OK

Redundance-based strengthening [BT19, GN21

C'is redundant with respect to F' iff there is a substitution w (mapping variables to truth values or
literals), called a witness, for which
FA-CE (FAC),
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REDUNDANCE-BASED STRENGTHENING -
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Adding redundant constraints should be OK
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Symmetry Breaking with VeriPB Redundance-Based Strengthening

REDUNDANCE-BASED STRENGTHENING -

C is redundant with respect to F if F and F A C are equisatisfiable « satisfies @[, iff a ow satisfies ¢

Adding redundant constraints should be OK

Redundance-based strengthening

C'is redundant with respect to F' iff there is a substitution w (mapping variables to truth values or
literals), called a witness, for which
FA-CE (FAC),

Proof sketch for interesting direction: If « satisfies F' but falsifies C', then a o w satisfies FF A C
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Symmetry Breaking with VeriPB Redundance-Based Strengthening

REDUNDANCE-BASED STRENGTHENING -

C is redundant with respect to F if F and F A C are equisatisfiable « satisfies @[, iff a ow satisfies ¢

Adding redundant constraints should be OK

Redundance-based strengthening [BT19, GN21

C'is redundant with respect to F' iff there is a substitution w (mapping variables to truth values or

literals), called a witness, for which
FA-CE (FAC),

Proof sketch for interesting direction: If « satisfies F' but falsifies C', then a o w satisfies FF A C

Witness w should be specified, and implication should be efficiently verifiable, which is the case for
constraints in (F' A C)],, that are, e.g.,

> Reverse unit propagation (RUP) constraints w.r.t. F A =C

» Obviously implied by a single constraint among F' A ~C'
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Symmetry Breaking with VeriPB | Redundance-Based Strengthening

DERIVING A + (3X +2Y + Z + W > 3) USING THE REDUNDANCE RULE

Want to derive
3a+3r+2y+z2+w>3 Ba+3T+2y+z+w>5

using condition ' A =C' |= (F A C)[y,
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Symmetry Breaking with VeriPB | Redundance-Based Strengthening

DERIVING A + (3X +2Y + Z + W > 3) USING THE REDUNDANCE RULE

Want to derive
3a+3r+2y+z2+w>3 Ba+3T+2y+z+w>5

using condition ' A =C' |= (F A C)[y,

L FA-Ba+3z+2y+z+w>3)E (FABa+3z+2y+z+w>3)),
Choose w = {a ++ 0} — F untouched; new constraint satisfied
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Symmetry Breaking with VeriPB | Redundance-Based Strengthening

DERIVING A + (3X +2Y + Z + W > 3) USING THE REDUNDANCE RULE

Want to derive
3a+3r+2y+z2+w>3 Ba+3T+2y+z+w>5

using condition ' A =C' |= (F A C)[y,

L FA-Ba+3z+2y+z+w>3)E (FABa+3z+2y+z+w>3)),
Choose w = {a ++ 0} — F untouched; new constraint satisfied

2. FANBa+3z+2y+z+w>3)A-(ba+3T+2y+zZ+w >5) =
(FABa+3z+2y+z+w>3)AGa+3T+25+z+w >5))|
Choose w = {a ++ 1} — F untouched; new constraint satisfied
—(5a+3T+2y+Z+w>5) forces 3T+ 27+ z+w < 4
This is the same constraint as 3z + 2y + 2z +w > 3
And VERIPB can automatically detect this

w
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Symmetry Breaking with VeriPB | Redundance-Based Strengthening

TOY EXAMPLE OF REDUNDANCE RULE

Is the following graph 2-colourable (bipartite)?

~
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Symmetry Breaking with VeriPB | Redundance-Based Strengthening

TOY EXAMPLE OF REDUNDANCE RULE

Is the following graph 2-colourable (bipartite)?

b1 +b>1
2 by +by>1

~
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Symmetry Breaking with VeriPB | Redundance-Based Strengthening

TOY EXAMPLE OF REDUNDANCE RULE

Is the following graph 2-colourable (bipartite)?

Bart Bogaerts (VUB)

b1 +b>1
by +by > 1
b1 +b3>1
b1 +b3 > 1
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Symmetry Breaking with VeriPB | Redundance-Based Strengthening

TOY EXAMPLE OF REDUNDANCE RULE

Is the following graph 2-colourable (bipartite)?

7 b1 +b>1
2 bi+b2>1
6 by +b3>1
3 b1 +b3 > 1

Without loss of generality, node 1 is blue (otherwise
we can swap the two colours)

Bart Bogaerts (VUB) Certified Symmetry Breaking

WHOOPS'24



https://www.bartbogaerts.eu/talks/veripb-tutorial-series/examples/Bipartite.zip

Symmetry Breaking with VeriPB | Redundance-Based Strengthening

TOY EXAMPLE OF REDUNDANCE RULE

Is the following graph 2-colourable (bipartite)?

7 b1 +b>1
2 bi+b2>1
6 by +b3>1
3 b1 +b3 > 1

Without loss of generality, node 1 is blue (otherwise
we can swap the two colours)

Derive b; > 1 with redundance; witness w : b; — b;

F=F, and —(by>1)=(by > 1)l
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Symmetry Breaking with VeriPB

Redundance-Based Strengthening

TOY EXAMPLE OF REDUNDANCE RULE

Is the following graph 2-colourable (bipartite)?

~

b1 +b>1
by +by > 1
b1 +b3>1
b1 +b3 > 1

Without loss of generality, node 1 is blue (otherwise

we can swap the two colours)

Derive b; > 1 with redundance; witness w : b; — b;

F=F, and —(by>1)=(by > 1)l

Bart Bogaerts (VUB)

pseudo-Boolean proof version 2.0

f 18

red 1 b1 >=1 ; bl -> bl b2 -> "b2
— b3 -> "b3 b4 -> “b4 b5 -> "bb

— b6 -> "b6 b7 -> “b7 b8 -> "b8
rup >= 1;

output NONE

conclusion UNSAT

end pseudo-Boolean proof

» Start the proof
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Redundance-Based Strengthening

TOY EXAMPLE OF REDUNDANCE RULE

Is the following graph 2-colourable (bipartite)?

~

b1 +b>1
by +by >1
b1 +b3>1
by +b3 >1

Without loss of generality, node 1 is blue (otherwise

we can swap the two colours)

Derive b; > 1 with redundance; witness w : b; — b;

F=F, and —(by>1)=(by > 1)l

Bart Bogaerts (VUB)

pseudo-Boolean proof version 2.0

f 18

red 1 b1 >=1 ; bl -> bl b2 -> "b2
— b3 -> "b3 b4 -> “b4 b5 -> "bb

— b6 -> "b6 b7 -> “b7 b8 -> "b8
rup >= 1;

output NONE

conclusion UNSAT

end pseudo-Boolean proof

» Start the proof

» Derive by > 1 with redundance rule

Certified Symmetry Breaking WHOOPS'24



https://www.bartbogaerts.eu/talks/veripb-tutorial-series/examples/Bipartite.zip

Symmetry Breaking with VeriPB

Redundance-Based Strengthening

TOY EXAMPLE OF REDUNDANCE RULE

Is the following graph 2-colourable (bipartite)?
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by +by > 1
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Without loss of generality, node 1 is blue (otherwise

we can swap the two colours)

Derive b; > 1 with redundance; witness w : b; — b;
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pseudo-Boolean proof version 2.0

f 18

red 1 b1 >=1 ; bl -> bl b2 -> "b2
— b3 -> "b3 b4 -> “b4 b5 -> "bb

— b6 -> "b6 b7 -> “b7 b8 -> "b8
rup >= 1;

output NONE

conclusion UNSAT

end pseudo-Boolean proof

» Start the proof
» Derive by > 1 with redundance rule
» Derive contradiction by RUP
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end pseudo-Boolean proof
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red 1 b1 >=1 ; bl -> bl b2 -> "b2
— b3 -> "b3 b4 -> “b4 b5 -> "bb

— b6 -> "b6 b7 -> “b7 b8 -> "b8
rup >= 1;

output NONE

conclusion UNSAT
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TOY EXAMPLE OF REDUNDANCE RULE

Is the following graph 2-colourable (bipartite)?

