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@ Proof logging for MaxSAT preprocessing: Overview
@ Proof logging for MaxSAT preprocessing: Practical examples
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MaxSAT and Preprocessing
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(Objective-Centric form of) MaxSAT

@ Optimization variant of SAT, (F, O)
o F= {(X1 V )_(2), (Xg V )_(3), (X3 V Xq ), ()_(2 V X3 V )_(4)}
@ O=X1 +2x4
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(Objective-Centric form of) MaxSAT

@ Optimization variant of SAT, (F, O)
o F= {(X1 V )_(2), (X2 V )_(3), (X3 V Xq ), ()_(2 V X3 V )_(4)}
@ O=X1 +2x4
@ There are three solutions to (F, O):
> T = {X1 — 1,X2 — 1,X3 — 1,X4 —)0}

» ={X1 =2 0,x2 — 0,x3 — 0,x4 — 0}
> T3={X1 —)0,X2—>0,X3—>0,X4—> 1}
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(Objective-Centric form of) MaxSAT

@ Optimization variant of SAT, (F, O)
o F= {(X1 V )_(2), (X2 V )_(3), (X3 V Xq ), ()_(2 V X3 V )_(4)}
@ O=X1 +2x4
@ There are three solutions to (F, O):
> T = {X1 — 1,X2 — 1,X3 — 1,X4 —)0}

» ={X1 =2 0,x2 — 0,x3 — 0,x4 — 0}
> T3:{X1 —)0,X2—>0,X3—>0,X4—> 1}

> O(T1) =2
> 0(7'2) =1
> O(r3) =3
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(Objective-Centric form of) MaxSAT

@ Optimization variant of SAT, (F, O)
o F= {(X1 V )_(2), (X2 Vv )_(3), (X3 V Xq ), ()_(2 V )_(3 V )_(4)}
@ O=X1 +2x4
@ There are three solutions to (F, O):

> T = {X1 =1, %—=>1,x3—>1,x4 —)0}
m={x1 > 0,% —0,x3 > 0,x4 — 0}
T = {X1 — 0,X2 — 0,X3 — 0,X4 — 1}
O(r)=2
O(Tg) =1
O(r3) =3
T2 IS an optimal solution.

vV VY VY VY VY
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WCNF form of MaxSAT

@ “Satisfy all hard clauses, minimize the total weight of unsatisfied soft clauses”
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WCNF form of MaxSAT

@ “Satisfy all hard clauses, minimize the total weight of unsatisfied soft clauses”
@ Example:

» 7 =(Fn,Fs)

> FH = {(X1 vV )_(2)7 (X2 V )_(3), (X3 V Xi )}

> Fs={((x1),1), (2 V X3),2)}
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WCNF form of MaxSAT

@ “Satisfy all hard clauses, minimize the total weight of unsatisfied soft clauses”
@ Example:

» 7 =(Fn,Fs)

> Fy= {(X1 \Y )_(2)7 (X2 V )_(3), (X3 V Xi )}

> Fs={((x),1), (k2 V Xs),2)}
@ Conversion to objective-centric

- = (R FY

> F,‘t-)l = {(X1 V )_(2), (X2 Vv )_(3)7 (X3 V Xi ), ()_(2 V X3 V X4)}

> Fg={{(x).1),((x).2)}
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WCNF form of MaxSAT

@ “Satisfy all hard clauses, minimize the total weight of unsatisfied soft clauses”
@ Example:
» 7 =(Fn,Fs)
> Fy= {(X1 \Y )_(2)7 (X2 V )_(3), (X3 V Xi )}
> Fs={((x),1), (k2 V Xs),2)}
@ Conversion to objective-centric
> PO = (O FY)
> F,‘t-)l = {(X1 V )_(2), (X2 Vv )_(3)7 (X3 V Xi ), ()_(2 V X3 V X4)}
> Fg={{(x).1),((x).2)}
@ ~~

» F = {(X1 \Y )_(2)7 (X2 \Y )_(3), (X3 \Y )?1), ()_(2 V X3 V )_(4)}
» O=X1 +2x4
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MaxSAT preprocessing

Preprocess (preprocessor)

Input instance FOR!¢

Reconstruct (preprocessor)

Vv

Preprocessed instance F"REP

Solve (solver)

