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Executive Summary of Talk (1 /2)

Resolution: proof system for refuting CNF formulas
Perhaps the most studied system in proof complexity
Also used in many real-world automated theorem provers

@ Haken (1985): exponential lower bound on proof length
(# clauses in a resolution proof)

@ Ben-Sasson & Wigderson (1999): strong correlation
between proof length and proof width (size of largest
clause in proof)

@ Results on width lead to question whether other complexity
measures could yield interesting insights as well
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Executive Summary of Talk (2 / 2)

@ Esteban & Toran (1999): proof space
(maximal # clauses in memory while verifying proof)

@ Many lower bounds for space proven
All turned out to match width bounds!
Coincidence?

@ Atserias & Dalmau (2003): space > width — constant for
k-CNF formulas

@ Problem left open: Do space and width coincide or not?

We resolve this question: separation of space and width

Jakob Nordstrom (KTH) Narrow Proofs May Be Spacious Cambridge, April 10-13, 2006



Outline

0 Background
@ Definition of Resolution
@ Overview of Previous Work

e Pebble Games and Resolution

@ Pebble Games

@ Pebbling Contradictions

@ Resolution Refutations of Pebbling Contradictions
© A Separation of Space and Width

@ Interpreting Clauses as Pebbles

@ Many Pebbles Imply Many Clauses

@ The Induced Black-White Pebble Game

@ Putting It All Together

0 Conclusion and Open Problems
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Background
of Resolution
of Previous Work

Some Notation and Terminology

@ Literal a: variable x or its negation x
@ Clause C = ay V...V ai: set of literals
At most k literals: k-clause

@ CNF formula F = Cy A ... A Cp: set of clauses
k-CNF formula: CNF formula consisting of k-clauses
(assume k fixed)

@ F E D: semantical implication, «(F) true = «(D) true
for all truth value assignments «

o [n={1,2,....,n}
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Background
of Resolution
v of Previous Work

Resolution Derivation

Sequence of sets of clauses, or clause configurations,
{Cy,...,C;} such that Cy = () and C; follows from C;_1 by:
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Background
of Resolution
v of Previous Work

Resolution Derivation

Sequence of sets of clauses, or clause configurations,
{Cy,...,C;} such that Cy = () and C; follows from C;_1 by:

Download C; = C;_1U{C} for clause C € F (axiom)
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Background
of Resolution
v of Previous Work

Resolution Derivation

Sequence of sets of clauses, or clause configurations,
{Cy,...,C;} such that Cy = () and C; follows from C;_1 by:

Download C; = C;_1U{C} for clause C € F (axiom)
Erasure Ct = C;_4 \ {C} for clause C € C;_4
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Background
of Resolution
of Previous Work

Resolution Derivation

Sequence of sets of clauses, or clause configurations,
{Cy,...,C;} such that Cy = () and C; follows from C;_1 by:
Download Ct = C;_1U{C} for clause C € F (axiom)
Erasure Ct = C;_4 \ {C} for clause C € C;_4

Inference Cy = C;_1U{C Vv D} for clause C V D inferred
from CV x,D Vv X € C;_1 by resolution rule

Cvx DvXx
CcvD
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Background
of Resolution
of Previous Work

Resolution Derivation

Sequence of sets of clauses, or clause configurations,
{Cy,...,C;} such that Cy = () and C; follows from C;_1 by:
Download Ct = C;_1U{C} for clause C € F (axiom)
Erasure Ct = C;_4 \ {C} for clause C € C;_4

Inference Cy = C;_1U{C Vv D} for clause C V D inferred
from CV x,D Vv X € C;_1 by resolution rule

Cvx DvXx
CcvD

Resolution refutation of F:
Derivation 7 : F + 0 of empty clause 0 from F,i.e., 0 € C-
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Background
Definition of Resolution
Overview of Previous Work

Length, Width and Space

@ Length L() of resolution refutation 7 : F+ 0
# distinct clauses in all of

@ Width W(r) of resolution refutation 7 : F =0
# literals in largest clause in ©

@ Space Sp(r) of resolution refutation 7 : FF 0
# clauses in largest clause configuration C; € 7
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Background
Resolution
Previous Work

Length, Width and Space of Refuting F

@ Length of refuting F is
L(FFO0)= mi
(F+0) = min {L(r)}
@ Width of refuting F is

W(F +0) = min {W(r)}

@ Space of refuting F is
Sp(F +0) = min {Sp()}
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Background
Resolution
Previous Work

Length, Width and Space of Refuting F

@ Length of refuting F is
L(FFO0)= mi
(F+0) = min {L(r)}
@ Width of refuting F is

W(F +0) = min {W(r)}

@ Space of refuting F is
Sp(F - 0) = min {Sp(r)}
L(F Q) < o variablesin F+1)
W(F F0) < #variablesin F
Sp(F F0) < min(# variables in F, # clauses in F) + O(1)
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Background

Definition of Resolution
Overview of Previous Work

Connection between Length and Width

A resolution proof in small width is necessarily short.
For a proof in width w, (2 |Vars(F)|)W is an upper bound on
the number of possible clauses.

There is a kind of converse to this:

Theorem (Ben-Sasson & Wigderson 1999)
The width of refuting a k-CNF formula F over n variables is

W(F0)=0 (\/nlog L(FI 0)).

This bound on width in terms of length is essentially optimal
(Bonet & Galesi 1999).
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Background

Definition of Resolution
Overview of Previous Work

Connection between Space and Width

All previously shown lower bounds on space coincide with
lower bounds on width—true in general?

Theorem (Atserias & Dalmau 2003)

For any unsatisfiable k-CNF formula F it holds that

Sp(F F 0) > W(F I 0) — O(1).

But do space and width always coincide?
Or is there a k-CNF formula family {F,};> ; such that
Sp(FnF0) =w(W(F,+0))?
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Pebble Games
Pebbling Contradictions
Resolution Refutations of Pebbling Contradictions

Pebble Games and Resolution

Pebbles Games on Graphs

One-player game played on directed acyclic graphs (DAGSs)

@ Devised for studying programming languages and compiler
construction

@ Have found a variety of applications in complexity theory

Conventions
@ V(G) denote the vertices of a DAG G
@ vertices with indegree 0 are sources
@ vertices with outdegree 0 are targets

This talk: Only consider DAGs with single target z and all
non-source vertices having indegree 2
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Pebble Games and Resolution P?bble Gamesr y
Pet ntradictions

utations of Pebbling Contradictions

Formal Definition of Pebble Game

Pebble configuration: pair of subsets PP = (B, W) of black- and

white-pebbled vertices
Black-white pebbling: sequence P = {Py, ..., P} such that
Py = (0,0) and PP follows from P;_4 by one of the rules:

Cambridge, April 10-13, 2006
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Pebble Games
Pebbling Contradictions
Resolution Refutations of Pebbling Contradictions

Pebble Games and Resolution

Formal Definition of Pebble Game

Pebble configuration: pair of subsets PP = (B, W) of black- and
white-pebbled vertices

Black-white pebbling: sequence P = {Py, ..., P} such that
Py = (0,0) and PP follows from P;_4 by one of the rules:

@ If allimmediate predecessors of an empty vertex v have
pebbles on them, a black pebble can be placed on v.

@ A black pebble can always be removed from any vertex.
© A white pebble can always be placed on any empty vertex.

Q If allimmediate predecessors of a white-pebbled vertex v
are pebbled, the white pebble on v can be removed.
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Pebble Games
Pebbling Contradictions
Resolution Refutations of Pebbling Contradictions

Pebble Games and Resolution

Formal Definition of Pebble Game

Pebble configuration: pair of subsets PP = (B, W) of black- and
white-pebbled vertices

Black-white pebbling: sequence P = {Py, ..., P} such that
Py = (0,0) and PP follows from P;_4 by one of the rules:

@ If allimmediate predecessors of an empty vertex v have
pebbles on them, a black pebble can be placed on v.

@ A black pebble can always be removed from any vertex.
© A white pebble can always be placed on any empty vertex.

Q If allimmediate predecessors of a white-pebbled vertex v
are pebbled, the white pebble on v can be removed.