~
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Without loss of generality, node 1 is blue (otherwise

we can swap the two colours)

Derive b; > 1 with redundance; witness w : b; — b;

F=F, and —(by>1)=(by > 1)l
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pseudo-Boolean proof version 2.0

f 18

red 1 b1 >=1 ; bl -> bl b2 -> "b2
— b3 -> "b3 b4 -> “b4 b5 -> "bb

— b6 -> "b6 b7 -> “b7 b8 -> "b8
rup >= 1;

output NONE

conclusion UNSAT

end pseudo-Boolean proof

» Start the proof
» Derive by > 1 with redundance rule
» Derive contradiction by RUP
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Symmetry Breaking with VeriPB | Redundance-Based and Dominance-Based Strengthening for Optimisation

REDUNDANCE AND DOMINANCE RULES FOR OPTIMISATION

Redundance-based strengthening, optimisation version

Add constraint C' to formula F' if exists witness substitution w s.t.
FA=CE (FAC) A flu < f

Bart Bogaerts (VUB) Certified Symmetry Breaking WHOOPS'24
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REDUNDANCE AND DOMINANCE RULES FOR OPTIMISATION

Redundance-based strengthening, optimisation version

Add constraint C' to formula F' if exists witness substitution w s.t.
FA=CE (FAC) A flu < f

Can be more aggressive if witness w strictly improves solution
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REDUNDANCE AND DOMINANCE RULES FOR OPTIMISATION

Redundance-based strengthening, optimisation version

Add constraint C' to formula F' if exists witness substitution w s.t.
FA-CE(FAO A fl < f

Can be more aggressive if witness w strictly improves solution

Dominance-based strengthening (simplified)

Add constraint C' to formula F' if exists witness substitution w s.t.

FA-CEFI, A flo<f

Bart Bogaerts (VUB) Certified Symmetry Breaking WHOOPS'24
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Symmetry Breaking with VeriPB Redundance-Based and Dominance-Based Strengthening for Optimisation

REDUNDANCE AND DOMINANCE RULES FOR OPTIMISATION

Redundance-based strengthening, optimisation version

Add constraint C' to formula F' if exists witness substitution w s.t.
FA-CE(FAO A fl < f

Can be more aggressive if witness w strictly improves solution

Dominance-based strengthening (simplified)

Add constraint C' to formula F' if exists witness substitution w s.t.

FA-CEFI, A flo<f

» Applying w should strictly decrease f
» If so, don’t need to show that CJ,, holds!

Bart Bogaerts (VUB)
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Symmetry Breaking with VeriPB | Redundance-Based and Dominance-Based Strengthening for Optimisation

SOUNDNESS OF DOMINANCE RULE

Dominance-based strengthening (simplified)

Add constraint C' to formula F' if exists witness substitution w s.t.
FA-CEFly A flu < f

Why is this sound?
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SOUNDNESS OF DOMINANCE RULE

Dominance-based strengthening (simplified)

Add constraint C' to formula F' if exists witness substitution w s.t.
FA-CEFly A flu < f

Why is this sound?
1. Suppose « satisfies F' but falsifies C' (i.e., satisfies =C)
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SOUNDNESS OF DOMINANCE RULE

Dominance-based strengthening (simplified)

Add constraint C' to formula F' if exists witness substitution w s.t.
FA-CEFly A flu < f

Why is this sound?
1. Suppose « satisfies F' but falsifies C' (i.e., satisfies =C)
2. Then « o w satisfies F' and f(aow) < f(a)

Bart Bogaerts (VUB) Certified Symmetry Breaking WHOOPS'24
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SOUNDNESS OF DOMINANCE RULE

Dominance-based strengthening (simplified)

Add constraint C' to formula F' if exists witness substitution w s.t.
FA-CEFly A flu < f

Why is this sound?
1. Suppose « satisfies F' but falsifies C' (i.e., satisfies =C)
2. Then oo w satisfies F' and [(avow) < f(a)

3. If aow satisfies C, we're done

Bart Bogaerts (VUB) Certified Symmetry Breaking WHOOPS'24
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SOUNDNESS OF DOMINANCE RULE

Dominance-based strengthening (simplified)

Add constraint C' to formula F' if exists witness substitution w s.t.
FA-CEFly A flu < f

Why is this sound?
1. Suppose « satisfies F' but falsifies C' (i.e., satisfies =C)
2. Then oo w satisfies F' and [(avow) < f(a)
3. If aow satisfies C, we're done
4. Otherwise (v o w) o w satisfies F and [((cow)ow) < f(aow)

Bart Bogaerts (VUB) Certified Symmetry Breaking

WHOOPS'24




Symmetry Breaking with VeriPB Redundance-Based and Dominance-Based Strengthening for Optimisation

SOUNDNESS OF DOMINANCE RULE

Dominance-based strengthening (simplified)

Add constraint C' to formula F' if exists witness substitution w s.t.
FA-CEFly A flu < f

Why is this sound?
1. Suppose « satisfies F' but falsifies C' (i.e., satisfies =C)
Then « o w satisfies F' and f(acow) < f(a)
If v o w satisfies C, we're done
Otherwise (a o w) o w satisfies F and [((cvow)ow) < f(aow)

o kW

If (v o w) o w satisfies C, we're done
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SOUNDNESS OF DOMINANCE RULE

Dominance-based strengthening (simplified)

Add constraint C' to formula F' if exists witness substitution w s.t.
FA-CEFly A flu < f

Why is this sound?
1. Suppose « satisfies F' but falsifies C' (i.e., satisfies =C)
Then « o w satisfies F' and f(acow) < f(a)
If v o w satisfies C, we're done
Otherwise (a o w) o w satisfies F and [((cvow)ow) < f(aow)
If (v o w) o w satisfies C, we're done
Otherwise ((aow)ow) ow satisfies F and [(((cow)ow)ow) < [((aow)ow)

S o o

Bart Bogaerts (VUB) Certified Symmetry Breaking WHOOPS'24
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SOUNDNESS OF DOMINANCE RULE

Dominance-based strengthening (simplified)

Add constraint C' to formula F' if exists witness substitution w s.t.

FA-CEFl, A flu<f

Why is this sound?

No o s wbd =

Suppose « satisfies F' but falsifies C (i.e., satisfies =C')

Then « o w satisfies F' and f(acow) < f(a)

If v o w satisfies C, we're done

Otherwise (a o w) o w satisfies F and [((cvow)ow) < f(aow)

If (v o w) o w satisfies C, we're done

Otherwise ((aow)ow) ow satisfies F and [(((cow)ow)ow) < [((aow)ow)

Bart Bogaerts (VUB) Certified Symmetry Breaking WHOOPS'24
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SOUNDNESS OF DOMINANCE RULE

Dominance-based strengthening (simplified)

Add constraint C' to formula F' if exists witness substitution w s.t.

FA-CEFl, A flu<f

Why is this sound?

1.

® NOo O~ wDh

Suppose « satisfies F' but falsifies C (i.e., satisfies =C')

Then « o w satisfies F' and f(acow) < f(a)

If v o w satisfies C, we're done

Otherwise (a o w) o w satisfies F and [((cvow)ow) < f(aow)

If (v o w) o w satisfies C, we're done

Otherwise ((aow)ow) ow satisfies F and [(((cow)ow)ow) < [((aow)ow)

Can't go on forever, so finally reach o' satisfying F' A C

Bart Bogaerts (VUB) Certified Symmetry Breaking WHOOPS'24




Symmetry Breaking with VeriPB Redundance-Based and Dominance-Based Strengthening for Optimisation

STRENGTH OF DOMINANCE RULE

Dominance-based strengthening (stronger, still simplified)

If C1,C5,...,C, 1 have been derived from F' (maybe using dominance), then can derive C,,, if exists
witness substitution w s.t.

