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The Success of Combinatorial Solving (and the Dirty Little Secret)

@ Revolution since the turn of the millennium in automated reasoning for so-called
combinatorial solvers for, e.g.:
» Boolean satisfiability (SAT) solving and optimization [BHvMW21]
» Constraint programming [RvBWO06]
» Mixed integer linear programming [AW13, BR07]
» Satisfiability modulo theories (SMT) solving [BHVMW?21]

Often solve these very hard problems extremely successfully in practice!

Except the solvers are sometimes wrong. .. (even best commercial ones)
[BLB10, CKSW13, AGJ*18, GSD19, BMN22, BBN*23, GCS23, Tin24]

@ Even worse: No way of knowing for sure when errors happen
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Automated Reasoning and Combinatorial Solving The Challenge of Ensuring Correctness

What Can Be Done About Solver Bugs?

o Software testing
Very useful, but bugs slip through even with careful domain-specific testing

Progress using fuzzing and delta debugging [BB09, BLB10, KB22, NPB22, PB23]
But testing inherently can only detect presence of bugs, not absence
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o Formal verification
Prove that solver implementation adheres to formal specification
Current techniques cannot scale to level of complexity in modern solvers
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What Can Be Done About Solver Bugs?

o Software testing
Very useful, but bugs slip through even with careful domain-specific testing
Progress using fuzzing and delta debugging [BB09, BLB10, KB22, NPB22, PB23]
But testing inherently can only detect presence of bugs, not absence

o Formal verification
Prove that solver implementation adheres to formal specification
Current techniques cannot scale to level of complexity in modern solvers
(Despite valiant efforts in, e.g., [Fle20])

o Proof logging
Make solver certifying [ABMT11, MMNS11] by adding code so that it outputs

@ not only answer but also
@ simple, machine-verifiable proof that answer is correct
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Automated Reasoning and Combinatorial Solving Proof Logging To the Rescue!

Input Answe
P Solver Wer

© Run combinatorial solving algorithm on problem input
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Automated Reasoning and Combinatorial Solving Proof Logging To the Rescue!

Input Answe
P Solver Wer

T Proof

© Run combinatorial solving algorithm on problem input

@ Get as output not only answer but also proof
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Automated Reasoning and Combinatorial Solving Proof Logging To the Rescue!

Proof Logging with Certifying Solvers: Workflow

Input Answer
Solver

T Proof

Checker

@ Run combinatorial solving algorithm on problem input

@ Get as output not only answer but also proof

© Feed input + answer + proof to proof checker
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Automated Reasoning and Combinatorial Solving Proof Logging To the Rescue!

Proof Logging with Certifying Solvers: Workflow

Input Answer
Solver

v X

( Proof Checker ———

@ Run combinatorial solving algorithm on problem input

@ Get as output not only answer but also proof
© Feed input + answer + proof to proof checker

@ Verify that proof checker says answer is correct
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Automated Reasoning and Combinatorial Solving Proof Logging To the Rescue!

Input Answer

Solver

VX

T Proof

Checker
Proof format for certifying solver

should be
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Automated Reasoning and Combinatorial Solving Proof Logging To the Rescue!

Proof Logging Desiderata

Input Answer
Solver

¢ Proof } Checker L%

Proof format for certifying solver
should be

@ very powerful: minimal overhead for sophisticated reasoning
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Checker
Proof format for certifying solver

should be

@ very powerful: minimal overhead for sophisticated reasoning

e dead simple: checking correctness of proofs should be (almost) trivial
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Automated Reasoning and Combinatorial Solving Proof Logging To the Rescue!

Proof Logging Desiderata

Input Answer
Solver

X

T Proof

Checker
Proof format for certifying solver
should be

@ very powerful: minimal overhead for sophisticated reasoning

e dead simple: checking correctness of proofs should be (almost) trivial

Clear conflict expressivity vs. simplicity!
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Automated Reasoning and Combinatorial Solving Proof Logging To the Rescue!

Proof Logging Desiderata

Input Answer
Solver

X

T Proof

Checker
Proof format for certifying solver
should be

@ very powerful: minimal overhead for sophisticated reasoning

e dead simple: checking correctness of proofs should be (almost) trivial

Clear conflict expressivity vs. simplicity!

Asking for both perhaps a little bit too good to be true?
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Main Message of This Talk

Proof logging for sophisticated combinatorial solvers is possible!
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Main Message of This Talk

Proof logging for sophisticated combinatorial solvers is possible!
@ With single, unified method!

@ Producing proofs in extremely simple format

o Implemented in VERIPB (https://VeriPB.org)
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Main Message of This Talk

Proof logging for sophisticated combinatorial solvers is possible!
@ With single, unified method!

@ Producing proofs in extremely simple format

o Implemented in VERIPB (https://VeriPB.org)

Purpose of this talk:
© Marketing pitch ©
@ Describe basics of proof logging (but time limits how far we can get)

© Hint at future directions and challenges
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Main Message of This Talk

Proof logging for sophisticated combinatorial solvers is possible!
@ With single, unified method!

