Nullstellensatz Size-Degree Trade-offs
from Reversible Pebbling

Jakob Nordstrom
University of Copenhagen and KTH Royal Institute of Technology

AC Section lunch meeting
December 17, 2019

3

Joint work with Susanna F. de Rezende, Or Meir, and Robert Robere "1+ 520



Nullstellensatz (NS)
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(also 22 — x,y° — y, 2° — 2 to force 0-1 solutions if needed)
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Nullstellensatz (NS)

» Polynomials {P, =0,P, =0,...,P,, =0} in Flxy,...,z,]
eg, {1l—x, 1—y, zy(l1—2), z}

2

(also 22 — x,y° — y, 2° — 2 to force 0-1 solutions if needed)

» NS refutation: Q1,Q2,...,Q., in Flzy,...,x,] s.t. Z Q:;P; =1
1€[m]

e.g., (1—z)+ (1 —y)+ cay(l —2) + z=1
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Nullstellensatz (NS)

» Polynomials {P, =0,P, =0,...,P,, =0} in Flxy,...,z,]
eg, {1l—x, 1—y, zy(l1—2), z}

2

(also 22 — x,y° — y, 2° — 2 to force 0-1 solutions if needed)

» NS refutation: Q1,Q2,...,Q., in Flzy,...,x,] s.t. Z Q:;P; =1
1€[m]

eg,| 1 |-(I1—x)+| 2 |-(1—y)+ cxy(l —z) + cz=1
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Nullstellensatz (NS)

» Polynomials {P, =0,P, =0,...,P,, =0} in Flxy,...,z,]
eg, {1l—x, 1—y, zy(l1—2), z}

2

(also 22 — x,y° — y, 2° — 2 to force 0-1 solutions if needed)

» NS refutation: Q1,Q2,...,Q., in Flzy,...,x,] s.t. Z Q:;P; =1
1€[m]

eg,| 1 | I—x)4+|x [-I—y)+| 1 |-2y(l—2)+ cz=1
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(also 22 — x,y° — y, 2° — 2 to force 0-1 solutions if needed)

» NS refutation: Q1,Q2,...,Q., in Flzy,...,x,] s.t. Z Q:;P; =1
1€[m]

eg,| 1 | I—x)4+|x |- I—y)+| 1 |- zyl—2)4+|xy|-2=1
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Nullstellensatz (NS)

» Polynomials {P, =0,P, =0,...,P,, =0} in Flxy,...,z,]
eg, {1l—x, 1—y, zy(l1—2), z}

2

(also 22 — x,y° — y, 2° — 2 to force 0-1 solutions if needed)

» NS refutation: Q1,Q2,...,Q., in Flzy,...,x,] s.t. Z Q:;P; =1
1€[m]

eg,| 1 | I—x)4+|x |- I—y)+| 1 |- zyl—2)4+|xy|-2=1

> Degree: maximum degree (3 in example)

» Size: # monomials when expanded (7 in example)
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Questions of interest

» Upper and lower bounds on degree
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Questions of interest

» Upper and lower bounds on degree

» Upper and lower bounds on size

> Size-degree relations? Simultaneous optimization?
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Reversible pebble game

Ve
/ Vs
U1 (V) >
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Reversible pebble game

U1 () U3

» Rules

* Can place a pebble if predecessors have pebbles (in particular, can pebble source)
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Reversible pebble game

» Rules
* Can place a pebble if predecessors have pebbles (in particular, can pebble source)

* Can remove pebble if predecessors have pebbles (can always remove pebble from source)
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* Can place a pebble if predecessors have pebbles (in particular, can pebble source)

* Can remove pebble if predecessors have pebbles (can always remove pebble from source)

» Pebbling of DAG: () = Py, Pq,...,P, = 0 s.t. sink is pebbled at some point
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* Can place a pebble if predecessors have pebbles (in particular, can pebble source)

* Can remove pebble if predecessors have pebbles (can always remove pebble from source)

» Pebbling of DAG: () = Py, Pq,...,P, = 0 s.t. sink is pebbled at some point
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Reversible pebble game

» Rules

* Can place a pebble if predecessors have pebbles (in particular, can pebble source)

* Can remove pebble if predecessors have pebbles (can always remove pebble from source)
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Reversible pebble game

e
NV

» Rules
* Can place a pebble if predecessors have pebbles (in particular, can pebble source)

* Can remove pebble if predecessors have pebbles (can always remove pebble from source)
» Pebbling of DAG: () = Py, Pq,...,P, = 0 s.t. sink is pebbled at some point

» Space: maximum # pebbles in any configuration
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Reversible pebble game

e
NV

» Rules
* Can place a pebble if predecessors have pebbles (in particular, can pebble source)

* Can remove pebble if predecessors have pebbles (can always remove pebble from source)
» Pebbling of DAG: () = Py, Pq,...,P, = 0 s.t. sink is pebbled at some point

> Space: maximum # pebbles in any configuration (4 in example)
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Reversible pebble game

e
NV

» Rules

* Can place a pebble if predecessors have pebbles (in particular, can pebble source)

* Can remove pebble if predecessors have pebbles (can always remove pebble from source)
» Pebbling of DAG: () = Py, Pq,...,P, = 0 s.t. sink is pebbled at some point
> Space: maximum # pebbles in any configuration (4 in example)

» Time: # moves
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Reversible pebble game

e
NV

» Rules

* Can place a pebble if predecessors have pebbles (in particular, can pebble source)

* Can remove pebble if predecessors have pebbles (can always remove pebble from source)
» Pebbling of DAG: () = Py, Pq,...,P, = 0 s.t. sink is pebbled at some point
> Space: maximum # pebbles in any configuration (4 in example)

> Time: # moves (t = 16 in example)
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Reversible pebble game

U1 () U3

» Can do space 4, time 16

> Faster pebbling?
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Reversible pebble game

Ve [,
/ Us
U1 vzv >

» Can do space 4, time 16

» Faster pebbling?

space

4 16
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Reversible pebble game

Ve [,
/ Us
U1 vzv >

» Can do space 4, time 16

» Faster pebbling?

space

4 16
5! 14
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Reversible pebble game

Ve [,
/ Us
U1 vzv >

» Can do space 4, time 16

» Faster pebbling?

space

4 16
5! 14
6 12
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Pebbling contradiction Pebg

l—2, =0

rtruees =1 Y1
Vg x false & o =0 l —z,, =0
1_331)3 :O
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Pebbling contradiction Pebg

Jakob Nordstrom

Ve

l—2, =0
rtruees =1 v1
x false & =0 1—3:',0220
1_331)3 :0

U3

(1 —xy) H z,, forall v e V(G)

u€Epred(v)

w .
sink pred(v): set of all predecessors of v
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Nullstellensatz refutation Reversible pebbling

» Pebbling contradiction Pebg » DAG G
11—z, =0 V6
11—z, =0
-2, =0
(% Us

xlew(l - ZIIU4) =0

$v2$v3(1 - xvs) =0

Ty T (1 — X)) = 0 U1 U2 U3
Ty = 0
» NS refutation » Reversible pebbling
ZQUAv+QsinkAsink =1 @:Poﬂplﬂ"'vﬂbt =0
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Nullstellensatz refutation Reversible pebbling

» Pebbling contradiction Pebg » DAG G
1—561,1 =0 fU6
11—z, =0 / \
-2, =0 " "
xlew(l_x’m) =0 °
$U2$U3(1—$U5) =0 \ / \
Ty T (1 — X)) = 0 U1 U2 U3
Ty = 0
» NS refutation » Reversible pebbling
ZQUAU+QSinkAsink =1 @:Po,Pl,...,Pt :Q)
v

3 NS refutation of Pebg in size t + 1 and degree s
=
3 reversible pebbling of GG in time ¢ and space s
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Resolution