Goal: reach P, = ({z}, 0) using few pebbles
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Pebble Games and Resolution Eik?ble ,

Re 0 efutations of Pebbling Contradictions

Example Pebbling and Pebbling Price

@ Cost of pebbling P = {Py,...,P;}:
max # pebbles in any P; = (B;, W;)

@ Black-white pebbling price BW-Peb(G) of DAG G is
minimal cost of any pebbling reaching ({z}, 0)

@ (Black) pebbling price Peb(G) is minimal cost of any
pebbling reaching ({z}, ) using black pebbles only
(W; = 0 for all 1)
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Pebble Games and Resolution Eik?ble ,

Resolutio efutations of Pebbling Contradictions

Pebbling Price of Binary Trees

Let T}, denote complete binary tree
of height h considered as DAG with
edges directed towards root

@ Pebbling price of Ty is
Peb(Tp)=h+2

@ Black-white pebbling price of Ty is

BW-Peb(T}) = BJ +3=0Q(h)

(Lengauer & Tarjan 1980)
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Pebble Games and Resolution T

efutations of Pebbling Contradictions

Definition of Pebbling Contradiction

Pebbling contradiction: CNF formula encoding pebble game on
DAG G with sources S, unique target z and all non-source
vertices having indegree 2

Associate d variables vy, ..., v4 with every vertex v € VG)

The dth degree pebbling contradiction Peb‘é over Gis the
conjunction of the following clauses:
e \/?, s forall s e S (source axioms)

e U;vVv;vVL, wiorallije[dandallwe VG)\ S, where
u, v are the two predecessors of w (pebbling axioms)

@ z; forall i € [d] (target axioms)
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Pebble Games and Resolution

Resolution Refutations of Pebbling Contradictions

Pebbling Contradiction Pebf,, for Pyramid of Height 2

(G2 VTV ViV )
(G2 VT2V ViV
(U1 VViVZ1V 2)
(U1 V VoV Z1V 2o)
(Up VViVZ1V 20)
(Up V V2V Z1V 20)

( A
( A
( A
(P1V Gy ViV Up) A
(P1V Qo VUV ) A
(P> VvV qq VUV u) A
(P> V Qo VUtV Up) A
(1 VTV ViV ) A
( \/72\/V1\/V2)

> > > > > > > >
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Pebble Games and Resolution

Resolution Refutations of Pebbling Contradictions

Pebbling Contradiction Pebf,, for Pyramid of Height 2

(2)

(p1 V P2) @'@ A(QaV TV VgV ve)
A (g1 V) A(G2 VT2V ViV )
Anve) @ @ O Gy vz
APV QyVurV ) A (U1 V VoV ZyV 2)
APV Qo VurVu) A (UaV ViV ZyV 22)
APV qqVurV ) AUV V2V 2zyV 22)
A(PoV Gy VUV ) A Z4
A(QiVT1V ViV W) A Zo
A(Qi VT2V ViV W)
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Pebble Games and Resolution

Resolution Refutations of Pebbling Contradictions

Pebbling Contradiction Pebf,, for Pyramid of Height 2

(p1V p2) @'@
(q1V Q)

(1 V) ® © ©
(P1VGQy VUV U)
(P1VGo VUV up)
(P2V Qi VurV )
(P2V Qo Vuy VL)
(q

(a4

g \/r1\/V1\/V2)
\/72\/V1\/V2)

> > > > > > > >

(G2 VTV ViV )
(G2 VT2V ViV
(U1 VViVZ1V 2)
(U1 V VoV Z1V 2o)
(Up VViVZ1V 20)
(Up V V2V Z1V 20)
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Pebble Games and Resolution o y
Pebt dictions

Resolution Refu{ations of Pebbling Contradictions

Pebbling Contradictions Easy w.r.t. Length and Width

Peb$ is an unsatisfiable (2+d)-CNF formula with
@ d - |V(G)| variables
@ O(d?-|VG)]) clauses
Can be refuted by deriving \/_, v; for all v € W(G) inductively in
topological order and resolving with target axioms z;, i € [d]
It follows that
° L(FF0) = O(d? |VG)|)
e W(FFO0) = O(d)
(Ben-Sasson et al. 2000)
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Pebble Games and Resolution o y
Pebt dictions

Resolution Refu{ations of Pebbling Contradictions

What about Pebbling Contradictions and Space?

Upper bounds:

@ Arbitrary DAGs G
optimal black pebbling of G + proof from previous slide:
Sp(Peb - 0) < Peb(G) + O(1)
@ Binary trees T,
improvement by Esteban & Toran (2003):
Sp(Pebf, 1 0) < 25| + 3 = Peb(Th) + O(1)
@ Only one variable / vertex
Ben-Sasson (2002):
Sp(Peb} - 0) = O(1) for arbitrary G

No lower bounds on space for d > 2 previously known
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Interpreting Clauses as Pebbles
a ny Clauses
A Separation of Space and Width - ced Black-White Pebble Game
F’umnq All Together

Our Results

Theorem

Let Peb‘%h denote the pebbling contradiction of degree d > 2
defined over the complete binary tree of height h. Then the
space of refuting Peb‘%h in resolution is Sp(Peb$, - 0) = ©(h).

Corollary

For all k > 4, there is a family of k-CNF formulas { Fp,}
of size O(n) with refutation width W(F, + 0) = O(1) and
refutation space Sp(F, + 0) = ©(log n).

1
S
|
-
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A Separation of Space and Width
Putting It All Together

Proof Idea

Prove lower bounds on space of 7 : Peb‘é F 0 by

@ Interpreting clause configurations C; € = in terms of black
and white pebbles on G

© Showing that if C; induces N black and white pebbles it
contains at least N clauses (if d > 2)

© Establishing that 7 = {Cy, ..., C,} induces black-white
pebbling P = {Py,...,P.} (works only for binary trees T})
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e:

|
N es
A Separation of Space and Width Tl d Bl

Putting It Al

Proof Idea

Prove lower bounds on space of 7 : Peb‘é F 0 by

@ Interpreting clause configurations C; € = in terms of black
and white pebbles on G

© Showing that if C; induces N black and white pebbles it
contains at least N clauses (if d > 2)

© Establishing that 7 = {Cy, ..., C,} induces black-white
pebbling P = {Py,...,P.} (works only for binary trees T})

Then some C; € m must induce BW-Peb(Ty) pebbles
U
C4| > BW-Peb(Ty) = Q(h)

4
Sp(Peb§, +-0) = Q(h)
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Interpreting Clauses as Pebbles

A Separation of Space and Width
Putting It All Together

Developing an Intuition for Black Pebbles

P1 Source
a1 Source
r Source
Sq Source

p1V gy Vus Pebbling
r1Vs;Vyvy Pebbling
Uy VVvyVz Pebbling
Z1 Target

ONOO R WD =

Empty start configuration
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A Separation of Space and Width

Putting It All Together

Developing an Intuition for Black Pebbles

1. py Source
2. g Source
3. n Source
4. s Source
5. py Vg Vvu; Pebbling
6. r1VSsyVy Pebbling
7. UyVV{VZz Pebbling
8. Zj Target
P1

Download axiom 1: py
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Interpreting Clauses as Pebbles

A Separation of Space and Width
Putting It All Together

Developing an Intuition for Black Pebbles

1. p Source
2. g Source
3. n Source
4. s Source
5. py Vg Vvu; Pebbling
6. r1VSsyVy Pebbling
7. UyVV{VZz Pebbling
8. Zj Target
P1

Download axiom 1: py
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A Separation of Space and Width

Putting It All Together

Developing an Intuition for Black Pebbles

1. p Source
2. g1 Source
3. n Source
4. s Source
5. py Vg Vvu; Pebbling
6. r1VSsyVy Pebbling
7. UyVV{VZz Pebbling
8. Zj Target

P1

ai

Download axiom 2: g4
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Interpreting Clauses as Pebbles

A Separation of Space and Width
Putting It All Together

Developing an Intuition for Black Pebbles

1. py Source
2. g Source
3. n Source
4. s Source
5. py Vg Vvu; Pebbling
6. r1VSsyVy Pebbling
7. UyVV{VZz Pebbling
8. Zj Target

P1

ai

Download axiom 2: g4
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Interpreting Clauses as Pebbles
Imp C

A Separation of Space and Width

Putting It All Together

Developing an Intuition for Black Pebbles

1. p Source

2. g Source

3. n Source

4. sy Source

5. pyV gy Vvu; Pebbling

6. r1VSsyVy Pebbling

7. UyVV{VZz Pebbling

8. Zj Target
P1
a1 . o
B\ Gy V Uy Download axiom 5: p; V g4 V Uy
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Interpreting Clauses as Pebbles

A Separation of Space and Width
Putting It All Together

Developing an Intuition for Black Pebbles

1. p Source

2. g Source

3. n Source

4. sy Source

5. py Vg Vvu; Pebbling

6. r1VSsyVy Pebbling

7. UyVV{VZz Pebbling

8. Zj Target
P1
a1 . o
BV G\ Uy Download axiom 5: p; V g4 V Uy
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Interpreting Clauses as Pebbles