Only consider F' — no need to show that any C;[,, implied!
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STRENGTH OF DOMINANCE RULE

Dominance-based strengthening (stronger, still simplified)

If C1,C5,...,C, 1 have been derived from F' (maybe using dominance), then can derive C,,, if exists
witness substitution w s.t.

Only consider F' — no need to show that any C;[,, implied!

Now why is this sound?
» Same inductive proof as before, but nested

Bart Bogaerts (VUB) Certified Symmetry Breaking WHOOPS'24 15/28



Symmetry Breaking with VeriPB Redundance-Based and Dominance-Based Strengthening for Optimisation

STRENGTH OF DOMINANCE RULE

Dominance-based strengthening (stronger, still simplified)

If C1,C5,...,C, 1 have been derived from F' (maybe using dominance), then can derive C,,, if exists
witness substitution w s.t.

Only consider F' — no need to show that any C;[,, implied!

Now why is this sound?
» Same inductive proof as before, but nested

» Or pick solution o minimizing f and argue by contradiction
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STRENGTH OF DOMINANCE RULE

Dominance-based strengthening (stronger, still simplified)

If C1,C5,...,C, 1 have been derived from F' (maybe using dominance), then can derive C,,, if exists
witness substitution w s.t.

F/\/\:r;_llci N =Cm = Fly A flo < f

Only consider F' — no need to show that any C;[,, implied!
Now why is this sound?
» Same inductive proof as before, but nested

» Or pick solution o minimizing f and argue by contradiction

Further extensions:
» Define dominance rule w.r.t. order independent of objective
» Switch between different orders in same proof
> See [BGMN23] for details
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Symmetry Breaking with VeriPB  VeriPB-certified symmetry breaking

STRATEGY FOR SYMMETRY BREAKING IN SAT SOLVING

n—u

1. Pretend to solve optimisation problem minimizing f = > " 2" ",
(search for lexicographically smallest assignment satisfying formula)
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STRATEGY FOR SYMMETRY BREAKING IN SAT SOLVING

n—u

1. Pretend to solve optimisation problem minimizing f = > " 2" ",
(search for lexicographically smallest assignment satisfying formula)

2. Derive (for proof log only) pseudo-Boolean version of lex-leader constraint

Co = [<[flo = D 2" (o(w)—m:)>0
i=1
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Symmetry Breaking with VeriPB  VeriPB-certified symmetry breaking

STRATEGY FOR SYMMETRY BREAKING IN SAT SOLVING

n—u

. Pretend to solve optimisation problem minimizing f = >"" ;2" " . 1,
(search for lexicographically smallest assignment satisfying formula)

. Derive (for proof log only) pseudo-Boolean version of lex-leader constraint

n

Co = f<[flo = D 2" (0(xi)—2) >0

i=1

. Derive CNF encoding of lex-leader constraint used by SAT solver from pseudo-Boolean constraint
(in same spirit as [GMNO22])

Yo y; Vo(x)Va;
Yj_1 VT Vo(r)) Yi VY1 VT,
Ui Vyi—1 Yi VY1 Vol(xy)
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STRATEGY FOR SYMMETRY BREAKING IN SAT SOLVING

n—u

. Pretend to solve optimisation problem minimizing f = >"" ;2" " . 1,
(search for lexicographically smallest assignment satisfying formula)

. Derive (for proof log only) pseudo-Boolean version of lex-leader constraint

n

Co = f<[flo = D 2" (0(xi)—2) >0

i=1

. Derive CNF encoding of lex-leader constraint used by SAT solver from pseudo-Boolean constraint
(in same spirit as [GMNO22])

Yo =1 §j+a(a;j)+a:j21
Yj1+ T +o(z;) =1 Y+, +T; > 1
Ujt+yi-121 Yj + ;-1 tol(x;) =1

Bart Bogaerts (VUB) Certified Symmetry Breaking WHOOPS'24




Symmetry Breaking with VeriPB | VeriPB-certified symmetry breaking

SYMMETRY BREAKING: EXAMPLE

Example: Pigeonhole principle (PHP) formula

> Variables p;; (1 <i<4,1< j < 3) true iff pigeon ¢ in hole j
» Focus on pigeon symmetries — notation:
> 0(12) swaps pigeons 1 and 2

Bart Bogaerts (VUB) Certified Symmetry Breaking WHOOPS'24 17/28
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SYMMETRY BREAKING: EXAMPLE

Example: Pigeonhole principle (PHP) formula

> Variables p;; (1 <i<4,1< j < 3) true iff pigeon ¢ in hole j
» Focus on pigeon symmetries — notation:
> 0(12) swaps pigeons 1 and 2

Formally: o(12)(p1j) = p2; and o(12)(p2;) = p1; for all j
» 0(1234) shifts all pigeons
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SYMMETRY BREAKING: EXAMPLE

Example: Pigeonhole principle (PHP) formula

> Variables p;; (1 <i<4,1< j < 3) true iff pigeon ¢ in hole j
» Focus on pigeon symmetries — notation:
> 0(12) swaps pigeons 1 and 2

Formally: o(12)(p1j) = p2; and o(12)(p2;) = p1; for all j
» 0(1234) shifts all pigeons

Order: “Pick smallest hole for pigeon 1, then smallest for pigeon 2, ..."

=20 pi3+2%ps+2% p;y +2% po3+---+1-py

Bart Bogaerts (VUB) Certified Symmetry Breaking WHOOPS'24 17/28
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BREAKING A SINGLE SIMPLE SYMMETRY (EXAMPLE)

=F

» F'is a formula expressing PHP constraints with F/[; .

» Add constraint C1o breaking o(12) — should be satisfied by « iff o “at least as good” as o(12)(c)
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BREAKING A SINGLE SIMPLE SYMMETRY (EXAMPLE)

=F

» F'is a formula expressing PHP constraints with F/[; .

» Add constraint C1o breaking o(12) — should be satisfied by « iff o “at least as good” as o(12)(c)

Ciz = f < flows
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BREAKING A SINGLE SIMPLE SYMMETRY (EXAMPLE)

=F

» F'is a formula expressing PHP constraints with F/[; .

» Add constraint C1o breaking o(12) — should be satisfied by « iff o “at least as good” as o(12)(c)

Ciz = f < flows

= ?:1 2n7i . (0’(12)($i) — CL‘Z> >0

Bart Bogaerts (VUB) Certified Symmetry Breaking WHOOPS'24



Ci2

Symmetry Breaking with VeriPB

7 (12)

£ < Floom
a2 (vay (@) — ) 20

“Pigeon 1 in smaller hole than pigeon 2"

Bart Bogaerts (VUB)

Certified Symmetry Breaking

VeriPB-certified symmetry breaking

BREAKING A SINGLE SIMPLE SYMMETRY (EXAMPLE)

» F'is a formula expressing PHP constraints with F'[ =F

» Add constraint C1o breaking o(12) — should be satisfied by « iff o “at least as good” as o(12)(c)

= (211 — 28)(]723 —p13) + (210 — 27) (p22 — p12) + (29 - 26)(1021 —p11) >0

WHOOPS'24




BREAKING A SINGLE SIMPLE SYMMETRY (EXAMPLE)

» F'is a formula expressing PHP constraints with F'[

» Add constraint C1o breaking o(12) — should be satisfied by « iff o “at least as good” as o(12)(c)

Ci2

Symmetry Breaking with VeriPB

VeriPB-certified symmetry breaking

=F

7 (12)

£ < Floom
a2 (vay (@) — ) 20

“Pigeon 1 in smaller hole than pigeon 2"

» Can use redundance rule (the symmetry is the witness):

Bart Bogaerts (VUB)

FAN=Cia B Flogy ACi2logy A flogs < f

= (211 — 28)(]723 —p13) + (210 — 27) (p22 — p12) + (29 - 26)(1021 —p11) >0

FA < flown) E Floan AL < Flogs ows A o, < 1

Certified Symmetry Breaking
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Symmetry Breaking with VeriPB

VeriPB-certified symmetry breaking

BREAKING A SINGLE SIMPLE SYMMETRY (EXAMPLE)