@ Producing proofs in extremely simple format

o Implemented in VERIPB (https://VeriPB.org)

Purpose of this talk:
© Marketing pitch ©
@ Describe basics of proof logging (but time limits how far we can get)

© Hint at future directions and challenges

These slides with references are online at https://jakobnordstrom.se/presentations/
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Proof Logging for Boolean Satisfiability (SAT) Solving

@ Certifies correctness of computed results
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ng for Boolean Satisfiability (SAT) Solving

@ Certifies correctness of computed results

@ Supports detection of errors even if due to compiler bugs, hardware failures, or cosmic rays
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The Sales Pitch for Proof Logging

@ Certifies correctness of computed results
@ Supports detection of errors even if due to compiler bugs, hardware failures, or cosmic rays

© Provides debugging support during software development
[GMMT20, KM21, BBN'23, EG23, KLM*25, DKK™*26]
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© Helps identify potential for algorithmic improvements
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The Sales Pitch for Proof Logging

@ Certifies correctness of computed results
@ Supports detection of errors even if due to compiler bugs, hardware failures, or cosmic rays

© Provides debugging support during software development
[GMM*20, KM21, BBN*23, EG23, KLM*25, DKK*26]

@ Facilitates performance analysis
© Helps identify potential for algorithmic improvements
@ Enables auditability

@ Serves as stepping stone towards explainability
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The Sales Pitch for Proof Logging

@ Certifies correctness of computed results
@ Supports detection of errors even if due to compiler bugs, hardware failures, or cosmic rays

© Provides debugging support during software development
[GMM*20, KM21, BBN*23, EG23, KLM*25, DKK*26]

@ Facilitates performance analysis

© Helps identify potential for algorithmic improvements
@ Enables auditability

@ Serves as stepping stone towards explainability

© Offers a framework for Al agents by requiring that code should generate correct proofs
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Design Principles for Proof Logging

Proof logging implementation
@ Don't change solver

@ Just add proof logging print statements (plus some book-keeping) to solver code
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Proof Logging for Boolean Satisfiability (SAT) Solving

Design Principles for Proof Logging

Proof logging implementation
@ Don't change solver

@ Just add proof logging print statements (plus some book-keeping) to solver code

Performance goals
@ Proof logging overhead small constant fraction of running time (5 10%)

@ Proof checking time within constant factor of solving time (current aim < x10)
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Proof Logging for Boolean Satisfiability (SAT) Solving

Design Principles for Proof Logging

Proof logging implementation
@ Don't change solver

@ Just add proof logging print statements (plus some book-keeping) to solver code

Performance goals
@ Proof logging overhead small constant fraction of running time (5 10%)

@ Proof checking time within constant factor of solving time (current aim < x10)

Proof system
o Keep language simple — no CP constraints, SMT theories, symmetry groups, ...
@ But reason efficiently about such notions using power of proof system

@ Combine proof logging with formally verified proof checker
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The Boolean Satisfiability (SAT) Problem

e Variable x: takes value true (=1) or false (=0)
o Literal £: variable x or its negation T

o Clause C' =¥V ---V {;: disjunction of literals
(Consider as sets, so no repetitions and order irrelevant)

e Conjunctive normal form (CNF) formula F' = Cy A -+ A Cy,: conjunction of clauses

The SAT Problem
Given a CNF formula F, is it satisfiable? J

For instance, what about:

(pVa)A(gVr)ANTVw)A(uVzVy) A
(xVV2)ANE@TV2)ANGVZ)AN(TVZE)A(DVT)
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Proof Logging for Boolean Satisfiability (SAT) Solving SSAINBasics

For satisfiable instances: just specify satisfying assignment
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Proof Logging for Boolean Satisfiability (SAT) Solving SSAINBasics

Proofs for SAT

For satisfiable instances: just specify satisfying assignment
For unsatisfiability: a proof is a sequence of clauses
@ Each clause follows “obviously” from everything we know so far

e Final clause is empty, meaning contradiction (written L)

@ Means original formula must be inconsistent
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ng for Boolean Satisfiability (SAT) Solving [ESATBasics

Unit Propagation

Clause C' unit propagates ¢ under partial assignment p if p falsifies all literals in C' except ¢
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What Is Obvious? Unit Propagation

Unit Propagation
Clause C' unit propagates ¢ under partial assignment p if p falsifies all literals in C' except £ J

Example: Unit propagate for p = {p — 0,q — 0} on our formula

(pva) A (gvVr) A (TVw) A (uVzVy) A(xVygVz) A(@Vz)A([GVzE)A(TVE) A (PVa)
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What Is Obvious? Unit Propagation

Unit Propagation
Clause C' unit propagates ¢ under partial assignment p if p falsifies all literals in C' except £ J

Example: Unit propagate for p = {p — 0,q — 0} on our formula
(pvVu) A (gvr) A (TVw) A (uVzVy) A(xVgVz) A(@Vz)A([GVzE)A(TVE) A (V)

@ p VW propagates u — 0
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What Is Obvious? Unit Propagation

Unit Propagation
Clause C' unit propagates ¢ under partial assignment p if p falsifies all literals in C' except £ J

Example: Unit propagate for p = {p — 0,q — 0} on our formula
(pVvu) A (gvr) AN (TVw) A (uVeVy) A(xVgVz) A(@Vz)A([GVzE)A(TVE) A (V)

@ p VW propagates u — 0
@ gV r propagates r — 1
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What Is Obvious? Unit Propagation

Unit Propagation
Clause C' unit propagates ¢ under partial assignment p if p falsifies all literals in C' except £ }

Example: Unit propagate for p = {p — 0,q — 0} on our formula
(pva) A (gvr) A (TVw) A (uVeVy) A(xVgVz) A(@Vz)A([GVE)A(TVE) A (PVa)

@ p VW propagates u — 0
@ gV r propagates r — 1
@ Then 7V w propagates w — 1
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What Is Obvious? Unit Propagation

Unit Propagation }

Clause C' unit propagates ¢ under partial assignment p if p falsifies all literals in C' except £

Example: Unit propagate for p = {p — 0,q — 0} on our formula
(pva) A (gvr) A (TVw) A (uVeVy) A(xVgVz) A(@Vz)A([GVE)A(TVE) A (PVa)

@ p VW propagates u — 0
@ gV r propagates r — 1
@ Then 7V w propagates w — 1

@ No further unit propagations
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___ Proof Losging for Boolean Satisfabilty (SAT) Solving _
What Is Obvious? Unit Propagation

Unit Propagation

Clause C' unit propagates ¢ under partial assignment p if p falsifies all literals in C' except £