A Separation of Space and Width
Putting It All Together

Developing an Intuition for Black Pebbles

1. p Source

2. g Source

3. n Source

4. s Source

5. py Vg Vvu; Pebbling

6. r1VSsyVy Pebbling

7. UyVV{VZz Pebbling

8. Zj Target
P1
a1 Infer g4 v uy from
P11V Qs Vus p1and py vV gy V Uy
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Interpreting Clauses as Pebbles

A Separation of Space and Width
Putting It All Together

Developing an Intuition for Black Pebbles

1. p Source

2. g Source

3. n Source

4. s Source

5. py Vg Vvu; Pebbling

6. r1VSsyVy Pebbling

7. UyVV{VZz Pebbling

8. Zj Target
P1
a1 Infer g4 v uy from
P1VQqyVus Py and py V Gy V U
g1 V U
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Interpreting Clauses as Pebbles

A Separation of Space and Width
Putting It All Together

Developing an Intuition for Black Pebbles

1. p Source

2. g Source

3. n Source

4. s Source

5. py Vg Vvu; Pebbling

6. r1VSsyVy Pebbling

7. UyVV{VZz Pebbling

8. Zj Target
P1
a1 Infer g4 v uy from
P1VQqyVus Py and py V Gy V U
qq VU
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Interpreting Clauses as Pebbles

A Separation of Space and Width
Putting It All Together

Developing an Intuition for Black Pebbles

1. p Source
2. g Source
3. n Source
4. s Source
5. py Vg Vvu; Pebbling
6. r1VSsyVy Pebbling
7. UyVV{VZz Pebbling
8. Zj Target

P1

G Erase clause p

P1VaqVus

qq VU
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Interpreting Clauses as Pebbles

A Separation of Space and Width
Putting It All Together

Developing an Intuition for Black Pebbles

1. p Source
2. g Source
3. n Source
4. s Source
5. py Vg Vvu; Pebbling
6. r1VSsyVy Pebbling
7. UyVV{VZz Pebbling
8. Zj Target

ai

pP1VQqqVu

G,V Uy Erase clause p;
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Interpreting Clauses as Pebbles

A Separation of Space and Width
Putting It All Together

Developing an Intuition for Black Pebbles

1. p Source
2. g Source
3. n Source
4. s Source
5. PyV @G Vu; Pebbling
6. T1VSi Vv Pebbling
7. UyVViVz Pebbling
8. Zj Target

a1

VgV
%11 qu,1 u Erase clause p; V gy V Uy
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Interpreting Clauses as Pebbles

A Separation of Space and Width
Putting It All Together

Developing an Intuition for Black Pebbles

1. py Source
2. g Source
3. n Source
4. s Source
5. py Vg Vvu; Pebbling
6. r1VSsyVy Pebbling
7. UyVV{VZz Pebbling
8. Zj Target

ai

61 V U4

Erase clause p; vV gy V U4
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Interpreting Clauses as Pebbles

A Separation of Space and Width
Putting It All Together

Developing an Intuition for Black Pebbles

1. p Source
2. g Source
3. n Source
4. s Source
5. py Vg Vvu; Pebbling
6. r1VSsyVy Pebbling
7. UyVV{VZz Pebbling
8. Zj Target
ai
qq V U Infer uy from

g1 and g; V Uy
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Interpreting Clauses as Pebbles

A Separation of Space and Width
Putting It All Together

Developing an Intuition for Black Pebbles

1. p Source

2. g Source

3. n Source

4. s Source

5. py Vg Vvu; Pebbling

6. r1VSsyVy Pebbling

7. UyVV{VZz Pebbling

8. Zj Target
a1
qq V Uy Infer uy from
(O g1 and gq V uy
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Interpreting Clauses as Pebbles

A Separation of Space and Width
Putting It All Together

Developing an Intuition for Black Pebbles

1. p Source

2. g Source

3. n Source

4. s Source

5. py Vg Vvu; Pebbling

6. r1VSsyVy Pebbling

7. UyVV{VZz Pebbling

8. Zj Target
a1
qq V Uy Infer uy from
U g1 and gq V uy
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Interpreting Clauses as Pebbles

A Separation of Space and Width

Putting It All Together

Developing an Intuition for Black Pebbles

1. p Source
2. g Source
3. n Source
4. s Source
5. py Vg Vvu; Pebbling
6. r1VSsyVy Pebbling
7. UyVV{VZz Pebbling
8. Zj Target
Qi
Z: Vit Erase clause g
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Interpreting Clauses as Pebbles

A Separation of Space and Width
Putting It All Together

Developing an Intuition for Black Pebbles

1. p Source
2. g Source
3. n Source
4. s Source
5. py Vg Vvu; Pebbling
6. r1VSsyVy Pebbling
7. UyVV{VZz Pebbling
8. Zj Target

Q1 V Uy

u4

Erase clause gy

Jakob Nordstrém (KTH) Narrow Proofs May Be Spacious Cambridge, April 10-13, 2006



Interpreting Clauses as Pebbles

A Separation of Space and Width
Putting It All Together

Developing an Intuition for Black Pebbles

1. p Source
2. g Source
3. n Source
4. s Source
5. py Vg Vvu; Pebbling
6. r1VSsyVy Pebbling
7. UyVV{VZz Pebbling
8. Zj Target

g1V Uy

u4

Erase clause g4 V uq
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Interpreting Clauses as Pebbles

A Separation of Space and Width
Putting It All Together

Developing an Intuition for Black Pebbles

1. p Source
2. g Source
3. n Source
4. s Source
5. py Vg Vvu; Pebbling
6. r1VSsyVy Pebbling
7. UyVV{VZz Pebbling
8. Zj Target
Uy

Erase clause g4 V uq
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A Separation of Space and Width

Putting It All Together

Developing an Intuition for Black Pebbles

1. p Source
2. g Source
3. n Source
4. s Source
5. py Vg Vvu; Pebbling
6. r1VSsyVy Pebbling
7. UyVV{VZz Pebbling
8. Zj Target

Uy

g

Download axiom 3: ry
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Interpreting Clauses as Pebbles

A Separation of Space and Width
Putting It All Together

Developing an Intuition for Black Pebbles

1. p Source
2. g Source
3. n Source
4. s Source
5. py Vg Vvu; Pebbling
6. r1VSsyVy Pebbling
7. UyVV{VZz Pebbling
8. Zj Target

Uy

r

Download axiom 3: ry
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A Separation of Space and Width

Putting It All Together

Developing an Intuition for Black Pebbles

1. p Source
2. g Source
3. n Source
4. sy Source
5. py Vg Vvu; Pebbling
6. r1VSsyVy Pebbling
7. UyVV{VZz Pebbling
8. Zj Target
Uy
;11 Download axiom 4: s;
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Interpreting Clauses as Pebbles

A Separation of Space and Width

Putting It All Together

Developing an Intuition for Black Pebbles

1. p Source
2. g Source
3. n Source
4. s Source
5. py Vg Vvu; Pebbling
6. r1VSsyVy Pebbling
7. UyVV{VZz Pebbling
8. Zj Target
Uy
;11 Download axiom 4: s;
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A Separation of Space and Width

Putting It All Together

Developing an Intuition for Black Pebbles

1. p Source

2. g Source

3. n Source

4. s Source

5. py Vg Vvu; Pebbling

6. r1VSsyVy Pebbling

7. UyVV{VZz Pebbling

8. Zj Target
Uy
r . o
511 Download axiom 6: 74 V81 V v4
r{VsiVvy
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Interpreting Clauses as Pebbles

A Separation of Space and Width

Putting It All Together

Developing an Intuition for Black Pebbles

1. p Source

2. g Source

3. n Source

4. s Source

5. py Vg Vvu; Pebbling

6. r1VSsyVy Pebbling

7. UyVV{VZz Pebbling

8. Zj Target
Uy
r . o
511 Download axiom 6: 74 V'S4 V v4
r{VvsiVvy
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Interpreting Clauses as Pebbles

A Separation of Space and Width

Putting It All Together

Developing an Intuition for Black Pebbles

1. p Source

2. g Source

3. n Source

4. s Source

5. py Vg Vvu; Pebbling

6. r1VSsyVy Pebbling

7. UyVV{VZz Pebbling

8. Zj Target
Uy
r Infer 81 V vq from
S rnandry VsV vy
r{VsiVvw
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Interpreting Clauses as Pebbles

A Separation of Space and Width
Putting It All Together

Developing an Intuition for Black Pebbles

1. p Source

2. g Source

3. n Source

4. s Source

5. py Vg Vvu; Pebbling

6. r1VSsyVy Pebbling

7. UyVV{VZz Pebbling

8. Zj Target
Uy
r Infer 81 V vq from
S rnandry VsV vy
r{VsiVvwy
S1V vy
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Interpreting Clauses as Pebbles