~

I~

Optimal solution 77 to FoR!e

Optimal solution 7 to FPREP
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Proof logging for MaxSAT preprocessing:
Overview
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We want to verify equioptimality

@ Verify that 7°R'¢ and FPREP have the same optimal cost

Preprocess (preprocessor)

~

Input instanc(]—" ORIG

Preproces}d instance FPREP

Solve (solver)

h

; ; Reconstruct (preprocessor) - . SREP
Optimal solution 77 to FORIG ik Optimal solution 7 to F
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We want to verify equioptimality

@ Verify that 7°R'¢ and FPREP have the same optimal cost

Preprocess (preprocessor)

Input instanc(]—""“'e‘

~

Optimal solution 77 to FORIG ik

Reconstruct (preprocessor)

Preproces}d instance FPREP

Solve (solver)

h

@ What about reconstruction?

Optimal solution 7 to FPREP
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We want to verify equioptimality

@ Verify that 7°R'¢ and FPREP have the same optimal cost

Preprocess (preprocessor)

~

Input instanc(]—""“'e‘

Optimal solution 77 to FORIG ik

Reconstruct (preprocessor)

Preproces}d instance FPREP

Solve (solver)

h

@ What about reconstruction?

» No proof logging for reconstruction

Optimal solution 7 to FPREP
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We want to verify equioptimality

@ Verify that 7°R'¢ and FPREP have the same optimal cost

Preprocess (preprocessor)

Input instanc(]—"‘”“G

Optimal solution 77 to FORIG ik

Reconstruct (preprocessor)

~

Preproces}d instance FPREP

Solve (solver)

h

@ What about reconstruction?

» No proof logging for reconstruction
» Verify that 77 is a solution to FOR'® and that O°R'¢(77) = OPREP (7).

Optimal solution 7 to FPREP
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Proof logging MAXPRE

Input instance

Preprocessor

Output instance

Proof

@ MaxSAT to PBO in proofchecker-side

» Convert to objective-centric
> ASPB(\/I-Z,') = ZIE/ > 1.
» Formally verified conversion

@ VERIPB output section
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Proof logging MAXPRE

Input instance

Preprocessor

Output instance

Proof

@ MaxSAT to PBO in proofchecker-side

» Convert to objective-centric
> ASPB(\/I-K,') = ZIE/ > 1.
» Formally verified conversion

@ VERIPB output section

| 19)082J001d |

» Given output instance F°, O° = ASPB(FP"R€?), check that C = F°, O = O°
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Some charasteristics of our proofs
@ No objective-improving constraints
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Some charasteristics of our proofs
@ No objective-improving constraints
@ Mainly adding and removing core constraints
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Some charasteristics of our proofs
@ No objective-improving constraints
@ Mainly adding and removing core constraints
@ Heavy use of redundance-based strengthening and checked deletion
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Some charasteristics of our proofs
@ No objective-improving constraints
@ Mainly adding and removing core constraints
@ Heavy use of redundance-based strengthening and checked deletion
@ Changes to the objective function
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Preprocessing flow of MAXPRE

preprocessing proof
(MaxSAT) (pseudo-Boolean)

1. Initialization

2. Preprocessing
on WCNF

3. Conversion to
objective-centric
4. Preprocessing
on objective-
centric

5. Constant
removal
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Preprocessing flow of MAXPRE

preprocessing proof
(MaxSAT) (pseudo-Boolean)
1. Initialization JFORiG ASPB(OBJMAXSAT(FORIG))

2. Preprocessing
on WCNF

3. Conversion to
objective-centric
4. Preprocessing
on objective-
centric

5. Constant
removal
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Preprocessing flow of MAXPRE

1. Initialization

2. Preprocessing
on WCNF

3. Conversion to
objective-centric
4. Preprocessing
on objective-
centric

5. Constant
removal

preprocessing
(MaxSAT)

]:ORIG

Fl, 18!

proof
(pseudo-Boolean)

ASPB(OBJMAXSAT(FORIG))

€.on
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Preprocessing flow of MAXPRE

1. Initialization

2. Preprocessing
on WCNF

3. Conversion to
objective-centric
4. Preprocessing
on objective-
centric

5. Constant
removal

preprocessing
(MaxSAT)

]:ORIG

Fl, 18!