Example: Unit propagate for p = {p + 0,q — 0} on our formula
(pVva) A (gvr) AN(TFVw) A (uVeVy) A (xVgVz) A (@Vz)A[GVZE)A(@ZVE)A(PVa)

@ p VW propagates u — 0
@ gV r propagates r — 1
@ Then 7V w propagates w + 1

@ No further unit propagations

Proof checker should know how to unit propagate until saturation
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Proof Logging for Boolean Satisfiability (SAT) Solving

DPLL and CDCL SAT Solving

Davis-Putnam-Logemann-Loveland (DPLL) SAT Solving from the 1960s

DPLL [DP60, DLL62]: Assign variables and propagate; backtrack when clause violated

“Proof trace”: when backtracking, write negation of decisions made

(pva) A (gVr) AN (FVw) A (uVaeVy) A (xVgVz) A(ZVz)A[GVZE)A(ETVE)A(PVa)
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Proof Logging for Boolean Satisfiability (SAT) Solving SDPEEand CDCESAT Solving

Davis-Putnam-Logemann-Loveland (DPLL) SAT Solving from the 1960s

DPLL [DP60, DLL62]: Assign variables and propagate; backtrack when clause violated

“Proof trace”: when backtracking, write negation of decisions made
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Proof Logging for Boolean Satisfiability (SAT) Solving SDPEEand CDCESAT Solving

Davis-Putnam-Logemann-Loveland (DPLL) SAT Solving from the 1960s

DPLL [DP60, DLL62]: Assign variables and propagate; backtrack when clause violated

“Proof trace”: when backtracking, write negation of decisions made

(pva) A (gVr) AN (FVw) A (uVaeVy) A(xVgVz) AN(@Vz)A[GVZE)A(TVE)A(PVa)

QO zVy
Q@ zVy
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Proof Logging for Boolean Satisfiability (SAT) Solving

DPLL and CDCL SAT Solving

Davis-Putnam-Logemann-Loveland (DPLL) SAT Solving from the 1960s

DPLL [DP60, DLL62]: Assign variables and propagate; backtrack when clause violated

“Proof trace”: when backtracking, write negation of decisions made

(pVva) A (gVr) AN (FVw) A (uVaeVy) A(xVgVz) A(@Vz)AGVZE)A(TVE)A(PVa)

QO zVy
Q@ xVy 0
Q =z
0 1
¢ 7

Jakob Nordstrém (UCPH & LU) Sure, Your Algorithm Is Really Fast, But Is It Really Correct? NORM 2026 12/24



Proof Logging for Boolean Satisfiability (SAT) Solving

DPLL and CDCL SAT Solving

Davis-Putnam-Logemann-Loveland (DPLL) SAT Solving from the 1960s

DPLL [DP60, DLL62]: Assign variables and propagate; backtrack when clause violated

“Proof trace”: when backtracking, write negation of decisions made

(pVva) A (gVr) AN (TFVw) A (uVaeVy) A (xVgVz) A(@TVz)ANGVZE)A(TVE)A(PVa)

QO zVy
Q@ xVy 0 1
Q =z

0 1

¢ 7

Jakob Nordstrém (UCPH & LU) Sure, Your Algorithm Is Really Fast, But Is It Really Correct? NORM 2026 12/24



Proof Logging for Boolean Satisfiability (SAT) Solving SDPEEand CDCESAT Solving

Davis-Putnam-Logemann-Loveland (DPLL) SAT Solving from the 1960s

DPLL [DP60, DLL62]: Assign variables and propagate; backtrack when clause violated

“Proof trace”: when backtracking, write negation of decisions made
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Proof Logging for Boolean Satisfiability (SAT) Solving SDPEEand CDCESAT Solving

Davis-Putnam-Logemann-Loveland (DPLL) SAT Solving from the 1960s

DPLL [DP60, DLL62]: Assign variables and propagate; backtrack when clause violated

“Proof trace”: when backtracking, write negation of decisions made
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ng for Boolean Satisfiability (SAT) Solving DPLL and CDCL SAT Solving

@ Backtrack clauses are valid constraints inferred by DPLL algorithm

@ To make this into a proof, need backtrack clauses to be easily verifiable
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Proof Logging for Boolean Satisfiability (SAT) Solving

Reverse Unit Propagation (RUP)

@ Backtrack clauses are valid constraints inferred by DPLL algorithm
@ To make this into a proof, need backtrack clauses to be easily verifiable

Reverse unit propagation (RUP) clause [GN03, Van08]

C'is a reverse unit propagation (RUP) clause with respect to F' if
@ assigning C' to false
@ then unit propagating on F' until saturation

@ leads to contradiction
If so, F' clearly implies C, and this condition is easy to verify efficiently

NORM 2026 13/24
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Proof Logging for Boolean Satisfiability (SAT) Solving

Reverse Unit Propagation (RUP)

@ Backtrack clauses are valid constraints inferred by DPLL algorithm

@ To make this into a proof, need backtrack clauses to be easily verifiable

Reverse unit propagation (RUP) clause [GN03, Van08]

C'is a reverse unit propagation (RUP) clause with respect to F' if

@ assigning C' to false
@ then unit propagating on F' until saturation
@ leads to contradiction

If so, F' clearly implies C, and this condition is easy to verify efficiently

Fact

Backtrack clauses from DPLL solver generate a proof consisting of RUP clauses
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What About Modern Conflict-Driven Clause Learning (CDCL)?

