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Introduction
900000000

Combinatorial Solving and Optimisation

m Revolution last couple of decades in combinatorial solvers for

m Boolean satisfiability (SAT) solving [BHYMW21]'
m Constraint programming (CP) [RvBW06]
m Mixed integer linear programming (MIP) [AW13, BR07]

m Solve NP-complete problems (or worse) very successfully in practice!

Except solvers are sometimes wrong... (Even best commercial ones)
[BLB10, CKSW13, AGJ*18, GSD19, BMN22, GCS23]

m Solvers can propose infeasible “solutions” (but such errors can be detected)
m More challenging: How to achieve reliable claims of infeasibility?

m Or that a solution is optimal? (Even off-by-one mistakes can snowball into large errors if
solver used as subroutine)

TSee end of slides for all references with bibliographic details

Jakob Nordstrom (UCPH & LU) The Joy of Pseudo-Boolean Proc ACP Summer School 26 4/128
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What Can Be Done About Solver Bugs?

m Software testing

Very useful, but bugs slip through even with careful domain-specific testing
Progress using fuzzing and delta debugging [BB09, BLB10, KB22, NPB22, PB23]
But testing inherently can only detect presence of bugs, not absence
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Very useful, but bugs slip through even with careful domain-specific testing
Progress using fuzzing and delta debugging [BB09, BLB10, KB22, NPB22, PB23]
But testing inherently can only detect presence of bugs, not absence

m Formal methods
Prove that solver implementation adheres to formal specification

Current formal verification techniques cannot scale to level of complexity in modern solvers
(Despite valiant efforts in, e.g., [Fle20])

Jakob Nordstrom (UCPH & LU)

The Joy of Pseudo-Boolean Proc

ACP Summer School 26 5/128



Introduction
O@0000000

What Can Be Done About Solver Bugs?

m Software testing
Very useful, but bugs slip through even with careful domain-specific testing
Progress using fuzzing and delta debugging [BB09, BLB10, KB22, NPB22, PB23]
But testing inherently can only detect presence of bugs, not absence

m Formal methods
Prove that solver implementation adheres to formal specification
Current formal verification techniques cannot scale to level of complexity in modern solvers
(Despite valiant efforts in, e.g., [Fle20])

m Proof logging
Make solver certifying [ABM*11, MMNS11] by adding code so that it outputs
not only answer but also
simple, machine-verifiable proof that answer is correct
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Proof Logging with Certifying Solvers: Workflow

Input Answer
Solver

Run combinatorial solving algorithm on problem input
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Proof Logging with Certifying Solvers: Workflow

Input Answer
Solver

T Proof

Checker

Run combinatorial solving algorithm on problem input

Get as output not only answer but also proof

Feed input + answer + proof to proof checker
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Proof Logging with Certifying Solvers: Workflow

Input Answer
Solver

( Proof Checker %

Run combinatorial solving algorithm on problem input
Get as output not only answer but also proof
Feed input + answer + proof to proof checker

Verify that proof checker says answer is correct

ACP Summer School 26  6/128
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Proof Logging Desiderata

Input
B Solver

Proof L} Checker 1%

Proof format for certifying solver

should be
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Proof format for certifying solver

should be

m very powerful: minimal overhead for sophisticated reasoning
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Proof Logging Desiderata

Input
B Solver

Proof L} Checker 1%

Proof format for certifying solver

should be

m very powerful: minimal overhead for sophisticated reasoning

m dead simple: checking correctness of proofs should be trivial

Clear conflict expressivity vs. simplicity!
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Proof Logging Desiderata

Input
B Solver

/X

Proof ot Checker

Proof format for certifying solver

should be
m very powerful: minimal overhead for sophisticated reasoning

m dead simple: checking correctness of proofs should be trivial

Clear conflict expressivity vs. simplicity!

Asking for both perhaps a little bit too good to be true?