(F?,0%)

proof
(pseudo-Boolean)

ASPB(OBJMAXSAT(FORIG))
(c,on

(ASPB*(F?), 0%)
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Preprocessing flow of MAXPRE

1. Initialization

2. Preprocessing
on WCNF

3. Conversion to
objective-centric
4. Preprocessing
on objective-
centric

5. Constant
removal

preprocessing
(MaxSAT)

]:ORIG

Fl, 18!
(F3,07)

(F3,0%)

proof
(pseudo-Boolean)

ASPB(OBJMAXSAT(FORIG))
(c,on
(ASPB*(F?), 0%)

(AsPB*(F?), 0%)
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Preprocessing flow of MAXPRE

1. Initialization

2. Preprocessing
on WCNF

3. Conversion to
objective-centric
4. Preprocessing
on objective-
centric

5. Constant
removal

preprocessing
(MaxSAT)

FORIG
F',LB!

(F?,0%)
(F3,09)

(F*, 0%

— fPREP

proof
(pseudo-Boolean)

ASPB(OBJMAXSAT(FORIG))
(c,on
(ASPB*(F?), 0%)

(AsPB*(F?), 0%)

(ASPB(F*), 0%
= ASPB(OBJMAXSAT (FFREP))
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Proof logging for MaxSAT preprocessing:
Practical examples
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Preprocessing flow of MAXPRE

© Initialization

© Preprocessing on WCNF

© Converstion to objective-centric

© Preprocessing on objective centric

© Constant removal + renaming variables
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Stage 1: Initialization

Input MaxSAT instance
Hard clauses:

(X1 V Xo V )_(3)

()_(2 V X3V X4)
(X1 V X2)

()_(1 V X2)
Soft clauses:
((X4),2)

((

X1,X3),4)
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Stage 1: Initialization

Input MaxSAT instance
Hard clauses:

(X1 V Xo V )_(3)

()_(2 V X3V X4)
(X1 V X2)

()_(1 V X2)

Soft clauses:
((Xa),2)
((

X1,X3),4)

PBO instance (proof)
Constraints:
10X+ X2+ X3 > 1
2: Xo + X3+ Xq4 > 1

3: X1+ X0 > 1

4: X1+ x> 1
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Stage 1: Initialization

Input MaxSAT instance
Hard clauses:

(X1 V Xo V )_(3)

()_(2 V X3V X4)
(X1 V X2)

()_(1 V X2)

Soft clauses:
((Xa),2)
((

X1,X3),4)

PBO instance (proof)
Constraints:
10X+ X2+ X3 > 1
2: Xo + X3+ Xq4 > 1

3: X1+ X0 > 1

4: X1+ x> 1

5 X1 +x3+bs > 1
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Stage 1: Initialization

Input MaxSAT instance
Hard clauses:

(X1 V Xo V )_(3)

()_(2 V X3V X4)
(X1 V X2)

()_(1 V X2)

Soft clauses:

((Xa),2)
((x1,x3),4)

PBO instance (proof)
Constraints:
10X+ X2+ X3 > 1
2: Xo + X3+ Xq4 > 1

3: X1+ X0 > 1

4: X1+ x> 1

5 X1 +x3+bs > 1

minimize O = 2x4 + 4bs
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Stage 2: Preprocessing on WCNF, removing duplicate clauses
MaxSAT instance (preprocessor)

Soft clauses:

(% V %), 2)
<(X1 V )_(2), 3>

@ Replace with a single soft clause ((xq V X2),5)
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Stage 2: Preprocessing on WCNF, removing duplicate clauses

MaxSAT instance (preprocessor) PBO instance (proof)
Soft clauses: Minimize O = 2by +3bo + ...
s.t.

((x1V X2),2)
((x1 V X2),3) X1+ Xo + by > 1
Xy + Xo +bo > 1

@ Replace with a single soft clause ((xq V X2),5)
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Stage 2: Preprocessing on WCNF, removing duplicate clauses

MaxSAT instance (preprocessor) PBO instance (proof)
Soft clauses: Minimize O = 2by +3bo + ...
s.t.

((x1V X2),2)
((x1V X2),3) X1+ X+ by > 1
X1+ Xo + bo > 1

@ Replace with a single soft clause ((xq V X2),5)

@ Proof:
» Introduce constraints to encode by = b»
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Stage 2: Preprocessing on WCNF, removing duplicate clauses

MaxSAT instance (preprocessor) PBO instance (proof)
Soft clauses: Minimize O = 2by +3bo + ...
s.t.