» Reason with clauses

yV x zVyVeax

zVy
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» Reason with clauses

» Measure size, width

yV x zVyVeax

zVy
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Resolution

» Reason with clauses

» Measure size, width

yV x zVyVeax

zVy

Jakob Nordstrom

Polynomial calculus

» Reason with polynomials

20y + 3x2z =0 xyz —xz =10
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Resolution

» Reason with clauses

» Measure size, width

yV x zVyVeax

zVy

Jakob Nordstrom

Polynomial calculus

» Reason with polynomials

20y +3x2=0 3 (zxyz —xz=0)

20y 4+ 3xyz =0
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Resolution

» Reason with clauses

» Measure size, width

yV x zVyVeax

zVy

Jakob Nordstrom

Polynomial calculus

» Reason with polynomials

» Measure size, degree

20y +3x2=0 3 (zxyz —xz=0)

20y 4+ 3xyz =0
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Resolution Polynomial calculus

» Reason with clauses » Reason with polynomials
» Measure size, width » Measure size, degree
yvoxr zVyvVao 2y +3x2=0 3 (xyz —xz=0)
VY 20y + 3xyz = 0

> Small degree/width =- small size

Only @:”U) < (2n)" clauses of width < w (essentially tight [ALN16])

Jakob Nordstrom Nullstellensatz Size-Degree Trade-offs from Reversible Pebbling



Resolution Polynomial calculus

» Reason with clauses » Reason with polynomials
» Measure size, width » Measure size, degree
yvoxr zVyvVao 2y +3x2=0 3 (xyz —xz=0)
VY 20y + 3xyz = 0

> Small degree/width =- small size

Only (22}) < (2n)"Y clauses of width < w (essentially tight [ALN16])
> Small size = (medium-)small degree/width [IPS99, BWO01]
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Size-degree relation

Polynomial calculus, resolution

» Small degree/width = small size
> Small size = (medium-)small degree/width [IPS99, BWO01]
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Size-degree relation

Polynomial calculus, resolution
» Small degree/width = small size
» Small size = (medium-)small degree/width [IPS99, BWO01]

Nullstellensatz
» Small degree = small size

» Small size % small degree
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Size-degree relation

Polynomial calculus, resolution
» Small degree/width = small size
> Small size = (medium-)small degree/width [IPS99, BWO01]

Nullstellensatz
» Small degree = small size

» Small size % small degree

Small size = small degree: reduction blows up size. Inherent?
> Resolution: yes, strong size-width trade-offs [Thal6]

» Polynomial calculus: open
> Nullstellensatz: strong size-degree trade-offs [this work]
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Nullstellensatz size-degree trade-offs

There is an explicit family of sets of polynomials s.t.

1. 3 NS refutation in nearly linear size and degree d;;
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Nullstellensatz size-degree trade-offs

There is an explicit family of sets of polynomials s.t.

1. d NS refutation in nearly linear size and degree dj;
2. A NS refutation in degree dy < d; (and size < n);
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Nullstellensatz size-degree trade-offs

There is an explicit family of sets of polynomials s.t.
1. d NS refutation in nearly linear size and degree dj;
2. 3 NS refutation in degree dy < d; (and size < nd?);
3. any NS refutation in degree slightly below d; has size nearly n?z.
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Nullstellensatz size-degree trade-offs

There is an explicit family of sets of polynomials s.t.
1. d NS refutation in nearly linear size and degree dj;
2. 3 NS refutation in degree dy < d; (and size < nd?);
3. any NS refutation in degree slightly below d; has size nearly n?z.

Proof.
» d NS refutation in size t + 1, degree s < d reversible pebbling in time ¢, space s

» Show strong reversible pebbling time-space trade-offs
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Reversible pebbling to NS refutation /O\ ) D QA+ QunkAsink = 1

3
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Reversible pebbling to NS refutation ) ZQU v+ QuinkcAsink = 1

U3

ﬁ\/@\/@\ﬁ\/@/@\/@\ﬁw@\
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Vg,

Reversible pebbling to NS refutation e ) D QA+ QunkAsink = 1

U1 V2 V3

Vg, Vg, Vg Vg Vg Vg V6 g g
v Vs V. V. V. Vs, v. v Vs V. (% v V5 V.
vy UQV X vy g X vy v X vy v X vy v X v v 3 i vy n " Ve ) " o ’

1l =2y, =0
1 —z,, =0
l—-xz,, =0

Ty Ty (L — 24,) =0
xvzxv:a(l o 33’05) =0

CCU4QZU5(1 - :C’U6) =0
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U1 V2 V3

Vg, Vg, Vg Vg Vg Vg V6 g g
v Vs V. V. V. Vs, v. v Vs V. (% v V5 V.
vy UQV X vy g X vy v X vy v X vy v X v v 3 i vy n " Ve ) " o ’

1l =2y, =0
1 —z,, =0
l—-xz,, =0

Ty Ty (L — 24,) =0
xvzxv:a(l o 33’05) =0

CCU4QZU5(1 - :C’U6) =0

Jakob Nordstrom Nullstellensatz Size-Degree Trade-offs from Reversible Pebbling



Vg,

Reversible pebbling to NS refutation e —) ZQUAﬁQsmkAsmk:l

V3

N[N n AN AN AN AN A AN
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Vg,

Reversible pebbling to NS refutation e —) ZQUAﬁQsmkAsmk:l

V3

N[N A0n xR AN AN AN A

Jakob Nordstrom Nullstellensatz Size-Degree Trade-offs from Reversible Pebbling



Vg,

Reversible pebbling to NS refutation e —) ZQUAﬁQsmkAsmk:l

V3

o ANAN A R AR A AN A
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Vg,

Reversible pebbling to NS refutation e —) ZQUAﬁQsmkAsmk:l

V3

on LN AN AN AR AN An A

— Ty, )
—I— Ly, (1 — xy,)
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Vg,

Reversible pebbling to NS refutation e —) ZQUAﬁQsmkAsmk:l

V3

on LN AN AN AR AN An A

— Ty, )
+ Ty, (1 — Ty,)
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Vg,

Reversible pebbling to NS refutation e ) D QA+ QunkAsink = 1

V3
Vs Vg Vg Vg Vg
V. v Vs V. (% v V5 V.
\ \ \ (1 v X 1 v V3 " V9 V3 v V9 V3 0 v v
— Ty 1

—Hcvl(l Ty, )
+ Xy, Ty (1 — 4,)
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Vg,

Reversible pebbling to NS refutation e ) D QA+ QunkAsink = 1

V3
Vs Vg Vg Vg Vg
V. v Vs V. (% v V5 V.
\ \ \ (1 v X 1 v V3 " V9 V3 v V9 V3 0 v v
— Ty 1

—Hcvl(l Ty, )
—l_mvlmvz(l o 377)4)
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Vg,

Reversible pebbling to NS refutation e ) D QA+ QunkAsink = 1

V3

Vg Vg vg Vg
v Vs V. (% v V5 V.
\ \ \ \ X U1 v V3 U1 V9 V3 U1 V9 V3 V1 U9 v

— Ty, )
—Hcvl(l Ty, )
+ Xy, Ty (1 — y,)
+$02$U4(—1)(1 o xm)