ACP Summer School 26 7/128
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Some Previous Proof Logging Work

Boolean satisfiability (SAT) solving
m Well established since over decade with several proof formats such as
DRAT [HHW13a, HHW13b, WHH14], GRIT [CMS17], LRAT [CHH*17], ...
m But no efficient support for most advanced techniques such as

m Gaussian elimination
m symmetry breaking

m And only for decision problems, not optimization (MaxSAT)
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DRAT [HHW13a, HHW13b, WHH14], GRIT [CMS17], LRAT [CHH*17], ...
m But no efficient support for most advanced techniques such as

m Gaussian elimination
m symmetry breaking

m And only for decision problems, not optimization (MaxSAT)

Constraint programming
m Either have to trust that propagations done correctly [DFS12, OSC09, VS10]
m Or suffer from exponential slow-down to generate verifiable proofs [GCS23]
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Some Previous Proof Logging Work

Boolean satisfiability (SAT) solving

m Well established since over decade with several proof formats such as
DRAT [HHW13a, HHW13b, WHH14], GRIT [CMS17], LRAT [CHH*17], ...
m But no efficient support for most advanced techniques such as

m Gaussian elimination
m symmetry breaking

m And only for decision problems, not optimization (MaxSAT)

Constraint programming
m Either have to trust that propagations done correctly [DFS12, OSC09, VS10]
m Or suffer from exponential slow-down to generate verifiable proofs [GCS23]

Mixed integer linear programming
m Work on proof format VIPR [CGS17, EG23]
m But only for exact solving and without support for advanced techniques
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Take-Away Message from This Tutorial

Proof logging for sophisticated combinatorial solvers is possible!

Jakob Nordstrom (UCPH & LU) The Joy of Pseudo-Boolean Pr ummer School '26 9


https://VeriPB.org
https://jakobnordstrom.se/presentations/

Introduction
0O0000e000

Take-Away Message from This Tutorial

Proof logging for sophisticated combinatorial solvers is possible!
m With single, unified method!

m Producing proofs in simple format calculating with 0-1 integer linear inequalities
(a.k.a. pseudo-Boolean constraints)

m Implemented in VErIPB (https://VeriPB.org)
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Proof logging for sophisticated combinatorial solvers is possible!
m With single, unified method!

m Producing proofs in simple format calculating with 0-1 integer linear inequalities
(a.k.a. pseudo-Boolean constraints)

m Implemented in VErIPB (https://VeriPB.org)

Purpose of this presentation:
Marketing pitch ©®
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Take-Away Message from This Tutorial

Proof logging for sophisticated combinatorial solvers is possible!

m With single, unified method!

m Producing proofs in simple format calculating with 0-1 integer linear inequalities
(a.k.a. pseudo-Boolean constraints)

m Implemented in VErIPB (https://VeriPB.org)

Purpose of this presentation:
Marketing pitch ©®

Explain pseudo-Boolean proof logging basics
(to prepare for Ciaran McCreesh’s talk on CP proof logging tomorrow)
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Take-Away Message from This Tutorial

Proof logging for sophisticated combinatorial solvers is possible!

m With single, unified method!

m Producing proofs in simple format calculating with 0-1 integer linear inequalities
(a.k.a. pseudo-Boolean constraints)

m Implemented in VErIPB (https://VeriPB.org)

Purpose of this presentation:
Marketing pitch ©®

Explain pseudo-Boolean proof logging basics
(to prepare for Ciaran McCreesh’s talk on CP proof logging tomorrow)

Provide pointers for further reading

These slides with references are online at https://jakobnordstrom.se/presentations/

Jakob Nordstrom (UCPH & LU) The Joy of Pseudo-Boolean Proc g ACP Summer School 26 9/128


https://VeriPB.org
https://jakobnordstrom.se/presentations/

Introduction
0O00000e00

Software for Exercises Tomorrow Thursday

[m] %% [m] [=]

(=] (=]

See README . md and files in slides-proofs/
See README .md and try to run veripb justified.opb justified.pbp

Interactive mode (Linux and Mac only?); see README . md and then use
cargo run -p veripb-repl -m path-to-veripb-repl/Cargo.toml

Jakob Nordstrom (UCPH & LU) The Joy of Pseudo-Boolean Proof L ACP Summer School 26 10/128
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The Sales Pitch For Proof Logging