((x1V X2),2)
((x1 V X2),3) X1+ Xo + by > 1
Xy + Xo +bo > 1

@ Replace with a single soft clause ((xq V X2),5)
@ Proof:
» Introduce constraints to encode by = by
* by +b>1,w={b— 0}
* bi+b>1,w={b — 0}
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Stage 2: Preprocessing on WCNF, removing duplicate clauses

MaxSAT instance (preprocessor) PBO instance (proof)
Soft clauses: Minimize O = 2by +3bo + ...
s.t.

((x1V X2),2)
((x1 V X2),3) X1+ Xo + by > 1
X1+ Xo + bo > 1

@ Replace with a single soft clause ((x1 V X2),5)
@ Proof:
» Introduce constraints to encode by = b,
* by +b>1,w={b— 0}
* bi+b>1,w={b — 0}
» Remove x; + X2 + b, > 1 (RUP)
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Stage 2: Preprocessing on WCNF, removing duplicate clauses

MaxSAT instance (preprocessor) PBO instance (proof)
Soft clauses: Minimize O = 2by +3bo + ...
s.t.

((x1V X2),2)
((x1 V X2),3) X1+ Xo + by > 1
X1+ Xo + bo > 1

@ Replace with a single soft clause ((x1 V X2),5)
@ Proof:
» Introduce constraints to encode by = b,
* by + b2 >1,w={b— 0}
* bi+b>1,w={b — 0}
» Remove x; + X2 + b, > 1 (RUP)
» Add —3b, + 3b; to O
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Stage 2: Preprocessing on WCNF, removing duplicate clauses

MaxSAT instance (preprocessor) PBO instance (proof)
Soft clauses: Minimize O = 2by +3bo + ...
s.t.

((x1V X2),2)
((x1 V X2),3) X1+ Xo + by > 1
X1+ Xo + bo > 1

@ Replace with a single soft clause ((x1 V X2),5)
@ Proof:
» Introduce constraints to encode by = b,
* by + b2 >1,w={b— 0}
* bi+b>1,w={b — 0}
» Remove x; + X2 + b, > 1 (RUP)
» Add —3b, + 3b; to O B B
» Remove constraints by + bo > 1 and by + b, > 1.
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Stage 3: Conversion to Objective-centric

@ Case where proof is needed:
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Stage 3: Conversion to Objective-centric

@ Case where proof is needed:

» Preprocessor has {(x), w)
» PBOinstancehasx+b>1,0=---+wb—+....
» We want to remove b
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Stage 3: Conversion to Objective-centric

@ Case where proof is needed:
Preprocessor has ((x), w)
PBOinstancehas x+b>1,0=---+wb+....

We want to remove b
Proof:

* Introduce constraint X + b > 1, w = {b — 0}

vVYyVvVvyy
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Stage 3: Conversion to Objective-centric

@ Case where proof is needed:

Preprocessor has ((x), w)
PBOinstancehas x +b>1,0=---+wb+....
We want to remove b

Proof:

* Introduce constraint X + b > 1, w = {b — 0}
* Add wx —wbto O

vVYyVvVvyy
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Stage 3: Conversion to Objective-centric

@ Case where proof is needed:

Preprocessor has ((x), w)
PBOinstancehas x +b>1,0=---+wb+....
We want to remove b
Proof:

* Introduce constraint X + b > 1, w = {b — 0}

* Add wx — wbto O )

* Remove x +b>1andx+b>1

vVYyVvVvyy
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Stage 4: Preprocessing on Objective-Centric, 1/3: Subsumed Literal
Elimination (SLE)

@ Given two (non-objective) literals ¢4 and /5 s.t.
Q@ (C|CeF.teCi2{C|CeF,lecC}
Q@ {(C|CecFieClD{C|CecF,l1eC}

@ SLE fixes ¢4 =1,4=0
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Stage 4: Preprocessing on Objective-Centric, 1/3: Subsumed Literal
Elimination (SLE)

@ Given two (non-objective) literals ¢4 and /5 s.t.
Q@ (C|CeF.teCi2{C|CeF,lecC}
Q@ {(C|CecFieClD{C|CecF,l1eC}