1l =2y, =0
1 —z,, =0
l—-xz,, =0

Ty Ty (L — 24,) =0
Ty Ty (1 — 2y ) =0
T, T (1 — Ty ) =0

Tyg = 0

Jakob Nordstrom Nullstellensatz Size-Degree Trade-offs from Reversible Pebbling



Vg,

Reversible pebbling to NS refutation e ) D QA+ QunkAsink = 1

V3

Vg Vg vg Vg
v Vs V. (% v V5 V.
\ \ \ \ X U1 v V3 U1 V9 V3 U1 V9 V3 V1 U9 v

33’1)1
—Hcvl(l Ty, )
+ Xy, Ty (1 — y,)
+$U2$’U4(_1)(1 — 37'01)

g 1 -z, =0
I —x,, =0

l—-x,, =0

Ty Ty (1 — 4,) =0

Ty Ty (1 — Ty, ) =0

Ty Lo (1 — 24, ) =0

Tyg = 0

Jakob Nordstrom Nullstellensatz Size-Degree Trade-offs from Reversible Pebbling



Vg,

Reversible pebbling to NS refutation e ) D QA+ QunkAsink = 1

V3

AN R AN AN AN AN AN AN

33@1
"I‘xm(l Ty,
—l_mvlmvz(l o 377)4)
+$U2$’U4(_1)(1 o ‘T’Ul)
+$”0233’v4(1 o mv:’))

l—x, =0
1 —z,, =0
l—-xz,, =0

Ty Ty (L — 24,) =0
Ty Ty (1 — 2y ) =0
T, T (1 — Ty ) =0

Tyg = 0

Jakob Nordstrom Nullstellensatz Size-Degree Trade-offs from Reversible Pebbling



Vg,

Reversible pebbling to NS refutation e ) D QA+ QunkAsink = 1

V3

AN R AN AN AN AN AN AN

— Ty, )
"I‘xm(l 37@2)
—l_mvlmvz(l o 377)4)
+$U2$’U4(_1)(1 _‘T’Ul)

+xv2$’v4(1 T xvs)
l—x, =0
1 —z,, =0
—> l—-x,, =0
Ty Ty (L — 24,) =0
Ty Ty (1 — 2y ) =0
T, T (1 — 2y, ) =0
Tyg = 0

Jakob Nordstrom Nullstellensatz Size-Degree Trade-offs from Reversible Pebbling



Reversible pebbling to NS refutation ) ZQU v+ QuinkcAsink = 1

U3

AN R AN AN /Q\ /<>\ AN AN AN

33'1)1
"I‘xm(l Ty )
—l_mvlmvz(l o 377)4)
+$U2$’U4(_1)(1 o ‘T’Ul)
-|-.ZCU2.SCU4(1 o xvs)
+$v2$v3$v4(1 - 33’05)

l—x, =0
1 —z,, =0
l—-xz,, =0

Ty Ty (L — 24,) =0
Ty Ty (1 — 2y ) =0
T, T (1 — Ty ) =0

Tyg = 0

Jakob Nordstrom Nullstellensatz Size-Degree Trade-offs from Reversible Pebbling



Reversible pebbling to NS refutation ) ZQU v+ QuinkcAsink = 1

U3

AN R AN AN /Q\ /<>\ AN AN AN

33'1)1
"I‘xm(l Ty )
—l_mvlmvz(l o 377)4)
+$U2$’U4(_1)(1 o m'Ul)
+xv2$’v4(1 o xvs)
+$v2xv3$v4(1 — 33’05)

l—x, =0
1 —z,, =0
l—-xz,, =0

Ty Ty (L — 24,) =0

- oz, (1—2,.)=0
T, T (1 — 2y, ) =0

Tyg = 0

Jakob Nordstrom Nullstellensatz Size-Degree Trade-offs from Reversible Pebbling



Reversible pebbling to NS refutation ) ZQU v+ QuinkcAsink = 1

U3

A&&&&&ﬁ.&

33'1)1
"I‘xm(l Ty )
—l_mvlmvz(l o 377)4)
+$U2$’U4(_1)(1 o m'Ul)
+xv2$’v4(1 o xvs)
+$v2xv3$v4(1 — 33’05)

1 — Ly, = 0 +xv3$’l)4x’v5(_]‘)(]‘ o $U2)
1 —z,, =0
l—x,, =0

Ty Ty (L — 24,) =0
Ty Ty (1 — 2y ) =0
T, T (1 — 2y, ) =0

Tyg = 0

Jakob Nordstrom Nullstellensatz Size-Degree Trade-offs from Reversible Pebbling



Reversible pebbling to NS refutation ) ZQU v+ QuinkcAsink = 1

U3

A&&&&&ﬁ.&

33'1)1
"I‘xm(l Ty )
—l_mvlmvz(l o 377)4)
+$U2$’U4(_1)(1 o m'Ul)
+xv2$’v4(1 o xvs)
+$v2xv3$v4(1 — 33’05)

1— Ly, = O +$v3$v4xv5(_1)(1 o xv2)
‘ 1 - :I"’Ug — 0
l—x,, =0

Ty Ty (L — 24,) =0
Ty Ty (1 — 2y ) =0
T, T (1 — 2y, ) =0

Tyg = 0

Jakob Nordstrom Nullstellensatz Size-Degree Trade-offs from Reversible Pebbling



Reversible pebbling to NS refutation ) ZQU v+ QuinkcAsink = 1

U3

ﬁ\/@\/@\ﬁ\/%/@\m/@/@\

33'1)1
"I‘xm(l Ty )
—l_mvlmvz(l o 377)4)
+$U2$’U4(_1)(1 o m'Ul)
+xv2$’v4(1 o xvs)
+$v2xv3$v4(1 — 33’05)

1— Ly, = O +$v3$v4xv5(_1)(1 o xv2)
1— Lyy = 0 —|—£Ev333v4331;5(1 o x'UG)
l—-x,, =0

Ty Ty (L — 24,) =0
Ty Ty (1 — 2y ) =0
T, T (1 — 2y, ) =0

Tyg = 0

Jakob Nordstrom Nullstellensatz Size-Degree Trade-offs from Reversible Pebbling



Reversible pebbling to NS refutation ) ZQU v+ QuinkcAsink = 1

U3

ﬁ\/@\/@\ﬁ\/%/@\m/@/@\

33'1)1
"I‘xm(l Ty )
—l_mvlmvz(l o 377)4)
+$U2$’U4(_1)(1 o m'Ul)
+xv2$’v4(1 o xvs)
+$v2xv3$v4(1 — 33’05)

1— Ly, = O +$v3$v4xv5(_1)(1 o xv2)
1— Ly, = 0 +33’U3:E'U433v5(1 o ':U’US)
l—-x,, =0

Ty Ty (L — 24,) =0

Ty Ty (1 — 2y ) =0

= o2, (1—xz,)=0
Tyg = 0

Jakob Nordstrom Nullstellensatz Size-Degree Trade-offs from Reversible Pebbling



Reversible pebbling to NS refutation ) ZQU v+ QuinkcAsink = 1

U3

ﬁ\/@\@\ﬁ\/@/@w@\&/@\

33'1)1
"I‘xm(l Ty )
—|—{EU1$UQ(1 o C17’04)
+$U2$’U4(_1)(1 o m'Ul)
+$’U2$’U4(1 o xvs)
+$v2$v3$v4(1 - 33’05)

1— Ly, = 0 +$v3xv4$’05(_1)(1 o 'CEU?)
1— Ly, = 0 +33’U3:E'U433v5(1 o ':U’US)
l—-x,, =0

Ty Ty (L — 24,) =0
Ty Ty (1 — 2y ) =0
T, T (1 — 2y, ) =0

Tyg = 0

Jakob Nordstrom Nullstellensatz Size-Degree Trade-offs from Reversible Pebbling



Reversible pebbling to NS refutation ) ZQU v+ QuinkcAsink = 1

U3

Q&m&m&m&&

+ (Twy — oy Tuy )
+ (33’0133’02 o x’vlaj’vzmm)
+ (ajvlmvzxm o 33’0237’04)
+ (CBUQ$U4 o xvzx’vsxw)
+ ($02$U3$’U4 o $@2£BUS$U4LEU5)
+ (x’vzx’vsxmx% o 331,3%@456@5)
1 - Loy = 0 + (337)3337)4331)5 o (L‘U3$U4$U5$v6)
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Reversible pebbling to NS refutation ) ZQU v+ QuinkcAsink = 1