Certifies correctness of computed results
Detects errors even if due to compiler bugs, hardware failures, or cosmic rays

Provides debugging support during software development
[GMM*20, KM21, BBN*23, EG23, KLM*25, DKK*26]

Jakob Nordstrom (UCPH & LU) The Joy of Pseudo-Boolean Proc ACP Summer School "26 11/128



Introduction
000000080

The Sales Pitch For Proof Logging

Certifies correctness of computed results
Detects errors even if due to compiler bugs, hardware failures, or cosmic rays

Provides debugging support during software development
[GMM*20, KM21, BBN*23, EG23, KLM*25, DKK*26]

Facilitates performance analysis

Jakob Nordstrom (UCPH & LU) The Joy of Pseudo-Boolean Proc ACP Summer School "26 11/128



Introduction
000000080

The Sales Pitch For Proof Logging

Certifies correctness of computed results
Detects errors even if due to compiler bugs, hardware failures, or cosmic rays

Provides debugging support during software development
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Facilitates performance analysis

Helps identify potential for further improvements
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Detects errors even if due to compiler bugs, hardware failures, or cosmic rays

Provides debugging support during software development
[GMM*20, KM21, BBN*23, EG23, KLM*25, DKK*26]

Facilitates performance analysis
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Helps identify potential for further improvements
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The Sales Pitch For Proof Logging

Certifies correctness of computed results
Detects errors even if due to compiler bugs, hardware failures, or cosmic rays

Provides debugging support during software development
[GMM*20, KM21, BBN*23, EG23, KLM*25, DKK*26]

>

Facilitates performance analysis

=

Helps identify potential for further improvements

&

Enables auditability

=

Serves as stepping stone towards explainability
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Design Principles for Proof Logging

Proof logging implementation

m Don’t change solver

m Just add proof logging print statements (plus some book-keeping) to solver code
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Design Principles for Proof Logging

Proof logging implementation

m Don’t change solver

m Just add proof logging print statements (plus some book-keeping) to solver code

Performance goals

m Proof logging overhead small constant fraction of running time (< 10%)

m Proof checking time within constant factor of solving time (current aim 5 X10)
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Design Principles for Proof Logging

Proof logging implementation

m Don’t change solver

m Just add proof logging print statements (plus some book-keeping) to solver code

Performance goals
m Proof logging overhead small constant fraction of running time (< 10%)

m Proof checking time within constant factor of solving time (current aim 5 X10)

Proof system
m Keep language simple — no XOR constraints, CP propagators, symmetry groups, ...
m But reason efficiently about such notions using power of proof system

m Combine proof logging with formally verified proof checker
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Proof Logging for SAT
©0000000000000

But Let Us Start from the Beginning...

Review of some basic concepts:
m SATISFIABILITY (SAT) problem
m Unit propagation
m DPLL and CDCL algorithms

m Resolution proof system

Jakob Nordstrom (UCPH & LU) The Joy of Pseudo-Boolean Proc
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Proof Logging for SAT
0®000000000000

The SATISFIABILITY (SAT) Problem

m Variable x: takes value true (=1) or false (=0)
m Literal £: variable x or its negation x

m Clause C =4 V - - V £: disjunction of literals
(Consider as sets, so no repetitions and order irrelevant)

m Conjunctive normal form (CNF) formula F = C; A - - - A Cpy: conjunction of clauses

The SAT Problem

Given a CNF formula F, is it satisfiable?

For instance, what about:

PVU)A@VI)ATVWA(UVXVY) A
(xVygVa) AEVZDAGVZAEXVZ)A(PVU

Jakob Nordstrom (UCPH & LU) The Joy of Pseudo-Boolean Proc g ACP Summer School 26 14/128



ogging for SAT
000000000

Proofs for SAT

For satisfiable instances: just specify satisfying assignment

For unsatisfiability: a sequence of clauses (CNF constraints)
m Each clause follows “obviously” from everything we know so far

m Final clause is empty, meaning contradiction (written L)
m Means original formula must be inconsistent

Jakob Nordstrom (UCPH & LU)
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Proof Logging for SAT
000®0000000000