» F'is a formula expressing PHP constraints with F'[

Ci2

= < flogs

7 (12)

= ?:1 2n7i . (0’(12)($i) — CL‘Z> >0
= (211 — 28)(1723 —pi3) + (210 - 27) (p22 — p12) + (29 - 26)(?21 —p11) >0

“Pigeon 1 in smaller hole than pigeon 2"

» Can use redundance rule (the symmetry is the witness):

Bart Bogaerts (VUB)

FAN=Cia B Flogy ACi2log, N flo

EN >0

9(12)

': FrU(12) A fTO'(lZ)

Certified Symmetry Breaking

=F
» Add constraint C1o breaking o(12) — should be satisfied by « iff o “at least as good” as o(12)(c)
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Symmetry Breaking with VeriPB  VeriPB-certified symmetry breaking

BREAKING A SINGLE SIMPLE SYMMETRY (EXAMPLE)

> F'is a formula expressing PHP constraints with F[,, = F

» Add constraint C1o breaking o(12) — should be satisfied by « iff o “at least as good” as o(12)(c)

Ciz2 = [ < floga
= ?:1 2n7i . (0’(12)($i) — CL‘Z> >0
= (211 — 28)(1723 —pi3) + (210 - 27) (p22 — p12) + (29 - 26)(?21 —p11) >0
“Pigeon 1 in smaller hole than pigeon 2"

» Can use redundance rule (the symmetry is the witness):

FAN=Cia B Flogy ACi2logy A flogs < f
F /\ f > frﬁug) 'Z FrU(lz) /\ fTo(lz) S f /\ f

Similar to DRAT symmetry breaking [HHW15]
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BREAKING MORE/OTHER SYMMETRIES

This idea does not generalize

» Breaking two symmetries

» Breaking complex symmetries

Bart Bogaerts (VUB) Certified Symmetry Breaking WHOOPS'24
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BREAKING MORE/OTHER SYMMETRIES

Problem

This idea does not generalize
» Breaking two symmetries
FANCig N=Ca3 i Floy A Crolon, ACaslogs, A I <f

0'(23) —

Intuitively: applying o(23) potentially falsifies C12

» Breaking complex symmetries
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BREAKING MORE/OTHER SYMMETRIES

Problem

This idea does not generalize
» Breaking two symmetries
FANCig N=Co3 i Floy A Crolon, ACoslogs A flops < f

Intuitively: applying o(23) potentially falsifies C12
We might have to apply o(;2) again

» Breaking complex symmetries
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BREAKING MORE/OTHER SYMMETRIES

Problem

This idea does not generalize
» Breaking two symmetries
FANCig N=Co3 i Floy A Crolon, ACoslogs A flops < f

Intuitively: applying o(23) potentially falsifies C12
We might have to apply o(;2) again

» Breaking complex symmetries
FAN=C1234 E Flogpm A C1234] 005 N flogan < f

Intuitively, Ci1234 holds if shifting all the pigeons results in a worse assignment
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BREAKING MORE/OTHER SYMMETRIES

Problem

This idea does not generalize

» Breaking two symmetries
FACio AN—Cog l;é ng(%) A C’Y'l2ﬂr(w> A Ca3 Ffr(23) A fro(%) <f

Intuitively: applying o(23) potentially falsifies C12
We might have to apply o(;2) again

» Breaking complex symmetries
FAN=C1234 E Flogpm A C1234] 005 N flogan < f

Intuitively, Ci1234 holds if shifting all the pigeons results in a worse assignment
Can satisfy this constraint by applying o(1234) once, twice, or thrice

Bart Bogaerts (VUB) Certified Symmetry Breaking WHOOPS'24
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BREAKING SYMMETRIES WITH THE DOMINANCE RULE (1/2)

Given a symmetry o, the (pseudo-Boolean) breaking constraint of o is

Co = f<flo
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ymmetry Breaking with VeriPB = VeriPB-certified symmetry breaking

BREAKING SYMMETRIES WITH THE DOMINANCE RULE (1/2)

Given a symmetry o, the (pseudo-Boolean) breaking constraint of o is

Co = f<flo

Theorem ([BGMN23

C, can be derived from F using dominance with witness o

FA-C, =Fls N flo <[

Bart Bogaerts (VUB) Certified Symmetry Breaking WHOOPS'24



Symmetry Breaking with VeriPB  VeriPB-certified symmetry breaking

BREAKING SYMMETRIES WITH THE DOMINANCE RULE (2/2)

Breaking symmetries with the dominance rule

» Surprisingly simple

Bart Bogaerts (VUB) Certified Symmetry Breaking WHOOPS'24
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BREAKING SYMMETRIES WITH THE DOMINANCE RULE (2/2)

Breaking symmetries with the dominance rule

» Surprisingly simple
» Generalizes well
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BREAKING SYMMETRIES WITH THE DOMINANCE RULE (2/2)

Breaking symmetries with the dominance rule

» Surprisingly simple
» Generalizes well
» Works for arbitrary symmetries
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BREAKING SYMMETRIES WITH THE DOMINANCE RULE (2/2)

Breaking symmetries with the dominance rule

» Surprisingly simple
» Generalizes well

» Works for arbitrary symmetries
> Works for multiple symmetries (can ignore previously derived symmetry breaking constraints)

F /\ 012 /\ “6723 ': Frg(23) /\ f{g(‘m) < )t
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BREAKING SYMMETRIES WITH THE DOMINANCE RULE (2/2)

Breaking symmetries with the dominance rule

» Surprisingly simple
» Generalizes well

» Works for arbitrary symmetries
> Works for multiple symmetries (can ignore previously derived symmetry breaking constraints)

FACi2 AN—Cas = Fr0(23) A f["(23) <f
Why does it work?

» Witness need not satisfy all derived constraints

> Sufficient to just produce "better” assignment
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STRATEGY FOR SYMMETRY BREAKING IN SAT SOLVING

n—u

. Pretend to solve optimisation problem minimizing f = >"" ;2" " . 1,
(search for lexicographically smallest assignment satisfying formula)

. Derive (for proof log only) pseudo-Boolean version of lex-leader constraint

n

Co = f<[flo = D 2" (0(xi)—2) >0

i=1

. Derive CNF encoding of lex-leader constraint used by SAT solver from pseudo-Boolean constraint
(in same spirit as [GMNO22])

Yo =1 §j+a(a;j)+a:j21
Yj1+ T +o(z;) =1 Y+, +T; > 1
Ujt+yi-121 Yj + ;-1 tol(x;) =1
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SYMMETRY BREAKING IN CNF

» In SAT symmetry breaking tools, symmetry is broken by adding clausal constraints
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SYMMETRY BREAKING IN CNF

» In SAT symmetry breaking tools, symmetry is broken by adding clausal constraints
» Need to show how to derive this CNF encoding
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SYMMETRY BREAKING IN CNF

» In SAT symmetry breaking tools, symmetry is broken by adding clausal constraints
» Need to show how to derive this CNF encoding
» We use the encoding of BREAKID [DBBD16]:

Yo

Yj_1 +Tj+o(x))
Y; +Yi—1

Y +o(zy) +a;
Yit Y117

Y+ Y1 +olz))

Bart Bogaerts (VUB)

Certified Symmetry Breaking

VeriPB-certified symmetry breaking
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SYMMETRY BREAKING IN CNF

» In SAT symmetry breaking tools, symmetry is broken by adding clausal constraints

» Need to show how to derive this CNF encoding
» We use the encoding of BREAKID [DBBD16]:

Yo Define y; true if ) equals o(xzy) for all k < j

Yj—1+ T+ o(z;) Uk < Yp—1 A (2 < o(xg))
Yj +Yj-1
- I (derivable with redundance rule)
yj +olz;) +;
Yj + 1?7,,'7'1 +7;
Yj + Y1 +o(x))
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SYMMETRY BREAKING IN CNF

» In SAT symmetry breaking tools, symmetry is broken by adding clausal constraints
» Need to show how to derive this CNF encoding
» We use the encoding of BREAKID [DBBD16]:

Yo

Ui+ T+ o(x))
Y; +Yi—1

Y; ‘|‘rxj)+$j
Yit Y117

Yi + 71 +o(x))

Bart Bogaerts (VUB)

Define y; true if ) equals o(xzy) for all k < j

Uk < Yp—1 A (2 < o(xg))

(derivable with redundance rule)

If y;_1 is true, x; is at most o(z;)

(derivable from the PB breaking constraint)

Certified Symmetry Breaking
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BACK TO OUR PIGEONS — PRETEND OPTIMISATION PROBLEM

pseudo-Boolean proof version 2.0
f 22
pre_order exp
Start the proof and load vars
. left wul u2 u3 u4 ub u6 u7 u8 u9 ulld ull uil2
Input formula right vl v2 v3 v4 v5 v6 v7 v8 v9 v10 vil vi2
aux
end
def
-1 ui2 1 vi2 -2 uil 2 vi1 [...] -1024 u2 1024 v2 -2048 ul 2048 vl >= 0;
end
transitivity
vars
fresh_right wi w2 w3 w4 wb w6 w7 w8 w9 wil0 wil wi2
end
proof
proofgoal #1
pol 12+ 3 +
qed -1
qed
end
end
load_order exp pl13 pl2 pll p23 p22 p21 p31 p32 p33 p4l p42 p43

Certified Symmetry Breaking WHOOPS'24
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Symmetry Breaking with VeriPB | VeriPB-certified symmetry breaking

BACK TO OUR PIGEONS — PRETEND OPTIMISATION PROBLEM

Start the proof and load
input formula

1. Pretend to solve
optimisation problem
minimizing f =
2 pi3+ 210 prg +
29 p11 + 2% pas +
o+ 2-pro+1-pn

Bart Bogaerts (VUB)

pseudo-Boolean proof version 2.0
f 22
pre_order exp
vars
left wul u2 u3 u4 ub5 u6 u7 ud u9 ulld uil ui2
right vl v2 v3 v4 vb6 v6 v7 v8 v9 v10 vil vi2
aux
end
def
-1 ul2 1 vi2 -2 ull 2 vi1 [...] -1024 u2 1024 v2 -2048 ul 2048 vl >= 0;
end
transitivity
vars
fresh_right wi w2 w3 w4 wb w6 w7 w8 w9 wil0 wil wi2
end
proof
proofgoal #1
pol 12+ 3 +
qed -1
qed
end
end
load_order exp p13 pl2 pll p23 p22 p21 p31 p32 p33 p4l p42 p43

Certified Symmetry Breaking WHOOPS'24
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Symmetry Breaking with VeriPB  VeriPB-certified symmetry breaking

BACK TO OUR PIGEONS — PRETEND OPTIMISATION PROBLEM

Start the proof and load
input formula

1. Pretend to solve
optimisation problem
minimizing f =
2 pi3+ 210 prg +
29 p11 + 2% pas +
o+ 2-p+1-pn

(Actually defining an
order — see [BGMN23]
for details)

pseudo-Boolean proof version 2.0
f 22
pre_order exp
vars
left wul u2 u3 u4 ub5 u6 u7 ud u9 ulld uil ui2
right vl v2 v3 v4 vb v6 v7 v8 v9 v10 vil vi2
aux
end
def
-1 ul2 1 vi2 -2 ull 2 vi1 [...] -1024 u2 1024 v2 -2048 ul 2048 vl >= 0;
end
transitivity
vars
fresh_right wi w2 w3 w4 wb w6 w7 w8 w9 wil0 wil wi2
end
proof
proofgoal #1
pol 12+ 3 +
qed -1
qed
end
end
load_order exp pl13 pl2 pll p23 p22 p21 p31 p32 p33 p4l p42 p43

Certified Symmetry Breaking WHOOPS'24
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BACK TO OUR PIGEONS — DERIVING THE CONSTRAINTS

dom -64 p21 64 [...] -2048 p13 2048 p23 >= 0 ; pll -> p21 [...] p23 -> p13 ; begin

Derived constraints (D):

2 (pa3 — pia)+
210 (p22 — p12)+
>0

Symmetry Breaking with VeriPB  VeriPB-certified symmetry breaking

proofgoal #2

pol -1 -2 +

qed -1
end
red 1 y0O >1; y0 > 1
rup 1 “yO 1 "p13 1 p23 >=1 ;
red 1 “y1 1 yO >1; y1->0
red 1 "yl 1 "p23 1 p13 >=1 ; y1 -> 0
red 1 p23 1 7y0 1yl >=1;y1->1
red 1 "p13 1 "y0 1yl >=1; yl ->1
pol 26 32 2048 * +
del id 26

rup 1 "yl 1 "pl12 1 p22 >=1 ;

Pseudo-Boolean breaking constraint

Certified Symmetry Breaking

WHOOPS'24
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Derived constraints (D):

2. (pog — p13)+
o. (p22 — p12)+

qed -1

end
red
rup
red
red
red
red
pol
del
rup

Pseudo-Boolean breaking constraint
Use dominance with witness o = (p11p21)(p12p22) (P13p23)

vV V.V V Vv
o onon

[ e e S S
n
PR R e e

26 32 2048 * +

BACK TO OUR PIGEONS — DERIVING THE CONSTRAINTS

dom -64 p21 64 [...] -2048 p13 2048 p23 >= 0 ; pil -> p21 [...] p23 -> p13 ; begin
proofgoal #2

1

Certified Symmetry Breaking

VeriPB-certified symmetry breaking

== OO
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Symmetry Breaki h VeriPB  VeriPB-certified symmetry breaking

BACK TO OUR PIGEONS — DERIVING THE CONSTRAINTS

Derived constraints (D):

2. (pog — p13)+
219 (pao — p12)+
>0

dom -64 p21 64 [...] -2048 p13 2048 p23 >= 0 ; pl1l -> p21 [...] p23 -> p13 ; begin
proofgoal #2

pol -1 -2 +

qed -1
end
red 1 y0O >1; y0 > 1
rup 1 “yO 1 "p13 1 p23 >=1 ;
red 1 “y1 1 yO >1; y1->0
red 1 "yl 1 "p23 1 p13 >=1 ; y1 -> 0
red 1 p23 1 7y0 1yl >=1;y1->1
red 1 "p13 1 "y0 1yl >=1; yl ->1

pol 26 32 2048 * +
del id 26
rup 1 "yl 1 "pl12 1 p22 >=1 ;

Pseudo-Boolean breaking constraint
Use dominance with witness o = (p11p21)(p12p22) (P13p23)

FA-Cha 'ZFrw N (ﬁw < f)

VERIPB fills in all missing subproofs except for =C12 A C12 = L

Certified Symmetry Breaking WHOOPS'24
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Derived constraints (D):

BACK TO OUR PIGEONS — DERIVING THE CONSTRAINTS

2. (pog — p13)+

Yo

210'(p
-->0

22 — p12)+

Bart Bogaerts (VUB)

Symmetry Breaking with VeriPB

dom -64 p21 64 [...] -2048
proofgoal #2

pol -1 -2 +
qed -1

end

red 1 yoO >1; yo > 1
rup 1 “y0O 1 "p13 1 p23 >=
red 1 “y1 1 yO >=
red 1 “y1 1 "p23 1 p13 >=
red 1 p23 1 “y0 1yl »>=
red 1 "p13 1 "y0 1yl »>=

pol 26 32 2048 * +
del id 26
rup 1 "yl 1 "pl12 1 p22 >=

Derivable by redundance with witness w = {yo — 1}

FADA=(yo) E (FAD)w A (Y0)lw

Certified Symmetry Breaking

VeriPB-certified symmetry breaking

pi3

)

1

2048 p23 >= 0 ; pil -> p21 [...] p23 -> p13 ; begin

yi >
yl ->
y1 ->
yi —>

== OO

WHOOPS'24
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Symmetry Breaking with VeriPB  VeriPB-certified symmetry breaking

BACK TO OUR PIGEONS — DERIVING THE CONSTRAINTS

dom -64 p21 64 [...] -2048 p13 2048 p23 >= 0 ; pll -> p21 [...] p23 -> p13 ; begin
proofgoal #2