Run CDCL SAT solver [BS97, MS99, MMZ*01] on our favourite CNF formula:
(pVu)A(gVr)ANTVw)AwVezVy) A(zVgVz)AETVz)A[GVZ)A(TVZE)A((DVa)
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Proof Logging for Boolean Satisfiability (SAT) Solving SDPEEand CDCESAT Solving

What About Modern Conflict-Driven Clause Learning (CDCL)?
Run CDCL SAT solver [BS97, MS99, MMZ*01] on our favourite CNF formula:
(pVu)A(gVr)ANTVw)AwVezVy) A(zVgVz)AETVz)A[GVZ)A(TVZE)A((DVa)

Decision
Free choice to assign value to variable

Notation p <0
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Unit propagation
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Always propagate if possible, otherwise decide
Add to assignment trail

Continue until satisfying assignment or conflict
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What About Modern Conflict-Driven Clause Learning (CDCL)?
Run CDCL SAT solver [BS97, MS99, MMZ*01] on our favourite CNF formula:

decision Decision
level 1 Free choice to assign value to variable
Notation p <0
| decision Unit propagation
level 2 Forced choice to avoid falsifying clause
Given p = 0, clause p V@ forces u =0
Notation u "~" 0 (p V@ is reason clause)

decision Always propagate if possible, otherwise decide
level 3 Add to assignment trail
Continue until satisfying assignment or conflict
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Proof Logging for Boolean Satisfiability (SAT) Solving DPLL and CDCL SAT Solving

Time to analyse this conflict and learn from it!

(pVu)A(gVr)ANTVw)AwVezVy) A(zVgVz)AETVz)A[GVZ)A(TVZE)A((DVa)

decision
level 1

decision
level 2

decision
level 3
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decision Could backtrack by erasing conflict level & flipping last
level 1 decision

decision
level 2
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Conflict Analysis

Time to analyse this conflict and learn from it!
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decision COL!l(.j backtrack by erasing conflict level & flipping last
| WP : level 1 decision
| S 4
But want to learn from conflict and cut away as much of
! | decision search space as possible
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! TVw !

Lw =1
1:20
" wvavy !
W ="1 decision
gy ! [ level 3
VyVv evel ¢
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T Tyvz )
R
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Conflict Analysis

Time to analyse this conflict and learn from it!
(pVu)A(gVr)ANTVw)AwVezVy) A(zVgVz)AETVz)A[GVZ)A(TVZE)A((DVa)

Could backtrack by erasing conflict level & flipping last
decision

But want to learn from conflict and cut away as much of
search space as possible
Case analysis over z for last two clauses:

e xVyVzwants z=1

@ yVZwants z=0

@ Merge clauses & remove z — must satisfy z V 7

Repeat until UIP clause with only 1 variable at conflict level
after last decision — learn and backjump
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ng for Boolean Satisfiability (SAT) Solving DPLL and CDCL SAT Solving

Backjump: undo max #decisions while learned clause propagates
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Complete Example of CDCL Execution

Backjump: undo max #decisions while learned clause propagates

(pVu)A(gVr)ANTVw)AwVezVy) A(zVgVz)AETVz)A[GVZ)A(TVZE)A((DVa)

Assertion level 1 (2nd largest level in learned clause) — trim
trail to that level
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Backjump: undo max #decisions while learned clause propagates
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e Assertion level 1 (2nd largest level in learned clause) — trim
z=0 trail to that level

Now UIP literal guaranteed to flip (assert) — but this is a
propagation, not a decision
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Complete Example of CDCL Execution

Backjump: undo max #decisions while learned clause propagates

(pVu)A(@Vr)ANTVw)AwVezVy) A(zVgVz)AETVz)AGVZ)A(TVE)A(DVa)

Assertion level 1 (2nd largest level in learned clause) — trim
trail to that level

Now UIP literal guaranteed to flip (assert) — but this is a
propagation, not a decision

Then continue as before. . .
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Proof Logging for Boolean Satisfiability (SAT) Solving Proof System for SAT Proof Logging

To describe CDCL reasoning, need formal proof system for unsatisfiable formulas
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Proof Logging for Boolean Satisfiability (SAT) Solving

CDCL Reasoning and the Resolution Proof System

To describe CDCL reasoning, need formal proof system for unsatisfiable formulas

Resolution proof system [Bla37, Rob65]
e Start with clauses of formula (axioms)

@ Derive new clauses by resolution rule

CVuz DVz
CcvD

@ Done when contradiction L in form of empty clause derived
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CDCL Reasoning and the Resolution Proof System

To describe CDCL reasoning, need formal proof system for unsatisfiable formulas

Resolution proof system [Bla37, Rob65]
e Start with clauses of formula (axioms)

@ Derive new clauses by resolution rule

CVuz DVZT
CcvD

@ Done when contradiction L in form of empty clause derived

When run on unsatisfiable formula, CDCL generates resolution proof*

(*) Ignores pre- and inprocessing, but we don’t have time to go into this level of detail
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Obtain resolution proof. ..
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Resolution Proofs from CDCL Executions

Obtain resolution proof from our example CDCL execution. . .
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Resolution Proofs from CDCL Executions

Obtain resolution proof from our example CDCL execution by stringing together conflict
analyses:
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Proof Logging for Boolean Satisfiability (SAT) Solving Proof System for SAT Proof Logging

But it turns out we can be lazier. ..

Fact
All learned clauses generated by CDCL solver are RUP clauses
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RUP Proofs and CDCL

But it turns out we can be lazier. ..

Fact
All learned clauses generated by CDCL solver are RUP clauses J

So a shorter short proof of unsatisfiability for

(pVa) A (gVr)AN(TFVw) A (uVeVy) A(zVgVz) A@Vz)ANGVE)A(@TVE)APVa)

is the sequence of reverse unit propagation (RUP) clauses
QO uvzey
(2 I
Qo L
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So a shorter short proof of unsatisfiability for
(pVu) A (gVr)ANTFVw) A (uVeVy) A(xzVgVz) A@Vz)ANGVE)A(@TVE)A(DVa)

is the sequence of reverse unit propagation (RUP) clauses
QO uvze
(2 I
Qo L
NORM 2026 19/24



Why Aren't We Done?

Practical limitations of current SAT proof logging technology:
e Difficulties dealing with stronger reasoning efficiently (even for SAT solving)

@ Clausal proofs can't easily reflect what algorithms for other problems do
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Why Aren't We Done?