What Is Obvious? Unit Propagation

Unit Propagation

Clause C unit propagates ¢ under partial assignment p if p falsifies all literals in C except ¢
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What Is Obvious? Unit Propagation

Unit Propagation

Clause C unit propagates ¢ under partial assignment p if p falsifies all literals in C except ¢

Example: Unit propagate for p = {p — 0,q — 0} on our formula

(pvu) A(gvr) A(TVw) A (uVvxVy A (xVyVvz) A (xVz) A(yVvz) A(xVzZ) A (pVu)
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What Is Obvious? Unit Propagation

Unit Propagation

Clause C unit propagates ¢ under partial assignment p if p falsifies all literals in C except ¢

Example: Unit propagate for p = {p — 0,q — 0} on our formula
(pvu)y A(gvr) A(TVw)A(@uVxVy AxVyVvz) A (xVz) A(yVvz) A(xVzZ) A (pVi)

m p V u propagates u — 0

Jakob Nordstrom (UCPH & LU) The Joy of Pseudo-Boolean Proof Logging ACP Summer School 26 16/128



Proof Logging for SAT
000®0000000000

What Is Obvious? Unit Propagation

Unit Propagation

Clause C unit propagates ¢ under partial assignment p if p falsifies all literals in C except ¢

Example: Unit propagate for p = {p — 0,q — 0} on our formula
(pvu)y A(gvr) A(TVw) A (uVxVy AxVyVvz) A (xVz) A(yVvz) A(xVzZ) A (pVi)

m p V u propagates u — 0

m g Vr propagatesr i— 1
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What Is Obvious? Unit Propagation

Unit Propagation

Clause C unit propagates ¢ under partial assignment p if p falsifies all literals in C except ¢

Example: Unit propagate for p = {p — 0,q — 0} on our formula
(pVvu)y A(gvr) A(TVw)A(@VxVy AxVyVvz) A (xVz) A(yVvz) A(xVzZ) A (pViu)

m p V u propagates u — 0
m g Vr propagatesr i— 1

m Then7 V w propagates w — 1
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What Is Obvious? Unit Propagation

Unit Propagation

Clause C unit propagates ¢ under partial assignment p if p falsifies all literals in C except ¢

Example: Unit propagate for p = {p — 0,q — 0} on our formula
(pVvu)y A(gvr) A(TVw)A(@VxVy AxVyVvz) A (xVz) A(yVvz) A(xVzZ) A (pViu)

m p V u propagates u — 0
m g Vr propagatesr i— 1
m Then 7 V w propagates w — 1

m No further unit propagations
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Proof Logging for SAT
000®0000000000

What Is Obvious? Unit Propagation

Unit Propagation

Clause C unit propagates ¢ under partial assignment p if p falsifies all literals in C except ¢

Example: Unit propagate for p = {p — 0,q — 0} on our formula

(pVvu)y A(gvr) A(TVw)A(@VxVy AxVyVvz) A (xVz) A(yVvz) A(xVzZ) A (pViu)
m p V u propagates u — 0
m g Vr propagatesr i— 1

m Then7 V w propagates w — 1

m No further unit propagations

Proof checker should know how to unit propagate until saturation
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Proof Logging for SAT
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Davis-Putman-Logemann-Loveland (DPLL)

DPLL [DP60, DLL62]: Assign variables and propagate; backtrack when clause violated

“Proof trace”: when backtracking, write negation of guesses made

(pVvu) A(gvr) A(FVwW) A (uVvxVy A(xVyVz) A (xVz) A(yVvz) A(XxVZz) A(pViu)
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Davis-Putman-Logemann-Loveland (DPLL)

DPLL [DP60, DLL62]: Assign variables and propagate; backtrack when clause violated

“Proof trace”: when backtracking, write negation of guesses made

(pVu) A(gvr) A(FVW) A uVxVy) AxVyVz) A(xVz) A(yVz) A(xVZzZ) A(pViu)
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Davis-Putman-Logemann-Loveland (DPLL)

DPLL [DP60, DLL62]: Assign variables and propagate; backtrack when clause violated