U3

Q&m&m&m&&

+ (Twy — oy Tuy )
+ (33’0133’02 o x’vlaj’vzmm)
+ (ajvlmvzxm o 33’0237’04)
+ (CBUQ$U4 o xvzx’vsxw)
+ ($02$U3$’U4 o $@2£BUS$U4LEU5)

l—2, =0
vt + (x’vzx’vsxmx% o 331,3%@456@5)
1 - erQ — O —I_ ($U3$U4$U5 - $U3$U4$U5$v6)
l—z,. =
3
CL'vl.’L'rUQ(]. - .CC/U4) — O = ]. - x03$v4xv5xv6
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Reversible pebbling to NS refutation ) ZQU v+ QuinkcAsink = 1

U3

ﬁ\/@\@\ﬁ\/@/@w@\&/@\

33'1)1
"I‘xm(l Ty )
—|—{EU1$UQ(1 o C17’04)
+$U2$’U4(_1)(1 o m'Ul)
+$’U2$’U4(1 o xvs)
+$v2$v3$v4(1 - 33’05)

1— Ly, = 0 +$v3xv4$’05(_1)(1 o 'CEU?)
1— Ly, = 0 +33’U3:E'U433v5(1 o ':U’US)
l—-x,, =0

Ty Ty (L — 24,) =0 1 — Xy Tapy Ty T
x’vzxv:a(l o 33’05) =0
T, T (1 — 2y, ) =0

Ty = 0
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Reversible pebbling to NS refutation ) ZQU v+ QuinkcAsink = 1

U3

ﬁ\/@\@\ﬁ\/@/@w@\&/@\

33'1)1
"I_xm(l Ty )
+$'U1$'02(1 o C17’04)
+$U2$’U4(_1)(1 o m'Ul)
+$’U2$’U4(1 o xvs)
F Ty Ty Ty (1 — Ty, )

L=, =0 + Loy Ty T (— 1) (1 — qy,)

1 —z,, =0 +$v3$v433v5(1 - x’vs)

Il -z, =0 T Tyg Loy Loy Tog
Loy Lo (1 — T, ) =0 =1

x’vzxv:a(l o 33’05) =0

Ty Tos (1 — o) =0

- Tys = 0

Jakob Nordstrom Nullstellensatz Size-Degree Trade-offs from Reversible Pebbling



Reversible pebbling to NS refutation /<>\ ) D QA+ QunkAsink = 1

AN AN AN AN A Ao AN AN AN

33'1)1
"I‘xm(l Ty )
—l_mvlmm(l o C17’04)
+$U2$U4(_1)(1 o ‘T’Ul)
+$’02$’U4(1 o xvs)
+$v2$v3$v4(1 - 33’05)

I =z, =0 + Ty Ty Tops (— 1) (1 — T,y )
1 —2,, =0 F Ty Ty Tag (1 — T
Il -z, =0 T Tyg Loy Loy Tog
Loy Lo (1 — T, ) =0 =1
Ty Ty (1 — Ty, ) =0 NS size = 2 - pebb“gg tme 1 1 =2.8+1
Ty Lo (1 — T ) = 0 NS degree = pebbling space = 4
Ty = 0

Jakob Nordstrom Nullstellensatz Size-Degree Trade-offs from Reversible Pebbling



NS refutation to reversible pebbling >~ Q.4+ QuncAsc =1 E—) /<>\
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NS refutation to reversible pebbling >~ Q.4+ QuncAsc =1 E—) /<>\

l—x, =0
1 -2y, =0
l1—xz,, =0

Ty Tpy (1 — 4,) =0
Ty Tps (L — 245 ) = 0
Ty Tops (1 — ) =0
Tys = 0
(1 = @0, @0 ) (1 = Ty ) + (o), — Tog Ty Tog (1 = @) + Ty @0, (1 = Tug) + Ty Ty (1 — T4y

+xv4$92x’03(1 o x’v5) + 23‘1)3213@433@5(1 o mvﬁ) + Ly Lyy LysLyg = 1
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NS refutation to reversible pebbling >~ Q.4+ QuncAsc =1 E—) /<>\

For simplicity, assume 5

l—x, =0
1 -2y, =0
l1—xz,, =0

Ty Tpy (1 — 4,) =0
Ty Tps (L — 245 ) = 0
Ty Tops (1 — ) =0
Tys = 0
(1 = @0, @0 ) (1 = Ty ) + (o), — Tog Ty Tog (1 = @) + Ty @0, (1 = Tug) + Ty Ty (1 — T4y

—I—ZEU4$@2ZCUB(1 o 33’05) + x’vsxmx%(l o ‘r'U6) + Ly Lyy LysLyg = 1
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NS refutation to reversible pebbling >~ Q.4+ QuncAsc =1 E—) /<>\

For simplicity, assume 5

1+x, =0
1+x,, =0
1+x,, =0

Loy Ty (1 4 T0y) =0
x’vzx’vs(l + 371)5) =0
Ty Tos (1 4 4g) =0
Ty, = 0
(L4 20, @0, ) (1 + Toy ) + (o) + Tog @y Tog ) (14 Tuy) + Ty Toy (14 o) + oy Ty (1 + 20,)

+ xmx@zx%(l + 33'05) + $v3$'v453’05(1 + 5%6) + Ly Loy Ty Ty = 1

Jakob Nordstrom Nullstellensatz Size-Degree Trade-offs from Reversible Pebbling



NS refutation to reversible pebbling > 0.4, + Qunk A =1 E—) /<>\

Y monomials xy in proof, add node W

For simplicity, assume 5

1+x, =0
1+x,, =0
1+x,, =0

Loy Ty (1 4 T0y) =0
x’vzx’vs(l + 371)5) =0
Ty Tos (1 4 4g) =0
Ty, = 0
(L4 20, @0, ) (1 + Toy ) + (o) + Tog @y Tog ) (14 Tuy) + Ty Toy (14 o) + oy Ty (1 + 20,)

+ xv4$'v2xvs(1 + x'vs,) + $'u?,x'vz;x’vs(l + 581,6) + Ly Loy Ty Ty = 1
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NS refutation to reversible pebbling > 0.4, + Qunk A =1 E—) /<>\

Y monomials xy in proof, add node W

For simplicity, assume 5

ZBW:HQE,U ]_—|—$,U1:0
veW 1—|—IL‘1,2=0
1+x,, =0

Loy Ty (1 4 T0y) =0
Ty Ty (1 + 24, ) =0
Ty Tos (1 4 4g) =0
Ty, = 0
(L4 20, @0, ) (1 + Toy ) + (o) + Tog @y Tog ) (14 Tuy) + Ty Toy (14 o) + oy Ty (1 + 20,)

+ xv4$vzxv3(1 + 33’05) + $'v3$v437’05(1 + 581,6) + Ly Loy Ty Ty = 1

Jakob Nordstrom Nullstellensatz Size-Degree Trade-offs from Reversible Pebbling



NS refutation to reversible pebbling > 0.4, + Qunk A =1 E—) /<>\

Y monomials xy in proof, add node W

For simplicity, assume 5

1+x, =0
1+x,, =0
1+x,, =0

Loy Ty (1 4 T0y) =0
x’vzx’vs(l + 371)5) =0
Ty Tos (1 4 4g) =0
Ty, = 0
(L4 20, @0, ) (1 + Toy ) + (o) + Tog @y Tog ) (14 Tuy) + Ty Toy (14 o) + oy Ty (1 + 20,)

+ xv4$'v2xvs(1 + x'vs,) + $'u?,x'vz;x’vs(l + 581,6) + Ly Loy Ty Ty = 1

Jakob Nordstrom Nullstellensatz Size-Degree Trade-offs from Reversible Pebbling



NS refutation to reversible pebbling > 0.4, + Qunk A =1 E—) /<>\

Y monomials xy in proof, add node W

For simplicity, assume 5

{?)1,’02,?)4} 14z, =0
[{’Ug,’Ug,’U4,’U5}] L+ 2y, =0
{vi,v2} 1+ 2, =0

T01} {va, v3,v4} 2o 20 (14, ) = 0
U1 ey - < v1 Lo v
{'UQ,’U4} [{/0377)47?)57/06}] xvngg(l‘i‘ﬂ?%) =0