Practical limitations of current SAT proof logging technology:
e Difficulties dealing with stronger reasoning efficiently (even for SAT solving)

@ Clausal proofs can't easily reflect what algorithms for other problems do

Surprising claim: Eliminate these problems by changing proof format to pseudo-Boolean
constraints like
T1 + 2%9 + 3x3 + 4T4 + Ox5 > 7
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Why Aren't We Done?

Practical limitations of current SAT proof logging technology:
e Difficulties dealing with stronger reasoning efficiently (even for SAT solving)

@ Clausal proofs can't easily reflect what algorithms for other problems do

Surprising claim: Eliminate these problems by changing proof format to pseudo-Boolean
constraints like
T1 + 2%9 + 3x3 + 4T4 + Ox5 > 7
@ 0-1 linear inequalities >_; a;¢; > A
0 a;,AeZ

o literals ¢;: z; or T; (where z; + T; = 1)
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Why Aren't We Done?

Practical limitations of current SAT proof logging technology:
e Difficulties dealing with stronger reasoning efficiently (even for SAT solving)

@ Clausal proofs can't easily reflect what algorithms for other problems do

Surprising claim: Eliminate these problems by changing proof format to pseudo-Boolean
constraints like
T1 + 2%9 + 3x3 + 4T4 + Ox5 > 7

@ 0-1 linear inequalities >, a;¢; > A
0 a;,AeZ

o literals ¢;: x; or T; (where x; + T; = 1)
Use pseudo-Boolean reasoning with (extension of) the cutting planes proof system [CCT87]
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Successful Applications of Pseudo-Boolean Proof Logging with VERIPB

Surprisingly, pseudo-Boolean reasoning is sufficient to efficiently certify a wide range of
combinatorial solving techniques and paradigms:

Jakob Nordstrém (UCPH & LU) Sure, Your Algorithm Is Really Fast, But Is It Really Correct? NORM 2026 21/24



Successful Applications of Pseudo-Boolean Proof Logging with VERIPB

Surprisingly, pseudo-Boolean reasoning is sufficient to efficiently certify a wide range of
combinatorial solving techniques and paradigms:
@ Boolean satisfiability (SAT) solving including advanced techniques such as

» Gaussian elimination [GN21]
» symmetry breaking [BGMN23, ABB"26b]

SAT-based optimization (MaxSAT) [VDB22, BBN23, BBN*24, I0T+24, VCB26]
Pseudo-Boolean solving and optimization [GMNO22, KLM*25]

Graph solving [GMN20, GMM*20, GMM™*24, DKK*26]

Dynamic programming and decision diagrams [DMM™24]

Presolving in 0-1 integer linear programming [HOGN24]

Constraint programming [EGMN20, GMN22, MM23, MMN24, MM25]

Automated planning [DHN™25]

Enumeration of solutions/models [MNOT26]
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Future Challenges

User-friendliness
@ Make proof logging easier for solver authors

@ Make proof checking faster
@ Improve support beyond {0, 1}-valued problems for, e.g.,

> Mixed integer linear programming (suggested extension of VERIPB in [DEGH23])
» Satisfiability modulo theories (SMT) solving (lots of work in, e.g., [HS22, BBCT 23, RSB* 26])
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Future Challenges

User-friendliness
@ Make proof logging easier for solver authors

@ Make proof checking faster
@ Improve support beyond {0, 1}-valued problems for, e.g.,
> Mixed integer linear programming (suggested extension of VERIPB in [DEGH23])

» Satisfiability modulo theories (SMT) solving (lots of work in, e.g., [HS22, BBCt 23, RSB 26])
Explainability, robustness, fairness
o Certified explanations for decisions or classifications?
@ Proofs of neural network robustness to limited input perturbations?

@ Rigorous symbolic reasoning about fairness?
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Future Challenges

User-friendliness
@ Make proof logging easier for solver authors
@ Make proof checking faster

@ Improve support beyond {0, 1}-valued problems for, e.g.,
> Mixed integer linear programming (suggested extension of VERIPB in [DEGH23])

» Satisfiability modulo theories (SMT) solving (lots of work in, e.g., [HS22, BBCt 23, RSB 26])
Explainability, robustness, fairness
o Certified explanations for decisions or classifications?
@ Proofs of neural network robustness to limited input perturbations?

@ Rigorous symbolic reasoning about fairness?

Lots of other challenging problems and interesting ideas

@ This talk will probably sound quite different in two-three years from now
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VERIPB Resources
VERIPB tutorials, technical documentation, and more information at
https://VeriPB.org

Tutorial series with videos and slides from WHOOPS 25 workshop at
https://jakobnordstrom.se/WHOOPS25/

Technical details in papers [EGMN20, GMN20, GMM™20, GN21, GMN22, GMNO22, VDB22,
BBNT23, BGMN23, MM23, BBNT24, DMM*24, GMM*24, HOGN24, I0T 24, MMN24,
DHNT25, JBBJ25, KLM*25, MM25, ABB*26a, ABB*26b, DKK*26, MNOT26, VCB26] and
PhD theses [Goc22, Mcl26, Oer26]

Lots of concrete example files at https://gitlab.com/MIAOresearch/software/VeriPB
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VERIPB Resources
VERIPB tutorials, technical documentation, and more information at
https://VeriPB.org

Tutorial series with videos and slides from WHOOPS 25 workshop at
https://jakobnordstrom.se/WHOOPS25/

Technical details in papers [EGMN20, GMN20, GMM™20, GN21, GMN22, GMNO22, VDB22,
BBNT23, BGMN23, MM23, BBNT24, DMM*24, GMM*24, HOGN24, I0T 24, MMN24,
DHNT25, JBBJ25, KLM*25, MM25, ABB*26a, ABB*26b, DKK*26, MNOT26, VCB26] and
PhD theses [Goc22, Mcl26, Oer26]