“Proof trace”: when backtracking, write negation of guesses made

(pVu) A(gvr) AFVW) A (@uVxVYyY) AxVyVz) A(xVz) A(yVzZ) A(XVZ) A(pVu)
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Davis-Putman-Logemann-Loveland (DPLL)

DPLL [DP60, DLL62]: Assign variables and propagate; backtrack when clause violated

“Proof trace”: when backtracking, write negation of guesses made

(pVu) A(gvr) AFVW) A (@uVxVy) AxVyVz) A(xVz) A(yVzZ) A(XVZ) A(pVu)

HxVy
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Davis-Putman-Logemann-Loveland (DPLL)

DPLL [DP60, DLL62]: Assign variables and propagate; backtrack when clause violated

“Proof trace”: when backtracking, write negation of guesses made

(pVu) A(gvr) A(FVW) A (uVxVy) AxVyVz) A(xVz) A(yVz) A(XxVZzZ) A(pVu)

HxVy
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Davis-Putman-Logemann-Loveland (DPLL)

DPLL [DP60, DLL62]: Assign variables and propagate; backtrack when clause violated

“Proof trace”: when backtracking, write negation of guesses made

(pVu) A(gvr) A(FVW) A @VxVy) AxVyVz) A(xVz) A(yVvz) AExVz) A(pViu)

HxVy
HxVy 0
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Davis-Putman-Logemann-Loveland (DPLL)

DPLL [DP60, DLL62]: Assign variables and propagate; backtrack when clause violated

“Proof trace”: when backtracking, write negation of guesses made

(pVu) A(gvr) A(FVW) A (uVxVy A(xVyVz) A(xVz) A(yVz) A(xVZzZ) A(pViu)

HxVy

HxVy 0

H x
0 1
7 7
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Davis-Putman-Logemann-Loveland (DPLL)

DPLL [DP60, DLL62]: Assign variables and propagate; backtrack when clause violated

“Proof trace”: when backtracking, write negation of guesses made

(pVu) A(gvr) A(FVW) A (uVxVy A(xVyVz) A(xVz) A(yVz) A(xVZzZ) A(pViu)

HxVy
BxVy 0 1
H x

0 1

7 7
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Davis-Putman-Logemann-Loveland (DPLL)

DPLL [DP60, DLL62]: Assign variables and propagate; backtrack when clause violated

“Proof trace”: when backtracking, write negation of guesses made

(pVu) A(gvr) A(FVW) A (uVxVy A(xVyVz) A(xVz) A(yVvz) A Vz) A(pViu)

HxVy
BxVy 0 1
B x 1
mx 0 1

7 7
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Davis-Putman-Logemann-Loveland (DPLL)

DPLL [DP60, DLL62]: Assign variables and propagate; backtrack when clause violated

“Proof trace”: when backtracking, write negation of guesses made

(pVvu) A(gvr) A(FVwW) A (uVvxVy A(xVyVz) A (xVz) A(yVvz) A(XxVZz) A(pViu)

HxVy

HxVYy 0 1
| x £
ax 0 1

B L 7 7
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Reverse Unit Propagation (RUP)

To make this into a proof, need backtrack clauses to be easily verifiable
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Reverse Unit Propagation (RUP)

To make this into a proof, need backtrack clauses to be easily verifiable

Reverse unit propagation (RUP) clause [GN03, Van08]

Cis a reverse unit propagation (RUP) clause with respect to F if
m assigning C to false
m then unit propagating on F until saturation
m leads to contradiction

If so, F clearly implies C, and this condition is easy to verify efficiently
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Reverse Unit Propagation (RUP)

To make this into a proof, need backtrack clauses to be easily verifiable

Reverse unit propagation (RUP) clause [GN03, Van08]

Cis a reverse unit propagation (RUP) clause with respect to F if
m assigning C to false
m then unit propagating on F until saturation
m leads to contradiction