Derived constraints (D):

pol -1 -2 +
2 - (pas — p13)+ ged -1
2" (pa22 — pra)+ end
o> 0 red 1 yoO >1; yo > 1
- rup 1 “yO 1 "p13 1 p23 >=1 ;
Yo red 1 “y1 1 yO >1; y1->0
: red 1 "yl 1 "p23 1 p13 >=1 ; y1 -> 0
red 1 p23 1 7y0 1yl >=1;y1->1
red 1 "p13 1 "y0 1yl >=1; yl ->1

pol 26 32 2048 * +

del id 26

rup 1 “y1 1 "pl12 1 p22 >=1 ;

Derivable by redundance with witness w = {yo — 1}

FADA=(yo) E (FAD)w A (Y0)lw
FADA®,) EEAD) A(l)

Bart Bogaerts (VUB) Certified Symmetry Breaking WHOOPS'24
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BACK TO OUR PIGEONS — DERIVING THE CONSTRAINTS

Derived constraints (D):

2. (pog — p13)+
219 (pao — p12)+
o> 0

Yo
Yo + P13z + o(p13)

Bart Bogaerts (VUB)

Symmetry Breaking with VeriPB

dom -64 p21 64 [...] -2048
proofgoal #2

pol -1 -2 +
qed -1

end

red 1 y0 >1; y0 > 1
rup 1 "y0O 1 "pi3 1 p23 >=
red 1 “y1 1 yO >=
red 1 “y1 1 "p23 1 p13 >=
red 1 p23 1 “y0 1yl »>=
red 1 "p13 1 "y0 1yl »>=

pol 26 32 2048 * +
del id 26
rup 1 "yl 1 "pl12 1 p22 >=

Derivable by RUP

FADA (Yo + Drz + o(p13))

Certified Symmetry Breaking

VeriPB-certified symmetry breaking

pi3

s

2048 p23 >= 0 ; pil -> p21 [...] p23 -> p13 ; begin

yi >
yl ->
y1 ->
yi —>

== OO

WHOOPS'24
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Symmetry Breaking with VeriPB  VeriPB-certified symmetry breaking

BACK TO OUR PIGEONS — DERIVING THE CONSTRAINTS

dom -64 p21 64 [...] -2048 p13 2048 p23 >= 0 ; pll -> p21 [...] p23 -> p13 ; begin
proofgoal #2

Derived constraints (D):

11 pol -1 -2 +
2 1(')(1023 — p13)+ ged -1
277 (p22 — p12)+ end
o> 0 red 1 y0 >1; y0 > 1
- rup 1 "y0O 1 "p13 1 p23 >=1 ;
n red 1 “y1 1 yO >1; y1->0
red 1 "yl 1 "p23 1 p13 >=1 ; y1 -> 0
Yo + P13 + g(pm) red 1 ~p23 1 :yO 1yl >1;9y1->1
red 1 "p13 1 "y0 1yl >=1; yl ->1

pol 26 32 2048 * +
del id 26
rup 1 "yl 1 "pl12 1 p22 >=1 ;

Derivable by RUP

FADAN=(Yy+Piz+0(p13) E FADA(yo) A (p13) A (Pa3)

Bart Bogaerts (VUB) Certified Symmetry Breaking WHOOPS'24


https://www.bartbogaerts.eu/talks/veripb-tutorial-series/examples/pigeon-hole.zip

Symmetry Breaking with VeriPB  VeriPB-certified symmetry breaking

BACK TO OUR PIGEONS — DERIVING THE CONSTRAINTS

dom -64 p21 64 [...] -2048 p13 2048 p23 >= 0 ; pll -> p21 [...] p23 -> p13 ; begin
proofgoal #2

Derived constraints (D):

11 pol -1 -2 +
2 - (p23 — p13)+ qed -1
10
277 (p22 — p12)+ end
>0 red 1 y0 >1; y0 > 1
— rup 1 "y0O 1 "p13 1 p23 >=1 ;
n red 1 “y1 1 yO >1; y1->0
red 1 "yl 1 "p23 1 p13 >=1 ; y1 -> 0
Yo + P13 + g(pm) red 1 ~p23 1 :yO 1yl >1;9y1->1
red 1 "p13 1 "y0 1yl >=1; yl ->1

pol 26 32 2048 * +
del id 26
rup 1 "yl 1 "pl12 1 p22 >=1 ;

Derivable by RUP
FADAN(Yo+ P13 +0(pis) = FADA(yo) A(pis) A (Pas)

2! (p23 — p13) +2'0. (p22 —p12) +--->0

Bart Bogaerts (VUB) Certified Symmetry Breaking WHOOPS'24
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Symmetry Breaking with VeriPB  VeriPB-certified symmetry breaking

BACK TO OUR PIGEONS — DERIVING THE CONSTRAINTS

dom -64 p21 64 [...] -2048 p13 2048 p23 >= 0 ; pll -> p21 [...] p23 -> p13 ; begin
proofgoal #2

Derived constraints (D):

11 pol -1 -2 +
2 1(')(1023 — p13)+ ged -1
277 (p22 — p12)+ end
o> 0 red 1 y0 >1; y0 > 1
- rup 1 "y0O 1 "p13 1 p23 >=1 ;
n red 1 “y1 1 yO >1; y1->0
red 1 "yl 1 "p23 1 p13 >=1 ; y1 -> 0
Yo + P13 + g(pm) red 1 ~p23 1 :yO 1yl >1;9y1->1
red 1 "p13 1 "y0 1yl >=1; yl ->1

pol 26 32 2048 * +
del id 26
rup 1 "yl 1 "pl12 1 p22 >=1 ;

Derivable by RUP
FADAN(Yo+ P13 +0(pis) = FADA(yo) A(pis) A (Pas)

2" (1 )42 (P2 —pr2)+-- >0

Bart Bogaerts (VUB) Certified Symmetry Breaking WHOOPS'24
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Symmetry Breaking with VeriPB  VeriPB-certified symmetry breaking

BACK TO OUR PIGEONS — DERIVING THE CONSTRAINTS

dom -64 p21 64 [...] -2048 p13 2048 p23 >= 0 ; pll -> p21 [...] p23 -> p13 ; begin
proofgoal #2

Derived constraints (D):

11 pol -1 -2 +
2 1(')(1023 — p13)+ ged -1
277 (p22 — p12)+ end
o> 0 red 1 y0 >1; y0 > 1
- rup 1 "y0O 1 "p13 1 p23 >=1 ;
n red 1 “y1 1 yO >1; y1->0
red 1 "yl 1 "p23 1 p13 >=1 ; y1 -> 0
Yo + P13 + g(pm) red 1 ~p23 1 :yO 1yl >1;9y1->1
red 1 "p13 1 "y0 1yl >=1; yl ->1

pol 26 32 2048 * +
del id 26
rup 1 "yl 1 "pl12 1 p22 >=1 ;
Derivable by RUP
FADAN=(o+P1s +0(p13)) = FADA(yo) A(p13) A (Pas)

2" (=1 )42 (P2 —pr2)+-- >0
where 517 27 < 2!