[{vs, v, 05 )

(1 + 513@251:@4)(1 -+ xvl) + (37'01 + 37U337v437v5)(1 + xvz) + $v2$v4(1 + 35@3) + 37'0137'02(1 T 371)4)
(

+ Loy, T Taps (L Ty ) + T Tapy T (1 A+ Ty ) + T Ty Ty Tpg = 1

Ty Ty (1 + Xppy) =0

Ty, = 0

Jakob Nordstrom Nullstellensatz Size-Degree Trade-offs from Reversible Pebbling



NS refutation to reversible pebbling > @A, + QuncAsnc =1 E—p }<>\
Y monomials xy in proof, add node W ’ R
Vv,V monomials xyw € (), add edge (W U pred(v), W U pred(v) U {v}) For simplicity, assume [y

{?)1,’02,?)4} 14z, =0
[{Ug,?}g,?)4,’l]5}] 1+£U2 =0
{7)17?)2} 1—|—£L‘U3 =0

T01} {va, v3,v4} 2o 20 (14, ) = 0
U1 ey - < v1 Lo v
{'02,’04} [{U37U47r057?}6}] xvngg(l‘i‘ﬂ?%) =0

[{vs, v, 05 )

(1 + 37”0237’04)(1 -+ xvl) + (37'01 + 37U337v437v5)(1 + xvz) + 37025%4(1 + %3) + 37'0137'02(1 T 3%4)
(

+ Loy, T Taps (L Ty ) + T Tapy T (1 A+ Ty ) + T Ty Ty Tpg = 1

Ty Ty (1 + Xppy) =0

Ty, = 0
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NS refutation to reversible pebbling > @A, + QuncAsnc =1 E—p }<>\
Y monomials xy in proof, add node W ’ R
Vv,V monomials xyw € (), add edge (W U pred(v), W U pred(v) U {v}) For simplicity, assume [y

{?)1,’02,?)4} 14z, =0
[{Ug,?}g,?)4,’l]5}] 1+£U2 =0
{7)17?)2} 1—|—£L‘U3 =0

T01} {va, v3,v4} 2o 20 (14, ) = 0
U1 ey - < v1 Lo v
{'02,’04} [{U37U47r057?}6}] xvngg(l‘i‘ﬂ?%) =0

[{vs, v, 05 )

(1 + 37”0237’04)(1 -+ xvl) + (37'01 + 37U337v437v5)(1 + xvz) + 37025%4(1 + %3) + 37'0137'02(1 T 3%4)
(

Ty Ty (1 + Xppy) =0

Ty, = 0

+ Loy, T Taps (L Ty ) + T Tapy T (1 A+ Ty ) + T Ty Ty Tpg = 1

Jakob Nordstrom Nullstellensatz Size-Degree Trade-offs from Reversible Pebbling



NS refutation to reversible pebbling > @A, + QuncAsnc =1 E—p }<>\
Y monomials xy in proof, add node W ’ R
Vv,V monomials xyw € (), add edge (W U pred(v), W U pred(v) U {v}) For simplicity, assume [y

:{'017’02,7)4}: 142y, =0
— [{1)2,@3’@4’@5}] 1+z, =0
{v1,v2} - \ | 41y, = 0
m 101} — ‘{U2, il U4}* Ty Ty (1 + T, ) =0
{v2,v4} [{U37U47U53’U6}] Ly Ty (1 + Xp5) =0
S _
o)

(1 + 37”0237’04)(1 -+ xvl) + (37'01 + 37U337v437v5)(1 + xvz) + 37025%4(1 + %3) + 37'0137'02(1 T 3%4)
(

+ Loy, T Taps (L Ty ) + T Tapy T (1 A+ Ty ) + T Ty Ty Tpg = 1

Jakob Nordstrom Nullstellensatz Size-Degree Trade-offs from Reversible Pebbling



NS refutation to reversible pebbling > 0.4, + Qunk A =1 E—) }<>\

Y monomials xy in proof, add node W
Vv,V monomials xyw € (), add edge (W U pred(v), W U pred(v) U {v}) For simplicity, assume [y

{/01’/02’{()4} 1+5L‘v1 =0
[{{027?)37?)43{05}] 1+xv2 =0
) ]_—I—,CCU :0
[{U27U37U4} 3
m {Ul} < $v1$v2(1+$v4) =0
[{US’U4’U5ﬂvGH $v2$1}3(1+$v5) =0
Loyl (1 + Ty ) =0
[{U33U4,U5}] o x; =0

(1 + 513@251:@4)(1 -+ xvl) + (37'01 + 37U337v437v5)(1 + xvz) + $v2$v4(1 + 35@3) + 37'0137'02(1 T 3%4)
(

+ Loy, T Taps (L Ty ) + T Tapy T (1 A+ Ty ) + T Ty Ty Tpg = 1

Jakob Nordstrom Nullstellensatz Size-Degree Trade-offs from Reversible Pebbling



NS refutation to reversible pebbling > 0.4, + Qunk A =1 E—) }<>\

Y monomials xy in proof, add node W
Vv,V monomials xyw € (), add edge (W U pred(v), W U pred(v) U {v}) For simplicity, assume [y

{Ulav27U4} 1+$v1 —0

[{UQ,Ug,U4,’lJ5}] 1—*—‘/1%'2 =0

) ]_—I—;L‘,US = ()

[{'UZ, US) {U4}J xvlmvg(l + :L'U4) — 0

[{{037?)47?)57/06}] xvngg(l‘i‘ﬂ?%) =0

Loy Ly (1 + Xy ) =0

[{U37U47U5}] 4T xG 0
Vg

(1 + 513@251:@4)(1 -+ xvl) + (37'01 + 37U337v437v5)(1 + xvz) + $v2$v4(1 + 35@3) + 37'0137'02(1 T 3%4)
(

+ Loy, T Taps (L Ty ) + T Tapy T (1 A+ Ty ) + T Ty Ty Tpg = 1
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NS refutation to reversible pebbling > 0.4, + Qunk A =1 E—) }<>\

Y monomials xy in proof, add node W
Vv,V monomials xyw € (), add edge (W U pred(v), W U pred(v) U {v}) For simplicity, assume [y

{Ulav27U4} 1+$v1 —0

{UQ,Ug,U4,’lJ5}] 1—*—‘/1%'2 =0

) ]_—I—;L‘,US = ()

[{'UZ, US) {U4}J xvlmvg(l + :L'U4) — 0

[{{037?)47?)57/06}] xvngg(l‘i‘ﬂ?%) =0

Lyy Loy (1 + ) =0

[{{US,(UAL,{UE)} et 5 xG - O
Vg

+ Loy, T Taps (L Ty ) + T Tapy T (1 A+ Ty ) + T Ty Ty Tpg = 1

(1 + 513@251:@4)(1 -+ xvl) + (37'01 + 37U337v437v5)(1 + xvz) + $v2$v4(1 + 35@3) + 37'0137'02(1 T 3%4)
(
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NS refutation to reversible pebbling > 0.4, + Qunk A =1 E—) }<>\

Y monomials xy in proof, add node W
Vv,V monomials xyw € (), add edge (W U pred(v), W U pred(v) U {v}) For simplicity, assume [y

{Ulav27U4} 1+$v1 —0

{{027?)37?)43{05}] 1+xv2 =0

) ]_—I—;L‘,US = ()

{'U27(U37’U4}J $U1$92(1+$U4) _ 0

[{{037?)47?)57/06}] xvngg(l‘i‘ﬂ?%) =0

Loy Ly (1 + Xy ) =0

[{{US,(UAL,{UE)} ! 5 xG - O
Vg

(1 + 513@251:@4)(1 -+ xvl) + (37'01 + 37U337v437v5)(1 + xvz) + $v2$v4(1 + 35@3) + 37'0137'02(1 T 3%4)