A Separation of Space and Width
Putting It All Together

Developing an Intuition for Black Pebbles

1. p Source

2. g Source

3. n Source

4. s Source

5. py Vg Vvu; Pebbling

6. r1VSsyVy Pebbling

7. UyVV{VZz Pebbling

8. Zj Target
Uy
r Infer 51 v vq from
S rnandry VsV vy
r{VsiVvwy
S1V vy
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Interpreting Clauses as Pebbles

A Separation of Space and Width
Putting It All Together

Developing an Intuition for Black Pebbles

1. p Source
2. g Source
3. n Source
4. s Source
5. py Vg Vvu; Pebbling
6. r1VSsyVy Pebbling
7. UyVV{VZz Pebbling
8. Zj Target

Uy

g

Erase clause r

51

r{VsiVvv

S1V vy
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Interpreting Clauses as Pebbles

A Separation of Space and Width

Putting It All Together

Developing an Intuition for Black Pebbles

1. p Source
2. g Source
3. n Source
4. s Source
5. py Vg Vvu; Pebbling
6. r1VSsyVy Pebbling
7. UyVV{VZz Pebbling
8. Zj Target

Uy

51

FIVEV vy Erase clause r

RYAYZ
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Interpreting Clauses as Pebbles

A Separation of Space and Width

Putting It All Together

Developing an Intuition for Black Pebbles

1. p Source

2. g Source

3. n Source

4. sy Source

5. py Vg Vvu; Pebbling

6. r1VSsyVy Pebbling

7. UyVV{VZz Pebbling

8. Zj Target
Uy
Sq - —
FLVE Y Erase clause r1 V §1 V vy
RYAYZ
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Interpreting Clauses as Pebbles

A Separation of Space and Width

Putting It All Together

Developing an Intuition for Black Pebbles

1. p Source

2. g Source

3. n Source

4. s Source

5. py Vg Vvu; Pebbling

6. r1VSsyVy Pebbling

7. UyVV{VZz Pebbling

8. Zj Target
Uy
S1 _ _
5V vy Erase clause r1 V §1 V vy
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Interpreting Clauses as Pebbles

A Separation of Space and Width

Putting It All Together

Developing an Intuition for Black Pebbles

1. p Source

2. g Source

3. n Source

4. s Source

5. py Vg Vvu; Pebbling

6. r1VSsyVy Pebbling

7. UyVV{VZz Pebbling

8. Zj Target
Uy
S Infer vy from
S1V vy Sy and Sy V vy
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Interpreting Clauses as Pebbles

A Separation of Space and Width

Putting It All Together

Developing an Intuition for Black Pebbles

1. p Source

2. g Source

3. n Source

4. s Source

5. py Vg Vvu; Pebbling

6. r1VSsyVy Pebbling

7. UyVV{VZz Pebbling

8. Zj Target
Uy
S Infer vy from
S1V vy Sy and s1V vy
Vi
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Interpreting Clauses as Pebbles

A Separation of Space and Width

Putting It All Together

Developing an Intuition for Black Pebbles

1. p Source

2. g Source

3. n Source

4. s Source

5. py Vg Vvu; Pebbling

6. r1VSsyVy Pebbling

7. UyVV{VZz Pebbling

8. Zj Target
Uy
S Infer v4 from
S1V vy Sy and s1V vy
Vi
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Interpreting Clauses as Pebbles

A Separation of Space and Width

Putting It All Together

Developing an Intuition for Black Pebbles

1. p Source

2. g Source

3. n Source

4. s Source

5. py Vg Vvu; Pebbling

6. r1VSsyVy Pebbling

7. UyVV{VZz Pebbling

8. Zj Target
Uy
St Erase cl
5 Vv rase clause s;
Vi
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Interpreting Clauses as Pebbles

A Separation of Space and Width
Putting It All Together

Developing an Intuition for Black Pebbles

1. p Source
2. g Source
3. n Source
4. s Source
5. py Vg Vvu; Pebbling
6. r1VSsyVy Pebbling
7. UyVV{VZz Pebbling
8. Zj Target
Uy
i: v Erase clause s;
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Interpreting Clauses as Pebbles

A Separation of Space and Width
Putting It All Together

Developing an Intuition for Black Pebbles

1. p Source
2. g Source
3. n Source
4. s Source
5. py Vg Vvu; Pebbling
6. r1VSsyVy Pebbling
7. UyVV{VZz Pebbling
8. Zj Target
Uy
a v Erase clause s¢ V v4
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Interpreting Clauses as Pebbles

A Separation of Space and Width
Putting It All Together

Developing an Intuition for Black Pebbles

1. p Source
2. g Source
3. n Source
4. s Source
5. py Vg Vvu; Pebbling
6. r1VSsyVy Pebbling
7. UyVV{VZz Pebbling
8. Zj Target

Uy

14

Erase clause s¢ V v4
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A Separation of Space and Width

Putting It All Together

Developing an Intuition for Black Pebbles

1. p Source

2. g Source

3. n Source

4. sy Source

5. py Vg Vvu; Pebbling

6. r1VSsyVy Pebbling

7. UyVVyVz Pebbling

8. Zj Target
Uy
Vi . _ —
T VTV 2y Download axiom 7: U4 V' V1 V 24
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Interpreting Clauses as Pebbles

A Separation of Space and Width

Putting It All Together

Developing an Intuition for Black Pebbles

1. p Source

2. g Source

3. n Source

4. sy Source

5. py Vg Vvu; Pebbling

6. r1VSsyVy Pebbling

7. UyVV{VZz Pebbling

8. Zj Target
Uy
Vi . _ —
T VWV 24 Download axiom 7: U4 V V1 V 24
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Interpreting Clauses as Pebbles

A Separation of Space and Width

Putting It All Together

Developing an Intuition for Black Pebbles

1. p Source

2. g Source

3. n Source

4. s Source

5. py Vg Vvu; Pebbling

6. r1VSsyVy Pebbling

7. UyVV{VZz Pebbling

8. Zj Target
Uy
V1 Infer vy v zy from
UyVvyVz uy and Uy V vy V 24
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Interpreting Clauses as Pebbles

A Separation of Space and Width

Putting It All Together

Developing an Intuition for Black Pebbles

1. p Source

2. g Source

3. n Source

4. s Source

5. py Vg Vvu; Pebbling

6. r1VSsyVy Pebbling

7. UyVV{VZz Pebbling

8. Zj Target
Uy
V1 Infer vy v zy from
uVvyVvzy uy and Uy V vy V 24
ViV Z4
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Interpreting Clauses as Pebbles

A Separation of Space and Width

Putting It All Together

Developing an Intuition for Black Pebbles

1. p Source

2. g Source

3. n Source

4. s Source

5. py Vg Vvu; Pebbling

6. r1VSsyVy Pebbling

7. UyVV{VZz Pebbling

8. Zj Target
Uy
V1 Infer v{ v z¢y from
uVvyVvzy uy and Uy V vy V 24
ViV Z4
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Interpreting Clauses as Pebbles

A Separation of Space and Width

Putting It All Together

Developing an Intuition for Black Pebbles

1. p Source
2. g Source
3. n Source
4. s Source
5. py Vg Vvu; Pebbling
6. r1VSsyVy Pebbling
7. UyVV{VZz Pebbling
8. Zj Target

Uy

14

Vi V2 Erase clause uy

ViV Z4
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Interpreting Clauses as Pebbles

A Separation of Space and Width

Putting It All Together

Developing an Intuition for Black Pebbles

1. p Source
2. g Source
3. n Source
4. s Source
5. py Vg Vvu; Pebbling
6. r1VSsyVy Pebbling
7. UyVV{VZz Pebbling
8. Zj Target

Vi

u1VvviVvezy

ViV zi Erase clause u4
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Interpreting Clauses as Pebbles

A Separation of Space and Width

Putting It All Together

Developing an Intuition for Black Pebbles

1. p Source

2. g Source

3. n Source

4. s Source

5. py Vg Vvu; Pebbling

6. r1VSsyVy Pebbling

7. UyVV{VZz Pebbling

8. Zj Target
Vi
UuiVvVviVvzy _ _
ViV zi Erase clause Uq V Vq V z4
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Interpreting Clauses as Pebbles

A Separation of Space and Width
Putting It All Together

Developing an Intuition for Black Pebbles

1. p Source
2. g Source
3. n Source
4. s Source
5. py Vg Vvu; Pebbling
6. r1VSsyVy Pebbling
7. UyVV{VZz Pebbling
8. Zj Target