Bart Bogaerts (VUB) Certified Symmetry Breaking WHOOPS'24
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Symmetry Breaking with VeriPB

VeriPB-certified symmetry breaking

BACK TO OUR PIGEONS — DERIVING THE CONSTRAINTS

Derived constraints (D):

dom -64 p21 64 [...] -2048
proofgoal #2

11 pol -1 -2 +
2 1(')(1023 — p13)+ ged -1
27 (pa2 — p12)+ end
o> 0 red 1 y0O >1; y0 > 1
== rup 1 “y0 1 “p13 1 p23 >=
n red 1 “y1 1 3O >=
red 1 “y1 1 "p23 1 p13 >=
Yo + D13 + 0(p13) red 1 p2317y0 1yi >=
o red 1 "p13 1 "y0O 1 y1 »>=
Y1 + Yo pol 26 32 2048 * +

del id 26
rup 1 "yl 1 "pl12 1 p22 >=

pi3

R e e e

1

2048 p23 >= 0 ; pil -> p21 [...] p23 -> p13 ; begin

yi >
yl ->
y1 ->
yi —>

== O O

Derivable by redundance with witness w = {y1 — 0}

FAD A, + o)

= (FAD)w A @ +yo)le

Bart Bogaerts (VUB) Certified Symmetry Breaking WHOOPS'24
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Symmetry Breaking with VeriPB  VeriPB-certified symmetry breaking

BACK TO OUR PIGEONS — DERIVING THE CONSTRAINTS

dom -64 p21 64 [...] -2048 p13 2048 p23 >= 0 ; pll -> p21 [...] p23 -> p13 ; begin
proofgoal #2
11 pol -1 -2 +
2 1(')(1023 — p13)+ ged -1
27 (pa2 — p12)+ end
d
.. >0 re

rup

red
Yo red

Yo + D13 + 0(p13) red 1 p23 1 "yo 1 y1
red 1 "pi3 1 “y0 1 y1
Y1+ Yo pol 26 32 2048 * +
del id 26
rup 1 "yl 1 "pl12 1 p22 >=1 ;

Derived constraints (D):

yo >=1; y0o -> 1
“y0 1 "pi3 1 p23
“yi1 1 yo

“y1 1 “p23 1 pi3

vV V Vv

yi >
yl ->
y1 ->
yi —>

v

[ = S
PR R e

== O O

Vv

Derivable by redundance with witness w = {y1 — 0}

END A=y +yo)
= (FAD)w A @ +10)le
FADA (g1 +p > 2)
E(FAD) A(1+wyo)

Bart Bogaerts (VUB) Certified Symmetry Breaking WHOOPS'24
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Derived constraints (D):

2. (pog — p13)+
o. (p22 — p12)+

Yo + D13+ a(p13)

Yy, + o(p13) + pis

qed -1

end
red
rup
red
red
red
red
pol
del
rup

Derivable by redundance with witness w = {y1 — 0}
(essentially same argument)

vV VvV Vv

(RY]
o non
R e e e

Rl e e e e

26 32 2048 * +

1

VeriPB-certified symmetry breaking

BACK TO OUR PIGEONS — DERIVING THE CONSTRAINTS

dom -64 p21 64 [...] -2048 p13 2048 p23 >= 0 ; pll -> p21 [...] p23 -> p13 ; begin
proofgoal #2

; yl >
; yl >
3yl >
; yl >

Certified Symmetry Breaking

[l =]
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Symmetry Breaking with VeriPB  VeriPB-certified symmetry breaking

BACK TO OUR PIGEONS — DERIVING THE CONSTRAINTS

Derived constraints (D):

2. (pog — p13)+
219 (pao — p12)+
o> 0

Yo
Yo + D13+ a(p13)
Y1+ Yo

Yy + o(p13) + p13
Y1 + Yo +Dig

Bart Bogaerts (VUB)

dom -64 p21 64 [...] -2048 p13 2048 p23 >= 0 ; pll -> p21 [...] p23 -> p13 ; begin

proofgoal #2

pol -1 -2 +

qed -1
end
red 1 y0O >1; y0 > 1
rup 1 “yO 1 "p13 1 p23 >=1 ;
red 1 “y1 1 yO >1; y1->0
red 1 "yl 1 "p23 1 p13 >=1 ; y1 -> 0
red1 p231 "y0 1yl >=1; y1->1
red 1 "p13 1 "y0 1yl >=1; yl ->1
pol 26 32 2048 * +

del
rup

id 26
1 7"yl 1 "pl12 1 p22 >=1 ;

Derivable by redundance with witness w = {y1 — 1}

FADA=(y1 47+ D13)
E(FAD)wA Y1+ Yo+ Pr3)le

Certified Symmetry Breaking WHOOPS'24
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Symmetry Breaking with VeriPB  VeriPB-certified symmetry breaking

BACK TO OUR PIGEONS — DERIVING THE CONSTRAINTS

dom -64 p21 64 [...] -2048 p13 2048 p23 >= 0 ; pll -> p21 [...] p23 -> p13 ; begin
proofgoal #2

Derived constraints (D):

11 pol -1 -2 +
2 1(')(1023 — p13)+ ged -1
277 (p22 — p12)+ end
o> 0 red 1 y0O >1; y0 > 1
- rup 1 “yO 1 "p13 1 p23 >=1 ;
n red 1 “y1 1 yO >1; y1->0
red 1 "yl 1 "p23 1 p13 >=1 ; y1 -> 0
Yo + D13 +O’(p13) red 1 p231 "y0 1yl >1; y1l->1
o red 1 "p13 1 "y0 1yl >=1; yl ->1
Yy + Yo pol 26 32 2048 * +
[ — del id 26
Yy +o(pi3) +pis rup 1 “y1 1 "p12 1 p22 >=1 ;
Y1 +Yo +DPis

Derivable by redundance with witness w = {y1 — 1}

FADA(y1 +7o +D13)
FE (FAD)wA (Y1 + Yo+ Pis)lw
FADA (g, +yo + pis > 3)
E---ADlLA...

Bart Bogaerts (VUB) Certified Symmetry Breaking WHOOPS'24
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Symmetry Breaking with VeriPB  VeriPB-certified symmetry breaking

BACK TO OUR PIGEONS — DERIVING THE CONSTRAINTS

dom -64 p21 64 [...] -2048 p13 2048 p23 >= 0 ; pll -> p21 [...] p23 -> p13 ; begin
proofgoal #2

Derived constraints (D):

11 pol -1 -2 +
2 1(')(1023 — p13)+ ged -1
277 (p22 — p12)+ end
o> 0 red 1 y0O >1; y0 > 1
- rup 1 “yO 1 "p13 1 p23 >=1 ;
n red 1 “y1 1 yO >1; y1->0
red 1 "yl 1 "p23 1 p13 >=1 ; y1 -> 0
Yo + D13 +O’(p13) red 1 p231 "y0 1yl >1; y1l->1
o red 1 "p13 1 "y0 1yl >=1; yl ->1
Yy + Yo pol 26 32 2048 * +
[ — del id 26
Yy +o(pi3) +pis rup 1 “y1 1 "p12 1 p22 >=1 ;
Y1 +Yo +DPis

Derivable by redundance with witness w = {y1 — 1}

FADA(y1 +7o +D13)
FE (FAD)wA (Y1 + Yo+ Pis)lw
FADA (g, + yo + pis > 3)
E---ADlLA...

Bart Bogaerts (VUB) Certified Symmetry Breaking WHOOPS'24
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Symmetry Breaking with VeriPB  VeriPB-certified symmetry breaking

BACK TO OUR PIGEONS — DERIVING THE CONSTRAINTS

dom -64 p21 64 [...] -2048 p13 2048 p23 >= 0 ; pll -> p21 [...] p23 -> p13 ; begin
proofgoal #2

Derived constraints (D):

11 pol -1 -2 +
2 1(')(1023 — p13)+ ged -1
277 (p22 — p12)+ end
o> 0 red 1 y0O >1; y0 > 1
- rup 1 “yO 1 "p13 1 p23 >=1 ;
n red 1 “y1 1 yO >1; y1->0
red 1 "yl 1 "p23 1 p13 >=1 ; y1 -> 0
Yo + D13 +O’(p13) red 1 p231 "y0 1yl >1; y1l->1
o red 1 "p13 1 "y0 1yl >=1; yl ->1
Yy + Yo pol 26 32 2048 * +
[ — del id 26
Yy +o(pi3) +pis rup 1 “y1 1 "p12 1 p22 >=1 ;
Y1 +Yo +DPis

Derivable by redundance with witness w = {y1 — 1}

FADA(y1 +7o +D13)
FE (FAD)wA (Y1 + Yo+ Pis)lw
FADA (g, +yo + pis > 3)
E---ADlLA...