Lots of concrete example files at https://gitlab.com/MIAOresearch/software/VeriPB

We're happy to collaborate — please get in touch if you have computationally challenging
problems where correctness is absolutely crucial!
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VERIPB Resources
VERIPB tutorials, technical documentation, and more information at
https://VeriPB.org

Tutorial series with videos and slides from WHOOPS 25 workshop at
https://jakobnordstrom.se/WHOOPS25/

Technical details in papers [EGMN20, GMN20, GMM™20, GN21, GMN22, GMNO22, VDB22,
BBNT23, BGMN23, MM23, BBNT24, DMM*24, GMM*24, HOGN24, I0T 24, MMN24,
DHNT25, JBBJ25, KLM*25, MM25, ABB*26a, ABB*26b, DKK*26, MNOT26, VCB26] and
PhD theses [Goc22, Mcl26, Oer26]

Lots of concrete example files at https://gitlab.com/MIAOresearch/software/VeriPB

We're happy to collaborate — please get in touch if you have computationally challenging
problems where correctness is absolutely crucial!

And we're hiring — talk to me if you want to join the proof logging revolution! ©®
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Summing up

@ Automated reasoning and combinatorial solving are true success stories
@ But ensuring correctness is a crucial, and not yet satisfactorily addressed, concern

o Certifying solvers producing machine-verifiable proofs of correctness is the most promising
approach

o Cutting planes reasoning with pseudo-Boolean constraints seems to hit a sweet spot
between simplicity and expressivity

@ Action point: What problems can VERIPB solve for you? ©
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Summing up

Automated reasoning and combinatorial solving are true success stories

@ But ensuring correctness is a crucial, and not yet satisfactorily addressed, concern

Certifying solvers producing machine-verifiable proofs of correctness is the most promising
approach

Cutting planes reasoning with pseudo-Boolean constraints seems to hit a sweet spot
between simplicity and expressivity

Action point: What problems can VERIPB solve for you? ©

Thank you for your attention!
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More on Pseudo-Boolean Reasoning

@ Clauses
r1VT2Vry < x1+To+xz3>1

@ Cardinality constraints
T1+ T2+ a3+ 74 > 2

© General pseudo-Boolean constraints

1+ 2% + 323 +4T4 + Sw5 > 7

Jakob Nordstrém (UCPH & LU) Sure, Your Algorithm Is Really Fast, But Is It Really Correct?



Some Extra Slides More on Pseudo-Boolean Reasoning

Input/model axioms From the input
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Some Extra Slides More on Pseudo-Boolean Reasoning

Input/model axioms From the input

Literal axioms ;>0
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Some Extra Slides More on Pseudo-Boolean Reasoning

Input/model axioms From the input
Literal axioms ;>0

Yiail; > A > bil; > B
Yoilai+bi)t; > A+ B

Addition
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Pseudo-Boolean Reasoning: Cutting Planes [CCT87]

Input/model axioms From the input

Literal axioms 0. >0
1

Yaaili > A >.ibil; > B
doilai +b)l; > A+ B

Addition

Yoiail; > A

Multiplication for any ¢ € N*
Yoicail; > cA
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Pseudo-Boolean Reasoning: Cutting Planes [CCT87]

Input/model axioms From the input

Literal axioms >0
1

cails > bl >
Addition Siaili >A Y, bil; > B
Silai+b))t; > A+ B

Yoiail; > A
Yoicail; > cA

Multiplication for any ¢ € N*

Division for any ¢ € N* Yiaili > A
(assumes normalized form) >, (4] > M"
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Some Extra Slides More on Pseudo-Boolean Reasoning

w4+2r+y>2
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Some Extra Slides More on Pseudo-Boolean Reasoning

w4+2r+y>2

Multiply by 2
TP 2w+4xr +2y > 4
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Some Extra Slides More on Pseudo-Boolean Reasoning

w4+2r+y>2
2w+4r 42y >4 w~+2r+4y+22>5

Multiply by 2
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Some Extra Slides More on Pseudo-Boolean Reasoning

w4+2r+y>2
2w+4r 42y >4 w+2x +4y +22>5
3w+ 6x +6y+22>9

Multiply by 2
Add
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Some Extra Slides More on Pseudo-Boolean Reasoning

w4+2r+y>2
2w+4r 42y >4 w+2x +4y +22>5 zZ>0
3w+ 6x +6y+22>9

Multiply by 2
Add
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More on Pseudo-Boolean Reasoning

w+2r+y>2
2w+ 4x + 2y > 4 w2 +4y+22>5 z>0
3w+ 6x+6y+22>9 22> 0

Multiply by 2
Add

Multiply by 2
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Some Extra Slides More on Pseudo-Boolean Reasoning

w+2r+y>2
2w+ 4x + 2y > 4 w2 +4y+22>5 z>0
3w+ 6x+6y+22>9 22> 0
3w+ 6b6x+6y+22+22>9

Multiply by 2

Add Multiply by 2

Add
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Some Extra Slides More on Pseudo-Boolean Reasoning

w+2r+y>2

Multiply by 2
2w+ 4x +2y > 4 w+2r+4y+22>5 z>0
Add Multiply by 2
3w + 6z + 6y + 22 > 9 2z>0
Add
3w+ 6x + 6y + 2 >9
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Some Extra Slides More on Pseudo-Boolean Reasoning

w+2r+y>2

Multiply by 2
2w+ 4x +2y > 4 w+2r+4y+22>5 z>0
Add Multiply by 2
3w+ 6x+6y+22>9 22> 0
Add
3w + 6x + 6y >17
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Some Extra Slides More on Pseudo-Boolean Reasoning

w+2r+y>2

Multiply by 2
2w+ 4x +2y > 4 w+2r+4y+22>5 z>0
Add Multiply by 2
3w+ 6x+6y+22>9 22> 0
Add
3w + 6x + 6y >17
Divide by 3