Vi

ViV Z4

Erase clause U4 V V4 V 24
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Interpreting Clauses as Pebbles

A Separation of Space and Width
Putting It All Together

Developing an Intuition for Black Pebbles

1. p Source
2. g Source
3. n Source
4. s Source
5. py Vg Vvu; Pebbling
6. r1VSsyVy Pebbling
7. UyVV{VZz Pebbling
8. Zj Target
Vi
ViV z4 Infer z4 from

vy and vy V z4
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Interpreting Clauses as Pebbles

A Separation of Space and Width

Putting It All Together

Developing an Intuition for Black Pebbles

1. p Source

2. g Source

3. n Source

4. s Source

5. py Vg Vvu; Pebbling

6. r1VSsyVy Pebbling

7. UyVV{VZz Pebbling

8. Zj Target
Vi
ViV 2z Infer zy from
Z1 vi and vy V Z4
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Interpreting Clauses as Pebbles

A Separation of Space and Width

Putting It All Together

Developing an Intuition for Black Pebbles

1. p Source

2. g Source

3. n Source

4. s Source

5. py Vg Vvu; Pebbling

6. r1VSsyVy Pebbling

7. UyVV{VZz Pebbling

8. Zj Target
Vi
ViV 2z Infer z; from
Z1 vi and vy V Z4
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Interpreting Clauses as Pebbles

A Separation of Space and Width

Putting It All Together

Developing an Intuition for Black Pebbles

1. p Source
2. g Source
3. n Source
4. s Source
5. py Vg Vvu; Pebbling
6. r1VSsyVy Pebbling
7. UyVV{VZz Pebbling
8. Zj Target
Vi
;11 V2 Erase clause vy
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Interpreting Clauses as Pebbles

A Separation of Space and Width
Putting It All Together

Developing an Intuition for Black Pebbles

1. p Source
2. g Source
3. n Source
4. s Source
5. py Vg Vvu; Pebbling
6. r1VSsyVy Pebbling
7. UyVV{VZz Pebbling
8. Zj Target

ViV Z4

4

Erase clause vq

Jakob Nordstrém (KTH) Narrow Proofs May Be Spacious Cambridge, April 10-13, 2006



Interpreting Clauses as Pebbles

A Separation of Space and Width
Putting It All Together

Developing an Intuition for Black Pebbles

1. p Source
2. g Source
3. n Source
4. s Source
5. py Vg Vvu; Pebbling
6. r1VSsyVy Pebbling
7. UyVV{VZz Pebbling
8. Zj Target

ViV Z4

4

Erase clause v4 V z
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Interpreting Clauses as Pebbles

A Separation of Space and Width
Putting It All Together

Developing an Intuition for Black Pebbles

1. p Source
2. g Source
3. n Source
4. s Source
5. py Vg Vvu; Pebbling
6. r1VSsyVy Pebbling
7. UyVV{VZz Pebbling
8. Zj Target
2

Erase clause v4 V z
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A Separation of Space and Width

Putting It All Together

Developing an Intuition for Black Pebbles

1. p Source
2. g Source
3. n Source
4. s Source
5. py Vg Vvu; Pebbling
6. r1VSsyVy Pebbling
7. UyVV{VZz Pebbling
8. Zy Target

2

Z4

Download axiom 8: Z;
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Interpreting Clauses as Pebbles

A Separation of Space and Width
Putting It All Together

Developing an Intuition for Black Pebbles

1. p Source
2. g Source
3. n Source
4. s Source
5. py Vg Vvu; Pebbling
6. r1VSsyVy Pebbling
7. UyVV{VZz Pebbling
8. Zj Target

2

Z4

Download axiom 8: Z;
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Interpreting Clauses as Pebbles

A Separation of Space and Width
Putting It All Together

Developing an Intuition for Black Pebbles

1. p Source
2. g Source
3. n Source
4. s Source
5. py Vg Vvu; Pebbling
6. r1VSsyVy Pebbling
7. UyVV{VZz Pebbling
8. Zj Target
Z
Z4 Infer O from

zy and z4
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Interpreting Clauses as Pebbles

A Separation of Space and Width

Putting It All Together

Developing an Intuition for Black Pebbles

1. p Source
2. g Source
3. n Source
4. s Source
5. py Vg Vvu; Pebbling
6. r1VSsyVy Pebbling
7. UyVV{VZz Pebbling
8. Zj Target
2
Z4 Infer O from

zy and z4
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Interpreting Clauses as Pebbles

A Separation of Space and Width

Putting It All Together

Developing an Intuition for Black Pebbles

1. p Source
2. g Source
3. n Source
4. s Source
5. py Vg Vvu; Pebbling
6. r1VSsyVy Pebbling
7. UyVV{VZz Pebbling
8. Zj Target
2
Z4 Infer O from

zy and z4
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Interpreting Clauses as Pebbles
Many Pebbles Imply Many Clauses

A Separation of Space and Width The Induced Black-White Pebble Game
Putting It All Together

Informal Description of Induced Pebbles

Intuition

CtF \/,?’:1 v; < Black pebble on v with no white pebbles below

Black pebble on v with white pebbles on W below <
Single black pebble on v by assuming black pebbles on W <
Cru{VLi,w|we W EVL, v o

For d = 1, we would like to get clause configuration—pebble

correspondence:
Uy VvV wyV z
Ci=| P1VaVvn
4

Jakob Nordstrém (KTH) Narrow Proofs May Be Spacious Cambridge, April 10-13, 2006



Interpreting Clauses as Pebbles

A Separation of Space and Width The Induc Nhite Pebble Game
Putting It r

Induced Pebbles and Clause Configuration Size

@ Formalizing this yields interpretation of clause
configuration C; derived from Peb% in terms of
pebbles on G

@ Hope that resolution proof = = {Co,...,C;} will
correspond to black-white pebbling P = {Py,...,P,}
of G under this interpretation

@ But to get lower bound on space from this we need
to show that
C; induces many pebbles

4

C; contains many clauses
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Interpreting Clauses as Pebbles
Many Pebbles Imply Many Clauses

A Separation of Space and Width The Induced Black-White Pebble Game
Putting It All Together

Not True for d = 1 Variable per Vertex

o Source
ol Source
r Source
S Source

PV QqyVus Pebbling
r1V8;Vyvy Pebbling
uy vV vyVzy Pebbling
Z1 Target

©NOOhWN =

Empty start configuration
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Interpreting Clauses as Pebbles
Many Pebbles Imply Many Claus:

A Separation of Space and Width The Induced Black-White Pebble Game
Putting It All Together

Not True for d = 1 Variable per Vertex

1. p Source
2. g Source
3. n Source
4. s Source
5. p; Vg Vvu; Pebbling
6. 71VSVyy Pebbling
7. Uy1VViVZ Pebbllng
8. Zj Target
Uy VvyV zy

Download axiom 7: Uy V V1 V 24
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Interpreting Clauses as Pebbles
Many Pebbles Imply Many Clauses

A Separation of Space and Width The Induced Black-White Pebble Game
Putting It All Together

Not True for d = 1 Variable per Vertex

1. p Source
2. g Source
3. n Source
4. s Source
5. p; Vg Vvu; Pebbling
6. 71VSVyy Pebbling
7. Uy VVvyVZz Pebbling
8. Z4 Target
Ui VvVviVvz

Download axiom 7: Uy V V1 V 24
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Interpreting Clauses as Pebbles
Many Pebbles Imply Many Claus:

A Separation of Space and Width The Induced Black-White Pebble Game
Putting It All Together

Not True for d = 1 Variable per Vertex

1. p Source
2. g Source
3. n Source
4. s Source
5. p; Vg Vvu; Pebbling
6. 71VSyVy; Pebbling
7. Uy VVvyVZz Pebbling
8. Zj Target
;’11 \\//5‘/11v\/;1 Download axiom 6: 74 V §1 V V4
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Interpreting Clauses as Pebbles
Many Pebbles Imply Many Claus:

A Separation of Space and Width The Induced Black-White Pebble Game
Putting It All Together

Not True for d = 1 Variable per Vertex

1. p Source
2. g Source
3. n Source
4. s Source
5. p; Vg Vvu; Pebbling
6. 71VSVyy Pebbling
7. Uy VVvyVZz Pebbling
8. Zj Target
;’11 \>/§‘/11\>/VZ11 Download axiom 6: 7 V 1 V V4
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Interpreting Clauses as Pebbles
Many Pebbles Imply Many Claus:

A Separation of Space and Width The Induced Black-White Pebble Game
Putting It All Together