@ SLE fixes ¢4 =1,4=0
@ Proof:
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Stage 4: Preprocessing on Objective-Centric, 1/3: Subsumed Literal
Elimination (SLE)

@ Given two (non-objective) literals ¢4 and /5 s.t.
Q@ {CICeF t1eC}2{C|CeF,leC}
Q@ {(C|CecFieClD{C|CecF,l1eC}
@ SLE fixes ¢4 =1,4=0
@ Proof:
» Introduce ¢4 > 1, 7, > 1, both with witness w = {¢; — 1,/, — 0}
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Stage 4: Preprocessing on Objective-Centric, 1/3: Subsumed Literal
Elimination (SLE)

@ Given two (non-objective) literals ¢4 and /5 s.t.
Q@ {CICeF t1eC}2{C|CeF,leC}
Q@ {(C|CecFieClD{C|CecF,l1eC}

@ SLE fixes ¢4 =1,4=0

@ Proof:

» Introduce ¢4 > 1, /> > 1, both with witness w = {¢; — 1,4, — 0}
» Simplify the constraint database (unit propagate)
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Stage 4: Preprocessing on Objective-Centric, 1/3: Subsumed Literal
Elimination (SLE)

@ Given two (non-objective) literals ¢4 and /5 s.t.
Q@ {CICeF t1eC}2{C|CeF,leC}
Q@ {(C|CecFieClD{C|CecF,l1eC}

@ SLE fixes ¢4 =1,4=0

@ Proof:

» Introduce ¢4 > 1, /> > 1, both with witness w = {¢; — 1,4, — 0}
» Simplify the constraint database (unit propagate)
» Delete /1 > 1 and /o > 1
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Stage 4: Preprocessing on Objective-Centric, 2/3: SLE with objective
literals

@ Given two literals ¢4 and /5 s.t.
Q@ (C|CcFt1eC}D2{C|CeF,lreC}
Q@ (C|CcF ihecC}D{C|CecF,i1eC
e O=..wyl1+wolo+...,wy < Wo
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Stage 4: Preprocessing on Objective-Centric, 2/3: SLE with objective
literals

@ Given two literals ¢4 and /5 s.t.

Q@ (C|CeFt1eClD{C|CeF, leC} ¢y lp cost
Q (C|CeF,ibeCl2{C|CeF,ieC) 0 0 0
eOE...W1€1+W2€2—|—...,W1SW2 0 1 Wo

1 0 W1

1 1 Wy + Wo
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Stage 4: Preprocessing on Objective-Centric, 2/3: SLE with objective
literals

@ Given two literals ¢4 and /5 s.t.

Q@ (C|CeFt1eClD{C|CeF, leC} ¢y lp cost
Q@ (C|CcF ihecC}D{C|CecF,i1eC 0 0 O
eOE...W1€1+W2€2—|—...,W1SW2 0 1 Wo

1 0 W1

1 1 w+ws
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Stage 4: Preprocessing on Objective-Centric, 2/3: SLE with objective
literals

@ Given two literals ¢4 and /5 s.t.

Q@ {C|CeF teCl2{C|CEeF,LeC} ¢y lp cost
Q@ {C|CecF ihbeClD{C|CeF,l1eC} 0 0 O
eOE...W1€1+W2€2—|—...,W1SW2 0 1 Wo
@ Fixl, =0 1 0 w
1 1 w+ws
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Stage 4: Preprocessing on Objective-Centric, 2/3:

literals

@ Given two literals ¢4 and /5 s.t.
Q@ (C|CcFt1eC}D2{C|CeF,lreC}

Q (C|CeF.0,eCYD{C|CeF,i;eC)
e O=..wyl1+wolo+...,wy < Wo

@ Fixlo=0

@ Proof:
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Stage 4: Preprocessing on Objective-Centric, 2/3:

literals

@ Given two literals ¢4 and /5 s.t.
Q@ (C|CcFt1eC}D2{C|CeF,lreC}

Q (C|CeF.0,eCYD{C|CeF,i;eC)
e O=..wyl1+wolo+...,wy < Wo

@ Fixlo=0

@ Proof:

» Introduce o > 1, w = {¢; — 1,0, — 0}
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Stage 4: Preprocessing on Objective-Centric, 2/3:

literals

@ Given two literals ¢4 and /5 s.t.
Q@ (C|CcFt1eC}D2{C|CeF,lreC}

Q (C|CeF.0,eCYD{C|CeF,i;eC)
e O=..wyl1+wolo+...,wy < Wo

@ Fixlo=0

@ Proof:

» Introduce /o > 1, w = {¢1 — 1,{, — 0}
» Simplify the constraint database
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Q@ (C|CcFt1eC}D2{C|CeF,lreC}

Q (C|CeF.0,eCYD{C|CeF,i;eC)
e O=..wyl1+wolo+...,wy < Wo

@ Fixlo=0

@ Proof:

» Introduce /o > 1, w = {¢1 — 1,{, — 0}
» Simplify the constraint database

» Add —Wois to o

» Delete 7, > 1
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Stage 4: Preprocessing on Objective-Centric, 2/3: Hardening

@ Given

» 7s.t O(r) = UB

» bst. O=---+wb+...,w>UB
@ Fixb=0
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Stage 4: Preprocessing on Objective-Centric, 2/3: Hardening

@ Given

» 7s.t O(r) = UB

» bst. O=---+wb+...,w>UB
@ Fixb=0

@ In optimality proofs, objective improving constraints can be used

@ We need something else
@ Proof:
» add b; > 1 with witness w = 7
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Stage 4: Preprocessing on Objective-Centric, 3/3: Label matching

@ Assume that
@ F hasclauses CV bg and DV bp
Q O=-- - +wbec+wbp+...
© C vV Dis atautology
© bc and bp do not appear in other clauses
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Q@ O=---+wbc+wbhp+... » Replaces D \/ bp with DVbcp
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© bc and bp do not appear in other clauses
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© bc and bp do not appear in other clauses

@ Proof, w.l.o.g. assume (€ Cand ¢ € D

Introduce be + bp > 1, w = {bc — 7, bp — £}

Introduce bep = be + bp

Add wbep — wbe — wbp to O

Introduce ASPB(CVbcp) and ASPB(DVbgp) (RUP)

Delete ASPB(C V bc) and ASPB(D V bD), w = {bc — Z, bp — f}
Delete constraints encoding bep = be + bp

\4

vV vy vy VvYy

Hannes lhalainen Proof Logging for MaxSAT Preprocessing May 2024 20/22



Stage 4: Preprocessing on Objective-Centric, 3/3: Label matching

@ Assume that @ Label matching
@ F hasclauses CV bg and DV bp » Replaces CV b¢c with Cvbgp
Q@ O=---+wbc+wbhp+... » Replaces D \/ bp with DVbcp
© C vV Dis atautology » Adds wbgep — wbe — wbp to O.

© bc and bp do not appear in other clauses

@ Proof, w.l.o.g. assume (€ Cand ¢ € D
» Introduce be + bp > 1, w = {bc — I, bp — 1}
Introduce bep = be + bp
Add wbep — wbe — wbp to O
Introduce ASPB(CVbcp) and ASPB(DVbgp) (RUP)
Delete ASPB(C V bc) and ASPB(D V bD), w = {bc — Z, bp — f}
Delete constraints encoding bep = be + bp
Delete constraint bg + bp > 1
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Stage 5: Constant removal and variable renaming

@ Preprocessor produces a MaxSAT instance in WCNF

@ VERIPB verifies that the output WNCF (converted to PBO) matches the database at
the end of the proof
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Stage 5: Constant removal and variable renaming

@ Preprocessor produces a MaxSAT instance in WCNF
@ VERIPB verifies that the output WNCF (converted to PBO) matches the database at
the end of the proof
» Remove the constant term from the objective function
* Hard clause (xs), soft clause ((X.s), LB)
» Rename variables (if necessary)
* For each x;, reify t, < Xx;
* Derive constraints with t-variables, remove the original constraints
* Repeat to get desired variable names
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Conclusion

@ Proof-logging for stand-alone MaxSAT preprocessor with VERIPB
» 15+ preprocessing techniques implemented in MAXPRE

@ Seems to work well
@ End-to-end formally verified proof logging with CAKEPB
@ First practical tool for even verifying (two-way) equisatisfiability

Hannes Ihalainen Proof Logging for MaxSAT Preprocessing May 2024 22/22