w+2x+2y22%
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Some Extra Slides More on Pseudo-Boolean Reasoning

w+2r+y>2

Multiply by 2
2w+ 4x + 2y > 4 w2 +4y+22>5 z>0
Add Multiply by 2
3w+ 6x+6y+22>9 22> 0
Add
3w + 6x + 6y >17
Divide by 3

w4 2x+2y >3
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Some Extra Slides More on Pseudo-Boolean Reasoning

w+2r+y>2

Multiply by 2
2w+ 4 +2y >4 w+2x +4y+22>5 20
Add Multiply by 2
3w+ 6x+6y+22>9 z >0
Add
3w + 6x + 6y >17
Divide by 3

w4 2x+2y >3

By referring to constraints by labels and to literal axioms by the literal involved as
0C1 = 2x4+y+w>2
0C2 = 2z 4+4y+22+w>5
~z = 7zZ2>0
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Cutting Planes Toy Example

Multiply by 2
2w+ 4 +2y >4
Add Multiply by 2
3w+ 6x+6y+22>9 22> 0
Add
3w + 6x + 6y >7
Divide by 3

w+2x+2y >3

By referring to constraints by labels and to literal axioms by the literal involved as
= 20 +y+w>2
= 20+4y+2z2+w>5
=2z2>0
such a calculation is written in the proof log in reverse Polish notation as
pol 2 % + 2 x + 3 d ;
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More on Pseudo-Boolean Reasoning

To simulate resolution step such as
yVZ  xzVyVz

VY
we can perform the cutting planes steps
y+z>1 r+y+z22>1
r+2y>1
r+g>1

Add
Divide by 2
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. comeFduSle  MoeonPswdoBookeanReasonng
Resolution and Cutting Planes

To simulate resolution step such as

TVZ AVATAVE

rVy
we can perform the cutting planes steps
74+z>1  z4y+z>1
r+2y>1
r+y=>1

Add

Divide by 2

Given that the premises are clauses 7 and 5 in our example CNF formula, using references

=y+z>1
=zx+y+z2>1
we can write this in the proof log as
pol + 2 d
Jakob Nordstrém (UCPH & LU) Sure, Your Algorithm Is Really Fast, But Is It Really Correct?
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Pseudo-Boolean Proof Logging — How and Why?

If problem is (special case of) 0-1 integer linear program

@ just do proof logging [basically: add print statements to solver code]
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Pseudo-Boolean Proof Logging — How and Why?

If problem is (special case of) 0-1 integer linear program

@ just do proof logging [basically: add print statements to solver code]
Otherwise

@ do trusted or verified translation to 0-1 ILP

@ do proof logging for 0-1 ILP formulation [but solver still works with original input]
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Pseudo-Boolean Proof Logging — How and Why?

If problem is (special case of) 0-1 integer linear program

@ just do proof logging [basically: add print statements to solver code]
Otherwise

@ do trusted or verified translation to 0-1 ILP

@ do proof logging for 0-1 ILP formulation [but solver still works with original input]

Goldilocks compromise between expressivity and simplicity:
@ 0-1 ILP expressive formalism for combinatorial problems (including objective)

@ Powerful reasoning capturing many combinatorial arguments
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Some Extra Slides More on Proof Logging Design Principles

Input
P Solver Answer

T Proof

Checker |————
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Some Extra Slides More on Proof Logging Design Principles

Input Answer
— et Solver

T Proof

Checker |————

Encoded input
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Some Extra Slides More on Proof Logging Design Principles

Proof Logging with Formally Verified Checking: Full Workflow

Solver

|
|
|
|
Answer I
|
|
|
|
|

T Proof

Checker (+——

Encoded input

Elaborated proof

Formally verified checker _‘/L.
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Some Extra Slides More on Proof Logging Design Principles

[ABB+26a]

[ABB+26b]

[ABM*11]

[AGJ+18]

Berhan Oumer Adame, Bart Bogaerts, Benjamin Bogg, Simon Dold, Arthur Gontier, Wietze Koops, Ciaran
McCreesh, Matthew Mcllree, Jakob Nordstrém, Andy Oertel, Adridn Rebola-Pardo, and Mark Turnbull.
Trimming pseudo-Boolean proofs. In Proceedings of the 26th Conference on Formal Methods in
Computer-Aided Design (FMCAD ’'26), pages 743-756, September 2026.

Markus Anders, Bart Bogaerts, Benjamin Bogg, Arthur Gontier, Wietze Koops, Ciaran McCreesh,
Magnus O. Myreen, Jakob Nordstrém, Andy Oertel, Adrian Rebola-Pardo, and Yong Kiam Tan. Faster
certified symmetry breaking using orders with auxiliary variables. In Proceedings of the 40th AAAI
Conference on Artificial Intelligence (AAAI '26), pages 14140-14148, January 2026.

Eyad Alkassar, Sascha Béhme, Kurt Mehlhorn, Christine Rizkallah, and Pascal Schweitzer. An introduction
to certifying algorithms. it - Information Technology Methoden und innovative Anwendungen der Informatik
und Informationstechnik, 53(6):287—-293, December 2011.

Ozgiir Akgiin, lan P. Gent, Christopher Jefferson, lan Miguel, and Peter Nightingale. Metamorphic testing
of constraint solvers. In Proceedings of the 24th International Conference on Principles and Practice of
Constraint Programming (CP '18), volume 11008 of Lecture Notes in Computer Science, pages 727-736.
Springer, August 2018.
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Some Extra Slides More on Proof Logging Design Principles

[AW13]

[BBOY]

[BBCH23]

[BBN+23]

[BBN+24]

Tobias Achterberg and Roland Wunderling. Mixed integer programming: Analyzing 12 years of progress. In
Michael Jiinger and Gerhard Reinelt, editors, Facets of Combinatorial Optimization, pages 449-481.
Springer, 2013.