Bart Bogaerts (VUB) Certified Symmetry Breaking WHOOPS'24
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BACK TO OUR PIGEONS — DERIVING THE CONSTRAINTS

Derived constraints (D):

2" (pas — p13)+
219 (pao — p12)+
>0

Yo

Yo + P13 +o(p13)
Yy +yo

U+ 0(p1s) + prs
Y1 + Yo + P13
Y1+ Yo + o(p13)

Bart Bogaerts (VUB)

Symmetry Breaking with VeriPB

dom -64 p21 64 [...] -2048
proofgoal #2

pol -1 -2 +
qed -1

end

red 1 y0O >1; y0 > 1
rup 1 “y0O 1 "p13 1 p23 >=
red 1 “y1 1 yO >=
red 1 “y1 1 "p23 1 p13 >=
red 1 p23 1 “y0 1yl »>=
red 1 "p13 1 "y0 1 y1 »>=

pol 26 32 2048 * +
del id 26
rup 1 "yl 1 "pl12 1 p22 >=

Derivable by redundance with witness w = {y1 — 1}

(same argument)

Certified Symmetry Breaking

VeriPB-certified symmetry breaking

pi3

B R e e e

1

2048 p23 >= 0 ; pil -> p21 [...] p23 -> p13 ; begin

yi >
yl ->
yi —>
yi —>

== OO

WHOOPS'24
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BACK TO OUR PIGEONS — DERIVING THE CONSTRAINTS

dom -64 p21 64 [...] -2048 p13 2048 p23 >= 0 ; pll -> p21 [...] p23 -> p13 ; begin

Derived constraints (D):

2' - (pas — p13)+
210 (pag — p12)+
>0

Yo

Yo + P13 +o(p13)
Yy +yo

7, +0(p13) + pi3
Y1 + Yo + P13

Y1 + Yo + o(p13)

2"y, 42 (P22 — pr2) ..

Symmetry Breaki

proofgoal #2

pol -1 -2 +
qed -1

end
red 1 y0O >=1; yO0
rup 1 “y0 1 "pi3 1
red 1 “y1 1 yO
red 1 "yl 1 "p23 1
red 1 p23 1 “y0 1
red 1 "pi3 1 “y0 1

pol 26 32 2048 * +
del id 26
rup 1 "yl 1 "pi2 1

Simplify the pseudo-Boolean breaking constraint and delete original constraint

vith VeriPB  VeriPB-certified symmetry breaking

-> 1

p23 >= 1 ;
>>1;y1->0

pl3>=1; y1 ->0

yl >=1;y1->1

yli >=1;y1->1

p22 >= 1 ;

Certified Symmetry Breaking

WHOOPS'24
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BACK TO OUR PIGEONS — DERIVING THE CONSTRAINTS

Derived constraints (D):

2' - (pas — p13)+
210 (p22 — p12)+
>0

Yo

Yo + P13 +o(p13)
Y1+ yo

U+ o(pis) +pis
Y1+ Yo + P13

Y1 + Yo + o(p13)

Symmetry Breaking with VeriPB

dom -64 p21 64 [...] -2048
proofgoal #2

pol -1 -2 +
qed -1

end

red 1 y0O >1; y0 > 1
rup 1 “y0O 1 "p13 1 p23 >=
red 1 “y1 1 yO >=
red 1 “y1 1 "p23 1 p13 >=
red 1 p23 1 “y0 1yl »>=
red 1 "p13 1 "y0 1yl »>=

pol 26 32 2048 * +
del id 26
rup 1 "yl 1 "pl12 1 p22 >=

Continue in the same way for following y;-variables

2" g, + 2" (p2 —pr2) ...

Yy + D12 + o (p22)

Bart Bogaerts (VUB)

Certified Symmetry Breaking

VeriPB-certified symmetry breaking

pi3

)

1

B

2048 p23 >= 0 ; pil -> p21 [...] p23 -> p13 ; begin

yi >
yl ->
y1 ->
yi —>

== OO

WHOOPS'24



https://www.bartbogaerts.eu/talks/veripb-tutorial-series/examples/pigeon-hole.zip

Challenge: Sat Modulo Symmetries

SAT MODULO SYMMETRIES

» In previous talks, | claimed “looks like this applies to SMS as well”
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Challenge: Sat Modulo Symmetries

SAT MODULO SYMMETRIES

» In previous talks, | claimed “looks like this applies to SMS as well”

» However... SMS used to generates all mathematical objects (e.g., graphs) modulo isomorphisms
Challenges:

» How to certify enumeration?
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Challenge: Sat Modulo Symmetries

SAT MODULO SYMMETRIES

» In previous talks, | claimed “looks like this applies to SMS as well”

» However... SMS used to generates all mathematical objects (e.g., graphs) modulo isomorphisms
Challenges:
» How to certify enumeration?
» Isomorphisms might not be symmetries of the SAT encoding
» How to verify that symmetry breaking was complete?
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Conclusion (More Challenges)

CONCLUSION

» Variety of symmetry handling methods

Bart Bogaerts (VUB) Certified Symmetry Breaking WHOOPS'24



Conclusion (More Challenges)

CONCLUSION

» Variety of symmetry handling methods

» For static (and some dynamic) symmetry breaking, fully general symmetry breaking in VERIPB
Challenge: get this to work in (some extension of) DRAT
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CONCLUSION

» Variety of symmetry handling methods

» For static (and some dynamic) symmetry breaking, fully general symmetry breaking in VERIPB
Challenge: get this to work in (some extension of) DRAT

» Makes use heavily of dominance rule
Challenge: analyze this rule (can extended Frege simulate it?)

» Claim that this generalizes to dynamic symmetry breaking methods
Challenge: Verify this for other dynamic symmetry breaking methods
Challenge: What about SAT modulo symmetries?
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Conclusion (More Challenges)

CONCLUSION

v

Variety of symmetry handling methods

v

For static (and some dynamic) symmetry breaking, fully general symmetry breaking in VERIPB
Challenge: get this to work in (some extension of) DRAT

v

Makes use heavily of dominance rule
Challenge: analyze this rule (can extended Frege simulate it?)

v

Claim that this generalizes to dynamic symmetry breaking methods
Challenge: Verify this for other dynamic symmetry breaking methods
Challenge: What about SAT modulo symmetries?

» For symmetric learning, dedicated proof system has been developed
Challenge: develop certification in a formalism that doesn’t know about symmetries
Proofs with lemmas?
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Conclusion (More Challenges)

ADVERTISEMENTS & POINTERS

» I'm moving & hiring postdocs @ KU Leuven. Join the proof logging revolution!

» <
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Conclusion (More Challenges)

ADVERTISEMENTS & POINTERS

» I'm moving & hiring postdocs @ KU Leuven. Join the proof logging revolution!

» Veripb format and tools: https://gitlab.com/MIAOresearch/software/VeriPB

» Description of VERIPB checker [BMM™23] used in SAT 2023 competition
(https://satcompetition.github.io/2023/checkers.html)

» Specific details on different proof logging techniques covered in research papers
[EGMN20, GMN20, GMM™20, GN21, GMN22, GMNO22, VDB22, BBN*23, BGMN23, MM23]

> Lots of concrete example files at https://gitlab.com/MIAOresearch/software/VeriPB

» Examples from this talk and our tutorials
https://bartbogaerts.eu/talks/veripb-tutorial-series
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Conclusion (More Challenges)

ADVERTISEMENTS & POINTERS

» I'm moving & hiring postdocs @ KU Leuven. Join the proof logging revolution!

AN

» Veripb format and tools: https://gitlab.com/MIAOresearch/software/VeriPB

» Description of VERIPB checker [BMM™23] used in SAT 2023 competition
(https://satcompetition.github.io/2023/checkers.html)

» Specific details on different proof logging techniques covered in research papers
[EGMN20, GMN20, GMM™20, GN21, GMN22, GMNO22, VDB22, BBN*23, BGMN23, MM23]

> Lots of concrete example files at https://gitlab.com/MIAOresearch/software/VeriPB

» Examples from this talk and our tutorials
https://bartbogaerts.eu/talks/veripb-tutorial-series

Thank you for your attention!
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