Not True for d = 1 Variable per Vertex

1. py Source

2. g Source

3. n Source

4. s Source

5. p; Vg Vvu; Pebbling

6. 71VSVyy Pebbling

7. Uy VVvyVZz Pebbling

8. Zj Target
Uy VvV z Infer r{ V84 V Uy V 2y from
ryV.si Vv r{VvsiVvvyandus VVvyVz
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Interpreting Clauses as Pebbles
Many Pebbles Imply Many Claus:

A Separation of Space and Width The Induced Black-White Pebble Game
Putting It All Together

Not True for d = 1 Variable per Vertex

1. py Source

2. g Source

3. n Source

4. s Source

5. p; Vg Vvu; Pebbling

6. 71VSVyy Pebbling

7. Uy VVvyVZz Pebbling

8. Zj Target
uivVvyVz Infer r{ V84 V Uy V 2y from
r VsV r{VvsiVvvyandus VVvyVz

r{VsiVvuyVz
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Interpreting Clauses as Pebbles
Many Pebbles Imply Many Clauses

A Separation of Space and Width The Induced Black-White Pebble Game
Putting It All Together

Not True for d = 1 Variable per Vertex

1. py Source

2. g Source

3. n Source

4. s Source

5. p; Vg Vvu; Pebbling

6. 71VSVyy Pebbling

7. Uy VVvyVZz Pebbling

8. Z4 Target
Uy vviVvz Infer 74 V'S4 V Uy V z¢4 from
r VsV r{VvsiVvvyandus VVvyVz

ri{VsyVvuV z
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Interpreting Clauses as Pebbles
Many Pebbles Imply Many Claus:

A Separation of Space and Width The Induced Black-White Pebble Game
Putting It All Together

Not True for d = 1 Variable per Vertex

1. py Source

2. g Source

3. n Source

4. s Source

5. p; Vg Vvu; Pebbling

6. 71VSVyy Pebbling

7. Uy VVvyVZz Pebbling

8. Zj Target
Uy VvyV zy — —
FIVE VY Erase clause Uy V V4 V 24

ri{VsyVvuV z
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Interpreting Clauses as Pebbles
Many Pebbles Imply Many Claus:

A Separation of Space and Width The Induced Black-White Pebble Game
Putting It All Together

Not True for d = 1 Variable per Vertex

1. p Source
2. g Source
3. n Source
4. s Source
5. p; Vg Vvu; Pebbling
6. 71VSVyy Pebbling
7. Uy VVvyVZz Pebbling
8. Zj Target
riVsyVwv

_ Tt Erase clause u1 VVq V z
rq{VvVsVvusVz 1 ! 1
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Interpreting Clauses as Pebbles
Many Pebbles Imply Many Claus:

A Separation of Space and Width The Induced Black-White Pebble Game
Putting It All Together

Not True for d = 1 Variable per Vertex

1. p Source
2. g Source
3. n Source
4. s Source
5. p; Vg Vvu; Pebbling
6. 71VSVyy Pebbling
7. Uy VVvyVZz Pebbling
8. Zj Target
r{V .81V vy

_ oI Erase clause r{ V §1 V v-
ri{VvsivuVz 1 1 !
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Interpreting Clauses as Pebbles
Many Pebbles Imply Many Claus:

A Separation of Space and Width The Induced Black-White Pebble Game
Putting It All Together

Not True for d = 1 Variable per Vertex

o Source
ol Source
r Source
S Source

PV QqyVus Pebbling
r1V8;Vyvy Pebbling
uy vV vyVzy Pebbling
Z1 Target

ONoOOGOARLD =

rHvsvuiVvz _
1 ! ! ! Erase clause 71 V §1 V vy
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Interpreting Clauses as Pebbles
Many Pebbles Imply Many Claus:

A Separation of Space and Width The Induced Black-White Pebble Game
Putting It All Together

Not True for d = 1 Variable per Vertex

o Source
ol Source
r Source
S Source

p1V gy VvV us Pebbling
r1V8;Vyvy Pebbling
uy vV vyVzy Pebbling
Z1 Target

ONoOGOALD =

r{VsyVvuV z

_ Download axiom 5: p, Vg, Vu
BV Gy V U PV Qqy Vi
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Interpreting Clauses as Pebbles
Many Pebbles Imply Many Claus:

A Separation of Space and Width The Induced Black-White Pebble Game
Putting It All Together

Not True for d = 1 Variable per Vertex

o Source
ol Source
r Source
S Source

PV QqyVus Pebbling
r1V8;Vyvy Pebbling
uy vV vyVzy Pebbling
Z1 Target

ONoOOGOARLD =

r{VsyVvuV z

_ Download axiom 5: p, Vg, Vu
By V Gy V U PV Qqy Vi
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Interpreting Clauses as Pebbles
Many Pebbles Imply Many Clauses

A Separation of Space and Width The Induced Black-White Pebble Game
Putting It All Together

Not True for d = 1 Variable per Vertex

1. p Source

2. g Source

3. n Source

4. s Source

5. p; Vg Vvu; Pebbling

6. 71VSVyy Pebbling

7. Uy VVvyVZz Pebbling

8. Zj Target
ryV.syViuyVz Infer p; V@ VT4 V'S1 V z¢ from
P11V qyV U P1V G, Vuyand 74 VS VTV Z
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Interpreting Clauses as Pebbles
Many Pebbles Imply Many Clauses

A Separation of Space and Width The Induced Black-White Pebble Game
Putting It All Together

Not True for d = 1 Variable per Vertex

1. py Source

2. g Source

3. n Source

4. s Source

5. p; Vg Vvu; Pebbling

6. 71VSVyy Pebbling

7. U1VViVZ Pebbllng

8. Zj Target
rVsiVugVz Infer p; V@ VT4 V'S1 V z¢ from
pP1VqyVu D1V Gy Vuand 7y VS VTV 2z

,51 \/(71 VIriV8§1VZz
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Interpreting Clauses as Pebbles
Many Pebbles Imply Many Clauses

A Separation of Space and Width The Induced Black-White Pebble Game
Putting It All Together

Not True for d = 1 Variable per Vertex

1. py Source

2. g Source

3. n Source

4. s Source

5. p; Vg Vvu; Pebbling

6. 71VSVyy Pebbling

7. U1VViVZ Pebbllng

8. Z4 Target
rVsiVugVz Infer p; V@ V F1 V'S1 V z; from
pP1VqyVu D1V Gy Vuand 7y VS VTV Zy

PV qiVIriVvsyVz
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Interpreting Clauses as Pebbles
Many Pebbles Imply Many Claus:

A Separation of Space and Width The Induced Black-White Pebble Game
Putting It All Together

Not True for d = 1 Variable per Vertex

o Source
ol Source
r Source
S Source

PV QqyVus Pebbling
r1V8;Vyvy Pebbling
uy vV vyVzy Pebbling
Z1 Target

ONoOOGOARLD =

r{VsiVvuyV z
P1V gV
PV qiVIriVvsyVz

Erase clause r{ V81 VUi V z4
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Interpreting Clauses as Pebbles
Many Pebbles Imply Many Claus:

A Separation of Space and Width The Induced Black-White Pebble Game
Putting It All Together

Not True for d = 1 Variable per Vertex

1. p Source
2. g Source
3. n Source
4. s Source
5. p; Vg Vvu; Pebbling
6. 71VSVyy Pebbling
7. Uy VVvyVZz Pebbling
8. Zj Target
P11V qy VU

By VG VL VSV 24 Erase clause r{ V81 VUi V z4
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Interpreting Clauses as Pebbles
Many Pebbles Imply Many Claus:

A Separation of Space and Width The Induced Black-White Pebble Game
Putting It All Together

Not True for d = 1 Variable per Vertex

1. p Source
2. g Source
3. n Source
4. s Source
5. p; Vg Vvu; Pebbling
6. 71VSVyy Pebbling
7. Uy VVvyVZz Pebbling
8. Zj Target
P1VQy VU

By VG VT1 VE V24 Erase clause p; V gy V Uy
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Interpreting Clauses as Pebbles
Many Pebbles Imply Many Claus:

A Separation of Space and Width The Induced Black-White Pebble Game
Putting It All Together

Not True for d = 1 Variable per Vertex

o Source
ol Source
r Source
S Source

PV QqyVus Pebbling
r1V8;Vyvy Pebbling
uy vV vyVzy Pebbling
Z1 Target

ONoOOGOARLD =

D1V gy VF VSV z o
Pry @ VivsVa Erase clause p; V gy V
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Interpreting Clauses as Pebbles
Many Pebbles Imply Many Claus:

A Separation of Space and Width The Induced Black-White Pebble Game
Putting It All Together