Robert Brummayer and Armin Biere. Fuzzing and delta-debugging SMT solvers. In Proceedings of the 7th
International Workshop on Satisfiability Modulo Theories (SMT '09), pages 1-5, August 2009.

Haniel Barbosa, Clark Barrett, Byron Cook, Bruno Dutertre, Gereon Kremer, Hanna Lachnitt, Aina
Niemetz, Andres Nétzli, Alex Ozdemir, Mathias Preiner, Andrew Reynolds, Cesare Tinelli, and Yoni Zohar.
Generating and exploiting automated reasoning proof certificates. Communications of the ACM,
66(10):86-95, October 2023.

Jeremias Berg, Bart Bogaerts, Jakob Nordstrédm, Andy Oertel, and Dieter Vandesande. Certified core-guided
MaxSAT solving. In Proceedings of the 29th International Conference on Automated Deduction (CADE-29),
volume 14132 of Lecture Notes in Computer Science, pages 1-22. Springer, July 2023.

Jeremias Berg, Bart Bogaerts, Jakob Nordstrém, Andy Oertel, Tobias Paxian, and Dieter Vandesande.
Certifying without loss of generality reasoning in solution-improving maximum satisfiability. In Proceedings
of the 30th International Conference on Principles and Practice of Constraint Programming (CP '24),
volume 307 of Leibniz International Proceedings in Informatics (LIPlcs), pages 4:1-4:28, September 2024.
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More on Proof Logging Design Principles

[BGMN23]

[BHYMW21]

[Bla37]
[BLB10]

[BMN22]

[BRO7]

Bart Bogaerts, Stephan Gocht, Ciaran McCreesh, and Jakob Nordstrém. Certified dominance and symmetry
breaking for combinatorial optimisation. Journal of Artificial Intelligence Research, 77:1539-1589, August
2023. Preliminary version in AAAI '22.

Armin Biere, Marijn J. H. Heule, Hans van Maaren, and Toby Walsh, editors. Handbook of Satisfiability,
volume 336 of Frontiers in Artificial Intelligence and Applications. 10S Press, 2nd edition, February 2021.

Archie Blake. Canonical Expressions in Boolean Algebra. PhD thesis, University of Chicago, 1937.

Robert Brummayer, Florian Lonsing, and Armin Biere. Automated testing and debugging of SAT and QBF
solvers. In Proceedings of the 13th International Conference on Theory and Applications of Satisfiability
Testing (SAT ’'10), volume 6175 of Lecture Notes in Computer Science, pages 44-57. Springer, July 2010.

Bart Bogaerts, Ciaran McCreesh, and Jakob Nordstrém. Solving with provably correct results: Beyond
satisfiability, and towards constraint programming. Tutorial at the 28th International Conference on
Principles and Practice of Constraint Programming. Slides available at
https://jakobnordstrom.se/presentations/, August 2022.

Robert Bixby and Edward Rothberg. Progress in computational mixed integer programming—A look back
from the other side of the tipping point. Annals of Operations Research, 149(1):37-41, February 2007.
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Some Extra Slides More on Proof Logging Design Principles

[BS97]

[CCT87]

[CKSW13]

[DEGH23]

[DHN25]

Roberto J. Bayardo Jr. and Robert Schrag. Using CSP look-back techniques to solve real-world SAT
instances. In Proceedings of the 14th National Conference on Artificial Intelligence (AAAI '97), pages
203-208, July 1997.

William Cook, Collette Rene Coullard, and Gyérgy Turan. On the complexity of cutting-plane proofs.
Discrete Applied Mathematics, 18(1):25-38, November 1987.

William Cook, Thorsten Koch, Daniel E. Steffy, and Kati Wolter. A hybrid branch-and-bound approach for
exact rational mixed-integer programming. Mathematical Programming Computation, 5(3):305-344,
September 2013.

Jasper van Doornmalen, Leon Eifler, Ambros Gleixner, and Christopher Hojny. A proof system for certifying
symmetry and optimality reasoning in integer programming. Technical Report 2311.03877, arXiv.org,
November 2023.

Simon Dold, Malte Helmert, Jakob Nordstrém, Gabriele Réger, and Tanja Schindler. Pseudo-Boolean proof
logging for optimal classical planning. In Proceedings of the 35th International Conference on Automated
Planning and Scheduling (ICAPS '25), pages 54—-63, November 2025.
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Some Extra Slides More on Proof Logging Design Principles

[DKK+26]

[DLL62]

[DMM+24]

[DP60]

[EG23]

Simon Dold, George Katsirelos, Wietze Koops, Magnus O. Myreen, Jakob Nordstrém, Andy Oertel, and
Yong Kiam Tan. End-to-end certified graph colouring. In Proceedings of the 32nd International Conference
on Principles and Practice of Constraint Programming (CP '26), volume 379 of Leibniz International
Proceedings in Informatics (LIPlcs), pages 21:1-21:27, July 2026.

Martin Davis, George Logemann, and Donald Loveland. A machine program for theorem proving.
Communications of the ACM, 5(7):394-397, July 1962.

Emir Demirovi¢, Ciaran McCreesh, Matthew Mcllree, Jakob Nordstrom, Andy Oertel, and Konstantin
Sidorov. Pseudo-Boolean reasoning about states and transitions to certify dynamic programming and
decision diagram algorithms. In Proceedings of the 30th International Conference on Principles and Practice
of Constraint Programming (CP '24), volume 307 of Leibniz International Proceedings in Informatics
(LIPIcs), pages 9:1-9:21, September 2024.

Martin Davis and Hilary Putnam. A computing procedure for quantification theory. Journal of the ACM,
7(3):201-215, 1960.

Leon Eifler and Ambros Gleixner. A computational status update for exact rational mixed integer
programming. Mathematical Programming, 197(2):793-812, February 2023. Preliminary version in
IPCO "21.
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