+$v4$vzxv3(1 T 5’3’05) + w'vgxmmvs(l + xve) + Ly Loy Ty Ty = 1
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NS refutation to reversible pebbling > 0.4, + Qunk A =1 E—) }<>\

Y monomials xy in proof, add node W
Vv,V monomials xyw € (), add edge (W U pred(v), W U pred(v) U {v}) For simplicity, assume [y

{Ulav27U4} 1+$v1 —0

{{027?)37?)43{05}] 1+xv2 =0

) ]_—I—;L‘,US = ()

{'U27(U37’U4}J $U1$92(1+$U4) _ 0

[{{037?)47?)57/06}] xvngg(l‘i‘ﬂ?%) =0

Loy Ly (1 + Xy ) =0

[{{US,(UAL,{UE)} ! 5 xG - O
Vg

(1 + 513@251:@4)(1 -+ xvl) + (37'01 + 37U337v437v5)(1 + xvz) + $v2$v4(1 + 35@3) + 37'0137'02(1 + 3%4)

+$v4$vzxv3(1 T 5’3’05) + w'vgxmmvs(l + xve) + Ly Loy Ty Ty = 1
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NS refutation to reversible pebbling > 0.4, + Qunk A =1 E—) /<>\

Y monomials xy in proof, add node W
Vv,V monomials xyw € (), add edge (W U pred(v), W U pred(v) U {v}) For simplicity, assume [y

{vlav27U4}] 1 + Xy, = 0

{{027?)37?)43{05}] 1+xv2 =0

]_ —I— 'CC’UB — 0

{va, v3,04} o (142 9= 0

[{{037?)47?)57/06}] xvngg(l‘i‘ﬂ?%) =0

Lyy Loy (1‘|‘$U ):0

[{{US,(UAL,{UE)} et 5 xG - O
Vg

(1 + 513@251:@4)(1 -+ xvl) + (37'01 + 37U337v437v5)(1 + xvz) + $v2$v4(1 + 35@3) + 37'0137'02(1 T 371)4)

+$’v4$v2x'v3(1 T 5’3’05) + $v3x045’3v5(1 + mvs) + Ly Loy Ty Ty = 1
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NS refutation to reversible pebbling Z@v o+ QuincAsp = 1 Y /<>\

Y monomials xy in proof, add node W
Vv,V monomials xyw € (), add edge (W U pred(v), W U pred(v) U {v}) For simplicity, assume [y

{’Ul,’Ug,’Ugl}] l+2,, =0

{{0277)37047/05} I+, =0

]_ —I— 'CC’UB — 0

{va,v3,v4} o (142 9= 0

{U3,U4,U5,’U6} xvngg(l‘i‘ﬂ?%) =0

Lyy Loy (1‘|‘$U ):0

{’U3,'U4,’U5} 4*7Us xe .y
Vg

(Lt 2o, @, ) (1 + @0y ) + Ty + Tog oy Tog ) (1 Tuy) + Toy o,y (14 Tuy) + Ty Top (1 + T,

+$’v4$v2x'v3(1 T 5’3’05) + $v3x045’3v5(1 + mvs) + Ly Loy Ty Ty = 1
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NS refutation to reversible pebbling > 0.4, + Qunk A =1 E—) }<>\

Y monomials xy in proof, add node W
Vv,V monomials xyw € (), add edge (W U pred(v), W U pred(v) U {v}) For simplicity, assume [y

{7)17?]27”4}] l+2,, =0
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]_ —I— 'CC’US — 0
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{U3,U4,U5,’U6} xvngg(l‘i‘ﬂ?%) =0

Lyy Loy (1‘|‘$U ):0
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Vg

(Lt 2o, @, ) (1 + @0y ) + Ty + Tog oy Tog ) (1 Tuy) + Toy o,y (14 Tuy) + Ty Top (1 + T,

+$v4$vzxv3(1 T 5’3’05) + w'vgxmmvs(l + xve) + Ly Loy Ty Ty = 1
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NS refutation to reversible pebbling > 0.4, + Qunk A =1 E—) }<>\

Y monomials xy in proof, add node W
Vv,V monomials xyw € (), add edge (W U pred(v), W U pred(v) U {v}) For simplicity, assume [y

{/017?]27{04}] l+2,, =0

{U27U3,U4,’U5} 1—*—‘/1%'2 =0

]_ —I— 'CC’US — 0

{va,v3,v4} o (142 9= 0

{’U3,’U4,”U5,’UG} xvng3(1+$y5) =0
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{{U37(U47{U5} 4T xG 0
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+$'v4$'v2xv3(1 T 5’3’05) + x'vgxmm%(l + xve) + Ly Loy Ty Ty = 1

Edges correspond to valid pebbling moves
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NS refutation to reversible pebbling > 0.4, + Qunk A =1 E—) },<>\

Y monomials xy in proof, add node W
Vv,V monomials xyw € (), add edge (W U pred(v), W U pred(v) U {v}) For simplicity, assume [y

{/017?]27{04}] l+2,, =0

{U27U3,U4,’U5} 1—*—‘/1%'2 =0

]_ —I— LL‘,US — 0
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+$'v4$'v2xv3(1 - 5’3’05) + x'v3$v437'v5(1 + xve) + Ly Loy Ty Ty = 1

/ \ Edges correspond to valid pebbling moves
Vg Us
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Y monomials xy in proof, add node W
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/ \ Edges correspond to valid pebbling moves
Vg Us
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NS refutation to reversible pebbling > 0.4, + Qunk A =1 E—) }<>\

Y monomials xy in proof, add node W
Vv,V monomials xyw € (), add edge (W U pred(v), W U pred(v) U {v}) For simplicity, assume [y

{/017?]27{04}] l+2,, =0

{U27U3,U4,’U5} 1—*—‘/1%'2 =0
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NS refutation to reversible pebbling > 0.4, + Qunk A =1 E—) }<>\

Y monomials xy in proof, add node W
Vv,V monomials xyw € (), add edge (W U pred(v), W U pred(v) U {v}) For simplicity, assume [y

{/017?]27{04}] l+2,, =0

{U27U3,U4,’U5} 1—*—‘/1%'2 =0

]_ —I— 'CC’US — 0

{va,v3,v4} o (142 9= 0

{’U3,’U4,”U5,’UG} xvng3(1+$y5) =0

Lyy Loy (1‘|‘$U ):0

{{U37(U47{U5} 4T xG 0
Vg

(1 + 37”0237’04)(1 -+ xvl) + (37'01 + 37U337v437v5) 1 + xvz + xvzxm 1 + 35@3 + 37'0137'02(1 T 3%4)
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Vg Us
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NS refutation to reversible pebbling > @A, + QuncAsnc =1 E—p }<>\
Y monomials xy in proof, add node W ’ R
Vv,V monomials xyw € (), add edge (W U pred(v), W U pred(v) U {v}) For simplicity, assume [y

14z, =0

{U27U37U47U5}] 1+xv2 =0

]_ —I— 'CC’US — 0

{va, v3,04} o (142 9= 0

{{U37U47r057?}6}] xvng3(1+$y5) =0

Lyy Loy (1‘|‘$U ):0

[{{US,(UAL,{UE)} et 5 xG - O
Vg

(1 + 37”0237’04)(1 -+ xvl) + (37'01 + 37U337v437v5)(1 + xvz) + 37025%4(1 + %3) + 37'0137'02(1 T 3%4)

+$'v4$'v2xv3(1 T 5’3’05) + x'vgxmm%(l + xve) + Ly Loy Ty Ty = 1

\ Edges correspond to valid pebbling moves
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NS refutation to reversible pebbling > 0.4, + Qunk A =1 E—) }<>\