Not True for d = 1 Variable per Vertex

o Source
ol Source
r Source
S Source

PV QqyVus Pebbling
r1V8;Vyvy Pebbling
uy vV vyVzy Pebbling
Z1 Target

ONoOOGOALD =

51 \/61 \/?1 \/51 \/21

3 Download axiom 1: py
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Interpreting Clauses as Pebbles
Many Pebbles Imply Many Claus:

A Separation of Space and Width The Induced Black-White Pebble Game
Putting It All Together

Not True for d = 1 Variable per Vertex

o Source
ol Source
r Source
S Source

PV QqyVus Pebbling
r1V8;Vyvy Pebbling
uy vV vyVzy Pebbling
Z1 Target

ONoOOGOARLD =

51 \/61 \/?1 \/51 \/21

3 Download axiom 1: py

Jakob Nordstrom (KTH) Narrow Proofs May Be Spacious Cambridge, April 10-13, 2006



Interpreting Clauses as Pebbles
Many Pebbles Imply Many Clauses

A Separation of Space and Width The Induced Black-White Pebble Game
Putting It All Together

Not True for d = 1 Variable per Vertex

1. p Source

2. g Source

3. n Source

4. s Source

5. p; Vg Vvu; Pebbling

6. 71VSVyy Pebbling

7. Uy VVvyVZz Pebbling

8. Zj Target
PV QqiVIriVsyVz, Infer61 VTiV8Vz from
P P1 andﬁ1vfy1\/?1\/§1\/z1
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Interpreting Clauses as Pebbles
Many Pebbles Imply Many Clauses

A Separation of Space and Width The Induced Black-White Pebble Game
Putting It All Together

Not True for d = 1 Variable per Vertex

1. p Source

2. g Source

3. n Source

4. s Source

5. p; Vg Vvu; Pebbling

6. 71VSVyy Pebbling

7. Uy VVvyVZz Pebbling

8. Zj Target
P1VQiVrivsiVz Infer qq{Vri{VsVz from
P1 P1 andﬁ1\/61\/?1\/§1\/z1

61 VTIiVSsyV 2z
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Interpreting Clauses as Pebbles
Many Pebbles Imply Many Clauses

A Separation of Space and Width The Induced Black-White Pebble Game
Putting It All Together

Not True for d = 1 Variable per Vertex

1. p Source

2. g Source

3. n Source

4. s Source

5. p; Vg Vvu; Pebbling

6. 71VSVyy Pebbling

7. Uy VVvyVZz Pebbling

8. Z4 Target
P1VQiVrivsiVz Infer qq{Vri{VsVz from
P1 P1 andﬁ1\/61\/?1\/§1\/z1

qqyVri{Vs\Vz
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Interpreting Clauses as Pebbles
Many Pebbles Imply Many Clauses

A Separation of Space and Width The Induced Black-White Pebble Game
Putting It All Together

Not True for d = 1 Variable per Vertex

1. py Source
2. g Source
3. n Source
4. s Source
5. p; Vg Vvu; Pebbling
6. 71VSVyy Pebbling
7. Uy VVvyVZz Pebbling
8. Zj Target
P11V Qi VriVsVz Erase clause
P pPiVQgiVriVvsiVvz

qqyVri{Vs\Vz
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Interpreting Clauses as Pebbles
Many Pebbles Imply Many Clauses

A Separation of Space and Width The Induced Black-White Pebble Game
Putting It All Together

Not True for d = 1 Variable per Vertex

1. p Source

2. g Source

3. n Source

4. s Source

5. p; Vg Vvu; Pebbling

6. 71VSVyy Pebbling

7. U1VViVZ Pebbllng

8. Zj Target
P Erase clause
q1VriVsVz D1V q; VT V8V z
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Interpreting Clauses as Pebbles
Many Pebbles Imply Many Claus:

A Separation of Space and Width The Induced Black-White Pebble Game
Putting It All Together

Not True for d = 1 Variable per Vertex

1. p Source
2. g Source
3. n Source
4. s Source
5. p; Vg Vvu; Pebbling
6. 71VSVyy Pebbling
7. Uy VVvyVZz Pebbling
8. Zj Target
P

G, VT VE V2 Erase clause p;
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Interpreting Clauses as Pebbles
Many Pebbles Imply Many Claus:

A Separation of Space and Width The Induced Black-White Pebble Game
Putting It All Together

Not True for d = 1 Variable per Vertex

o Source
ol Source
r Source
S Source

PV QqyVus Pebbling
r1V8;Vyvy Pebbling
uy vV vyVzy Pebbling
Z1 Target

ONoOOGOARLD =

qgiVriVvsiVvz
GV IVS Va4 Erase clause p;
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Interpreting Clauses as Pebbles
Many Pebbles Imply Many Claus:

A Separation of Space and Width The Induced Black-White Pebble Game
Putting It All Together

Not True for d = 1 Variable per Vertex

o Source
a1 Source
r Source
S Source

PV QqyVus Pebbling
r1V8;Vyvy Pebbling
uy vV vyVzy Pebbling
Z1 Target

©NO AN =

qqyVri{Vsy\Vz

% Download axiom 2: g4
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Interpreting Clauses as Pebbles
Many Pebbles Imply Many Clauses

A Separation of Space and Width The Induced Black-White Pebble Game
Putting It All Together

Not True for d = 1 Variable per Vertex

o Source
ol Source
r Source
S Source

PV QqyVus Pebbling
r1V8;Vyvy Pebbling
uy vV vyVzy Pebbling
Z1 Target

©NOOhWN =

qqyVri{Vsy\Vz

% Download axiom 2: g4
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Interpreting Clauses as Pebbles
Many Pebbles Imply Many Clauses

A Separation of Space and Width The Induced Black-White Pebble Game
Putting It All Together

Not True for d = 1 Variable per Vertex

1. py Source

2. g Source

3. n Source

4. s Source

5. p; Vg Vvu; Pebbling

6. 71VSVyy Pebbling

7. Uy VVvyVZz Pebbling

8. Zj Target
Q1 VIiVsVz Infer 7y vV 81 V zy from
Q1 giand gy V Iy VsV z
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Interpreting Clauses as Pebbles
Many Pebbles Imply Many Clauses

A Separation of Space and Width The Induced Black-White Pebble Game
Putting It All Together

Not True for d = 1 Variable per Vertex

1. py Source

2. g Source

3. n Source

4. s Source

5. p; Vg Vvu; Pebbling

6. 71VSVyy Pebbling

7. Uy VVvyVZz Pebbling

8. Zj Target
q1VriVsVz Infer 74 V 8¢ \V z¢ from
Q1 giand gy V Iy VsV z
rq{V.siVz
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Interpreting Clauses as Pebbles
Many Pebbles Imply Many Clauses

A Separation of Space and Width The Induced Black-White Pebble Game
Putting It All Together

Not True for d = 1 Variable per Vertex

1. py Source

2. g Source

3. n Source

4. s Source

5. p; Vg Vvu; Pebbling

6. 71VSVyy Pebbling

7. Uy VVvyVZz Pebbling

8. Z4 Target
q1VriVsVz Infer 74 V 8¢ V z¢ from
Q1 giand gy V Iy VsV z
r{Vvs4Vz

Jakob Nordstrom (KTH) Narrow Proofs May Be Spacious Cambridge, April 10-13, 2006



Interpreting Clauses as Pebbles
Many Pebbles Imply Many Claus:

A Separation of Space and Width The Induced Black-White Pebble Game
Putting It All Together

Not True for d = 1 Variable per Vertex

o Source
ol Source
r Source
S Source

PV QqyVus Pebbling
r1V8;Vyvy Pebbling
uy vV vyVzy Pebbling
Z1 Target

ONoOOGOARLD =

61 VTriVsVz

a1
riVsyVz

Erase clause g; V11V §1V z
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Interpreting Clauses as Pebbles
Many Pebbles Imply Many Clauses

A Separation of Space and Width The Induced Black-White Pebble Game
Putting It All Together

Not True for d = 1 Variable per Vertex

1. p Source
2. g Source
3. n Source
4. s Source
5. p; Vg Vu; Pebbling
6. T1VSi Vv Pebbling
7. Ty VViVz Pebbling
8. Zy Target
;’11\/51 V z4 Erase clause q; V71V SV z
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Interpreting Clauses as Pebbles
Many Pebbles Imply Many Claus:

A Separation of Space and Width The Induced Black-White Pebble Game
Putting It All Together

Not True for d = 1 Variable per Vertex

1. p Source
2. g Source
3. n Source
4. s Source
5. p; Vg Vvu; Pebbling
6. 71VSVyy Pebbling
7. Uy VVvyVZz Pebbling
8. Zj Target
%1 VSV Z Erase clause gy
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Interpreting Clauses as Pebbles
Many Pebbles Imply Many Claus:

A Separation of Space and Width The Induced Black-White Pebble Game
Putting It All Together

Not True for d = 1 Variable per Vertex

1. p Source
2. g Source
3. n Source
4. s Source
5. p; Vg Vvu; Pebbling
6. 71VSVyy Pebbling
7. Uy VVvyVZz Pebbling
8. Zj Target
riVsyVz

Erase clause gy
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Interpreting Clauses as Pebbles
Many Pebbles Imply Many Claus:

A Separation of Space and Width The Induced Black-White Pebble Game
Putting It All Together

Not True for d = 1 Variable per Vertex

1. p Source
2. g Source
3. ny Source
4. s Source
5. p; Vg Vvu; Pebbling
6. 71VSVyy Pebbling
7. Uy VVvyVZz Pebbling
8. Zj Target
: VsV Download axiom 3: r
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Interpreting Clauses as Pebbles
Many Pebbles Imply Many Clauses

A Separation of Space and Width The Induced Black-White Pebble Game
Putting It All Together

Not True for d = 1 Variable per Vertex

1. p Source
2. g Source
3. n Source
4. s Source
5. p; Vg Vvu; Pebbling
6. 71VSVyy Pebbling
7. Uy VVvyVZz Pebbling
8. Z4 Target
: VsV Download axiom 3: r
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Interpreting Clauses as Pebbles
Many Pebbles Imply Many Claus:

A Separation of Space and Width The Induced Black-White Pebble Game
Putting It All Together

Not True for d = 1 Variable per Vertex

1. p Source

2. g Source

3. n Source

4. s Source

5. p; Vg Vvu; Pebbling

6. 71VSVyy Pebbling

7. Uy VVvyVZz Pebbling

8. Zj Target
ryV.sy\Vz Infer 81 v 21 from
I rrand rqi VsV z
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Interpreting Clauses as Pebbles
Many Pebbles Imply Many Claus:

A Separation of Space and Width The Induced Black-White Pebble Game
Putting It All Together

Not True for d = 1 Variable per Vertex

1. py Source

2. g Source

3. n Source

4. s Source

5. p; Vg Vvu; Pebbling

6. 71VSVyy Pebbling

7. Uy VVvyVZz Pebbling

8. Zj Target
riVsyVz Infer 51 VvV z¢ from
ry rrand rqi VsV z
S1V Z4
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Interpreting Clauses as Pebbles
Many Pebbles Imply Many Clauses

A Separation of Space and Width The Induced Black-White Pebble Game
Putting It All Together

Not True for d = 1 Variable per Vertex

1. py Source

2. g Source

3. n Source

4. s Source

5. p; Vg Vvu; Pebbling

6. 71VSVyy Pebbling

7. Uy VVvyVZz Pebbling

8. Z4 Target
ryVsiVvz Infer sy VvV z¢ from
ry rrand rqi VsV z
S1V Z4
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Interpreting Clauses as Pebbles
Many Pebbles Imply Many Claus:

A Separation of Space and Width The Induced Black-White Pebble Game
Putting It All Together

Not True for d = 1 Variable per Vertex

1. p Source

2. g Source

3. n Source

4. s Source

5. p; Vg Vvu; Pebbling

6. 71VSVyy Pebbling

7. Uy VVvyVZz Pebbling

8. Zj Target
;11 VsV Erase clause 71 V 81 V z4
SqV Z4
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Interpreting Clauses as Pebbles
Many Pebbles Imply Many Clauses

A Separation of Space and Width The Induced Black-White Pebble Game
Putting It All Together

Not True for d = 1 Variable per Vertex

1. p Source
2. g Source
3. n Source
4. s Source
5. p; Vg Vvu; Pebbling
6. 71VSVyy Pebbling
7. Uy VVvyVZz Pebbling
8. Z4 Target
r _ _
5V z Erase clause 71 V81 V z4
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Not True for d = 1 Variable per Vertex

1. p Source

2. g Source

3. n Source

4. s Source

5. p; Vg Vvu; Pebbling

6. 71VSVyy Pebbling
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Not True for d = 1 Variable per Vertex

1. p Source
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Not True for d = 1 Variable per Vertex

1. p Source
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Not True for d = 1 Variable per Vertex
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Interpreting Clauses as Pebbles
Many Pebbles Imply Many Clauses

A Separation of Space and Width The Induced Black-White Pebble Game
Putting It All Together

But Many Pebbles = Many Clause for d > 1

This “top-down” proof in space 3 generalizes to any DAG G

@ In terms of our induced pebble configurations:
white pebbles are free for d = 1!

e In a sense, this is exactly why Sp(Pebg - 0) = O(1)

@ But for d > 1 variables per vertex we can prove that
# clauses > # induced pebbles
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A Separation of Space and Width The Induced Black-White Pebble Game
Putting It All Together

Resolution Derivations Induce Modified Pebblings

Our interpretation of 7 = {Co, ..., C,} as pebble configurations
{Py,...,P,} yields a pebble game of sorts
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A Separation of Space and Width
Putting It All Together

Resolution Derivations Induce Modified Pebblings

Our interpretation of 7 = {Co, ..., C,} as pebble configurations
{Py,...,P,} yields a pebble game of sorts

@ Erasures can lead to large blocks of pebbles suddenly
disappearing—need to keep track of exactly which white
pebbles have been used to get a black pebble on a vertex

@ White pebbles can always be removed, but if so any black
pebble dependent on these white pebbles must be
removed as well

@ “Backward” pebbling moves possible—white pebbles
may slide upwards and black pebbles slide downwards
(reversal moves)
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A Separation of Space and Width The Induced Black-White Pebble Game
Putting It All Together

Pebbling Price in Labelled Pebble Game

Reversal moves might seem harmless

Move pebbles “in wrong direction” =
should be possible to eliminate without affecting pebbling price
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A Separation of Space and Width The Induced Black-White Pebble Game
Putting It All Together

Pebbling Price in Labelled Pebble Game

Reversal moves might seem harmless

Move pebbles “in wrong direction” =
should be possible to eliminate without affecting pebbling price

@ This intuition is wrong—reversal rule is fatal O,
@ Destroys pebbling price for general graphs @.@
(for instance for pyramids) ® @ ©®

@ But for binary trees T, we still have a pebbling price Q(h)
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Interpreting Clauses as Pebbles
Many Pebbles Imply Many Clauses

A Separation of Space and Width The Induced Black-White Pebble Game
Putting It All Together

Main Theorem

Theorem

The space of refuting the pebbling contradiction of degree
d > 2 over the complete binary tree of height h in resolution is
Sp(Pebd, - 0) = ©(h).

Proof sketch.
@ Upper bound easy (use “black-pebbling” resolution proof)
@ For lower bound, let m = {Cy, ..., C; } be refutation of
Peb$. in minimal space
@ Then there is some C; € 7 that induces Q(h) pebbles in T},
@ Thus Sp(w) > |C¢| > # pebbles induced by C; = Q(h). [
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A Separation of Space and Width

Putting It All Together

A Separation of Space and Width in Resolution

Corollary

For all k > 4, there is a family of k-CNF formulas {Fn}:i1
of size O(n) with refutation width W(F, + 0) = O(1) and
refutation space Sp(F, + 0) = ©(log n).

Proof.
We know W(Pebg I- 0) = O(d) for all G.

Fix d > 2, let F, = Peb. for h = |log(n+ 1) and use the
Main Theorem. O
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Conclusion and Open Problems

Conclusion

@ First lower bound on space in resolution which is not the
consequence of a lower bound on width but instead
separates the two measures

@ Answers an open question in several previous papers

@ We believe that it should be possible to strengthen this
result in (at least) two ways
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Conclusion and Open Problems

Open Problems

@ Generalize to arbitrary DAGs

Conjecture 1

For G an arbitrary DAG and d > 2 it holds that
Sp(Peb% - 0) = Q(BW-Peb(G)).

Would yield almost optimal separation Q(n/ log n) between
space and width—best conceivable is Q(n)
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Conclusion and Open Problems

Open Problems

@ Generalize to arbitrary DAGs

Conjecture 1

For G an arbitrary DAG and d > 2 it holds that
Sp(Peb + 0) = Q(BW-Peb(G)).

Would yield almost optimal separation Q(n/ log n) between
space and width—best conceivable is Q(n)

© Generalize to k-DNF resolution proof systems fRes(k) and
prove space hierarchy

Conjecture 2
SPores(ic 1 1) (PEDS10) = O(1) but Spgeq(i (Pebs ' 1-0) = Q(h).
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Thank you for your attention!
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