Y monomials xy in proof, add node W
Vv,V monomials xyw € (), add edge (W U pred(v), W U pred(v) U {v}) For simplicity, assume [y

{/017?]27{04}] l+2,, =0

{U27U3,U4,’U5} 1—*—‘/1%'2 =0

]_ —I— 'CC’US — 0

{va,v3,v4} o (142 9= 0

{’U3,’U4,”U5,’UG} xvng3(1+$y5) =0

Lyy Loy (1‘|‘$U ):0

{{U37(U47{U5} 4T xG 0
Vg

(1 + 37”0237’04)(1 -+ xvl) + (37'01 + 37U337v437v5) 1 + xvz + xvzxm 1 + 35@3 + 37'0137'02(1 T 3%4)

+$'v4$'v2xv3(1 T 5’3’05) + x'vgxmm%(l + xve) + Ly Loy Ty Ty = 1

\ Edges correspond to valid pebbling moves

N\

m (%) Us
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NS refutation to reversible pebbling > @A, + QuncAsnc =1 E—p }<>\
Y monomials xy in proof, add node W ’ R
Vv,V monomials xyw € (), add edge (W U pred(v), W U pred(v) U {v}) For simplicity, assume [y

1+2y, =0

{U27U37U47U5}] 1+xv2 =0

]_ —I— 'CC’US — 0

$U1$v2(1+$v4) =0

{{U37U47r057?}6}] xvng3(1+$y5) =0

Ly, Ly (1‘|‘$U ):0

[{{US,(UAL,{UE)} et 5 xG - O
Vg

(1 + 37”0237’04)(1 -+ xvl) + (37'01 + 37U337v437v5)(1 + xvz) + 37025%4(1 + %3) + 37'0137'02(1 T 3%4)

Ve + xmxmx%(l T 5’3’05) + x'vgxmm%(l + xve) + Ly Loy Ty Ty = 1

\ Edges correspond to valid pebbling moves

U1 V9 x
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NS refutation to reversible pebbling > @A, + QuncAsnc =1 E—p }<>\
Y monomials xy in proof, add node W ’ R
Vv,V monomials xyw € (), add edge (W U pred(v), W U pred(v) U {v}) For simplicity, assume [y

{7)1,’1}2,?)4}] l1+xz, =0
1+ z,, =0
1+x,, =0

{’02,?)3,’04} 2y 2, (14 20) = 0

{’03,?)4,?)5,’06}] Ly Ty (1 + Xp5) =0

e

vg =

(1 + 37”0237’04)(1 -+ xvl) + (37'01 + 37U337v437v5)(1 + xvz) + 37025%4(1 + %3) + 37'0137'02(1 T 3%4)

+$'v4$'v2xv3(1 T 5’3’05) + x'vgxmm%(l + xve) + Ly Loy Ty Ty = 1

Edges correspond to valid pebbling moves
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NS refutation to reversible pebbling > @A, + QuncAsnc =1 E—p }<>\
Y monomials xy in proof, add node W ’ R
Vv,V monomials xyw € (), add edge (W U pred(v), W U pred(v) U {v}) For simplicity, assume [y

14z, =0

{U27U37U47U5}] 1+xv2 =0

]_ —I— 'CC’US — 0

{vg, v3,v4} o (142 9= 0
{{U37U47r057?}6}] xvng3(1+$y5) =0

$v4$v5(1+$1;6) =0

Tys =0

(1 + 37”0237’04)(1 -+ xvl) + (37'01 + 37U337v437v5)(1 + xvz) + 37025%4(1 + %3) + 37'0137'02(1 T 3%4)

+$'v4$'v2xv3(1 T 5’3’05) + x'vgxmm%(l + xve) + Ly Loy Ty Ty = 1

Edges correspond to valid pebbling moves
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NS refutation to reversible pebbling > @A, + QuncAsnc =1 E—p }<>\
Y monomials xy in proof, add node W ’ R
Vv,V monomials xyw € (), add edge (W U pred(v), W U pred(v) U {v}) For simplicity, assume [y

{/017/027 Uﬁl}] 1+ Ty, = 0
{U27U37U47U5}] 1+xv2 =0
1 —I—LEUS = 0

{{02’(03’1)4} Ty Ty (L 4+ 24,) =0

xUQxUS(l + 58”05) =0
Ty Ty (1 + Xppy) =0

Ty, = 0

[{vs, v, 05}

(1 + 37”0237’04)(1 -+ xvl) + (37'01 + 37U337v437v5)(1 + xvz) + 37025%4(1 + %3) + 37'0137'02(1 T 3%4)

+$'v4$'v2xv3(1 T 5’3’05) + x'vgxmm%(l + xve) + Ly Loy Ty Ty = 1

Ve

Edges correspond to valid pebbling moves
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NS refutation to reversible pebbling > 0.4, + Qunk A =1 E—) },<>\

Y monomials xy in proof, add node W
Vv,V monomials xyw € (), add edge (W U pred(v), W U pred(v) U {v}) For simplicity, assume [y

{/017?]27{04}] l+2,, =0

{U27U3,U4,’U5} 1—*—‘/1%'2 =0

]_ —I— LL‘,US — 0

{va,v3,v4} o (142 9= 0

{’U3,’U4,”U5,’UG} xvng3(1+$y5) =0

Lyy Loy (1‘|‘$U ):0

{{U37(U47{U5} 4T xG 0
Vg
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+$'v4$'v2xv3(1 - 5’3’05) + x'v3$v437'v5(1 + xve) + Ly Loy Ty Ty = 1

Edges correspond to valid pebbling moves
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NS refutation to reversible pebbling > 0.4, + Qunk A =1 E—) },<>\

Y monomials xy in proof, add node W
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NS refutation to reversible pebbling > 0.4, + Qunk A =1 E—) },<>\

Y monomials xy in proof, add node W
Vv,V monomials xyw € (), add edge (W U pred(v), W U pred(v) U {v}) For simplicity, assume [y

{/017?]27{04}] l+2,, =0
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Lyy Loy (1‘|‘$U ):0
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\ Edges correspond to valid pebbling moves
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NS refutation to reversible pebbling > 0.4, + Qunk A =1 E—) },<>\

Y monomials xy in proof, add node W
Vv,V monomials xyw € (), add edge (W U pred(v), W U pred(v) U {v}) For simplicity, assume [y

{/017?]27{04}] l+2,, =0
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NS refutation to reversible pebbling > 0.4, + Qunk A =1 E—) },<>\

Y monomials xy in proof, add node W
Vv,V monomials xyw € (), add edge (W U pred(v), W U pred(v) U {v}) For simplicity, assume [y
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\ Edges correspond to valid pebbling moves
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NS refutation to reversible pebbling > 0.4, + Qunk A =1 E—) },<>\

Y monomials xy in proof, add node W
Vv,V monomials xyw € (), add edge (W U pred(v), W U pred(v) U {v}) For simplicity, assume [y

{/017?]27{04}] l+2,, =0

{U27U3,U4,’U5} 1—*—‘/1%'2 =0
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{{U37(U47{U5} 4T xG 0
Vg

(1 + 37’0237’04)(1 -+ 33111) + (*/L"vl + 37@3371;437@5) 1 + xvz + 337}2513@4 1 + 93?)3 + 37'0137'02(1 T 35'1)4)

+$'v4$'v2xv3(1 - 5’3’05) + x'v3$v437'v5(1 + xve) + Ly Loy Ty Ty = 1

/ \ Edges correspond to valid pebbling moves
Vg Us
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NS refutation to reversible pebbling > 0.4, + Qunk A =1 E—) },<>\

Y monomials xy in proof, add node W
Vv,V monomials xyw € (), add edge (W U pred(v), W U pred(v) U {v}) For simplicity, assume [y

{/017?]27{04}] l+2,, =0

{U27U3,U4,’U5} 1—*—‘/1%'2 =0

]_ —I— LL‘,US — 0

{va,v3,v4} o (142 9= 0

{’U3,’U4,”U5,’UG} xvng3(1+$y5) =0

Lyy Loy (1‘|‘$U ):0

{{U37(U47{U5} 4T xG 0
Vg

(1 + 37’0237’04)(1 -+ 33111) + (*/L"vl + 37@3371;437@5) 1 + xvz + 337}2513@4 1 + 93?)3 + 37'0137'02(1 T 35'1)4)

+$'v4$'v2xv3(1 - 5’3’05) + x'v3$v437'v5(1 + xve) + Ly Loy Ty Ty = 1

/ \ Edges correspond to valid pebbling moves
Vg Us
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NS refutation to reversible pebbling > 0.4, + Qunk A =1 E—) },<>\

Y monomials xy in proof, add node W
Vv,V monomials xyw € (), add edge (W U pred(v), W U pred(v) U {v}) For simplicity, assume [y

{/017?]27{04}] l+2,, =0

{U27U3,U4,’U5} 1—*—‘/1%'2 =0

]_ —I— LL‘,US — 0

{va,v3,v4} o (142 9= 0

{’U3,’U4,”U5,’UG} xvng3(1+$y5) =0

Lyy Loy (1‘|‘$U ):0

{{U37(U47{U5} 4T xG 0
Vg

(1 + 37’0237’04)(1 -+ 33111) + (*/L"vl + 37@3371;437@5) 1 + xvz + 337}2513@4 1 + 93?)3 + 37'0137'02(1 T 35'1)4)

+$'v4$'v2xv3(1 - 5’3’05) + x'v3$v437'v5(1 + xve) + Ly Loy Ty Ty = 1

/ \ Edges correspond to valid pebbling moves
Vg Us
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NS refutation to reversible pebbling > 0.4, + Qunk A =1 E—) }<>\

Y monomials xy in proof, add node W
Vv,V monomials xyw € (), add edge (W U pred(v), W U pred(v) U {v}) For simplicity, assume [y

{/017?]27{04}] l+2,, =0

{U27U3,U4,’U5} 1—*—‘/1%'2 =0

]_ —I— 'CC’US — 0

{va,v3,v4} o (142 9= 0

{’U3,’U4,”U5,’UG} xvng3(1+$y5) =0

Lyy Loy (1‘|‘$U ):0

{{U37(U47{U5} 4T xG 0
Vg

(1 + 37”0237’04)(1 -+ xvl) + (37'01 + 37U337v437v5) 1 + xvz + xvzxm 1 + 35@3 + 37'0137'02(1 T 3%4)

+$'v4$'v2xv3(1 T 5’3’05) + x'vgxmm%(l + xve) + Ly Loy Ty Ty = 1

Edges correspond to valid pebbling moves
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NS refutation to reversible pebbling > 0.4, + Qunk A =1 E—) },<>\

Y monomials xy in proof, add node W
Vv,V monomials xyw € (), add edge (W U pred(v), W U pred(v) U {v}) For simplicity, assume [y

{/017?]27{04}] l+2,, =0

{'U2,’U3,”U4”U5} 1+xv2 =0

]_ —I— LL‘,US — 0

{va, v3,v4} o (142 9= 0

{’U3,’U4,”U5,’UG} xvng3(1+$y5) =0

Lyy Loy (1‘|‘$U ):0

{{U37(U47{U5} 47 xG 0
Vg

(1 + 37’0237’04)(1 -+ 33@1) + (*/L"vl + 37@3371;437@5) 1 + xvz + 37023704 1 + 93?)3 + 37'0137'02(1 T 3%4)

+$'v4$'v2xv3(1 - 5’3’05) + x'vgxmaj%(l + xvs) + Ly Loy Ty Ty = 1

3 path from () to some set containing z Edges correspond to valid pebbling moves
(1) deg(?) odd
(2) z ¢ U # (), deg(U) even
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NS refutation to reversible pebbling > 0.4, + Qunk A =1 E—) },<>\

Y monomials xy in proof, add node W
Vv,V monomials xyw € (), add edge (W U pred(v), W U pred(v) U {v}) For simplicity, assume [y

{/017?]27{()4}] l+2,, =0

{UQ,U3,1J4,U5} 14+x, =0

]_ —I— LL‘,US — 0

{vo,v3,v4} o (142 9= 0

{U37U4,U5,’U6} xvzxv3(1+$y5) =0

Lyy Loy (1‘|‘$U ):0

{{U37(U47{U5} 47 xG 0
Vg

(1 + xvzxm)(l -+ 33@1) + (37’01 T Loz Loy Tog ) 1 + xvz + 370237”04 1 + 93?)3 + 37'0137'02(1 T 371)4)

+$'v4x'v2x'v3(1 - 5UU5) + x'vgwmfc%(l + 581,6) + Ly Loy Ty Ty = 1

7 path from () to some set containing = Edges correspond to valid pebbling moves
(1) deg(®) odd pebbling time < 2 - # edges = 2 - % =2-8
(2) 2 ¢ U # 0, deg(U) even pebbling space < NS degree = 4
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Reversible pebbling time-space trade-offs

» Need reversible pebbling time-space trade-off
» Time-space trade-off has been studied for standard pebbling [CS82, LT82]

» Lower bounds still hold, upper bounds have to be adapted
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Concrete example of NS size-degree trade-off
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Concrete example of NS size-degree trade-off

There is an explicit family of sets of polynomials s.t.
1. 3 NS refutation in nearly linear size and degree 6(%)
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Concrete example of NS size-degree trade-off

There is an explicit family of sets of polynomials s.t.
1. 3 NS refutation in nearly linear size and degree 6({”/5)
2. 3 NS refutation in degree 6(%)
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Concrete example of NS size-degree trade-off

There is an explicit family of sets of polynomials s.t.
1. 3 NS refutation in nearly linear size and degree 6(\3’/5)

2. 3 NS refutation in degree O(/n);
3. any NS refutation in degree < /n has size > n(Vn)
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Take home

Summing up
» Nullstellensatz refutation < reversible pebbling

» Size-degree trade-off for Nullstellensatz
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Take home

Summing up
» Nullstellensatz refutation < reversible pebbling

» Size-degree trade-off for Nullstellensatz

Open problems

> Sharper trade-offs (constant degree drop = exponential size blow-up)
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Take home

Summing up
» Nullstellensatz refutation < reversible pebbling

» Size-degree trade-off for Nullstellensatz

Open problems
> Sharper trade-offs (constant degree drop = exponential size blow-up)

» Generalize to setting with variables for negated literals
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Take home

Summing up
» Nullstellensatz refutation < reversible pebbling

» Size-degree trade-off for Nullstellensatz

Open problems
> Sharper trade-offs (constant degree drop = exponential size blow-up)

> Generalize to setting with variables for negated literals (ongoing)
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Take home

Summing up
» Nullstellensatz refutation < reversible pebbling

» Size-degree trade-off for Nullstellensatz

Open problems
> Sharper trade-offs (constant degree drop = exponential size blow-up)
> Generalize to setting with variables for negated literals (ongoing)

> Size-degree trade-off for polynomial calculus

Jakob Nordstrom Nullstellensatz Size-Degree Trade-offs from Reversible Pebbling



Take home

Summing up
» Nullstellensatz refutation < reversible pebbling

» Size-degree trade-off for Nullstellensatz

Open problems
> Sharper trade-offs (constant degree drop = exponential size blow-up)
> Generalize to setting with variables for negated literals (ongoing)

» Size-degree trade-off for polynomial calculus (to appear in ITCS '20)
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Take home

Summing up
» Nullstellensatz refutation < reversible pebbling

» Size-degree trade-off for Nullstellensatz

Open problems
> Sharper trade-offs (constant degree drop = exponential size blow-up)
> Generalize to setting with variables for negated literals (ongoing)

» Size-degree trade-off for polynomial calculus (to appear in ITCS '20)

Thank you!
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