If so, F clearly implies C, and this condition is easy to verify efficiently

Backtrack clauses from DPLL solver generate a proof consisting of RUP clauses
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What About Conflict-Driven Clause Learning (CDCL)?
Run CDCL [BS97, MS99, MMZ*01] on our favourite CNF formula:
pVva) A(@VrH)ANFTVW)AUVxVY) AxVyVz) AXVz)A[GVZ) A(KXVZ)A(pVa)
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What About Conflict-Driven Clause Learning (CDCL)?
Run CDCL [BS97, MS99, MMZ*01] on our favourite CNF formula:
pVva) A(@VrH)ANFTVW)AUVxVY) AxVyVz) AXVz)A[GVZ) A(KXVZ)A(pVa)

Decision
Free choice to assign value to variable

. d
Notation p =0
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What About Conflict-Driven Clause Learning (CDCL)?
Run CDCL [BS97, MS99, MMZ*01] on our favourite CNF formula:
pVva) A(@VrH)ANFTVW)AUVxVY) AxVyVz) AXVz)A[GVZ) A(KXVZ)A(pVa)
pio Decision
Free choice to assign value to variable

. d
Notation p =0
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What About Conflict-Driven Clause Learning (CDCL)?
Run CDCL [BS97, MS99, MMZ*01] on our favourite CNF formula:
(pVvu) A(@Vr)ANFTFVW)AUVxVY) AxVyVz) AxVz)A[GVZ) A(XVZ)A(pVa)
pio Decision
Free choice to assign value to variable

. )|
Notation p =0

Unit propagation
Forced choice to avoid falsifying clause
Given p =0, clause p V u forcesu = 0

VU

Notation u ’=" 0 (p Vuis reason clause)
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What About Conflict-Driven Clause Learning (CDCL)?
Run CDCL [BS97, MS99, MMZ*01] on our favourite CNF formula:
(pVvu) A(@Vr)ANFTFVW)AUVxVY) AxVyVz) AxVz)A[GVZ) A(XVZ)A(pVa)

pio Decision

Free choice to assign value to variable

. )|
Notation p =0

Unit propagation
Forced choice to avoid falsifying clause
Given p =0, clause p V u forcesu = 0

VU

Notation u ’=" 0 (p Vuis reason clause)
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What About Conflict-Driven Clause Learning (CDCL)?
Run CDCL [BS97, MS99, MMZ*01] on our favourite CNF formula:
pVva) A(@VrH)ANFTVW)AUVxVY) AxVyVz) AXVz)A[GVZ) A(KXVZ)A(pVa)

pio Decision
= Free choice to assign value to variable
! upluo ! d
‘---;--‘ Notation p =0

q=0

Unit propagation
Forced choice to avoid falsifying clause
Given p =0, clause p V u forcesu = 0

VU

Notation u ’=" 0 (p Vuis reason clause)

Always propagate if possible, otherwise decide
Add to assignment trail
Continue until satisfying assignment or conflict
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What About Conflict-Driven Clause Learning (CDCL)?
Run CDCL [BS97, MS99, MMZ*01] on our favourite CNF formula:
Vo) A(@Vr)ANTFVW)A@UVxVY) AxVYyVz) AEXVzZ)A[GVZ)AKXVZ) APV

pio Decision

| - Free choice to assign value to variable

[ A d

L__;—— Notation p =0
q=0

g Unit propagation

L=l

Forced choice to avoid falsifying clause
Given p =0, clause p V u forcesu = 0

VU

Notation u ’=" 0 (p Vuis reason clause)

Always propagate if possible, otherwise decide
Add to assignment trail
Continue until satisfying assignment or conflict
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What About Conflict-Driven Clause Learning (CDCL)?
Run CDCL [BS97, MS99, MMZ*01] on our favourite CNF formula:
pVva)A(@Vr)ANTVW) AUVxVY) AxVyVz) AxVz)A[GVZ)A(KXVZ)A(pVa)

pio Decision
- Free choice to assign value to variable
| pl | )|
‘--u-;-o-’ Notation p =0
q=0
I _q_v71_ o Unit propagation
r = . . el .
e Forced choice to avoid falsifying clause
D 2y Given p = 0, clause p V u forces u = 0

VU

Notation u ’=" 0 (p Vuis reason clause)

Always propagate if possible, otherwise decide
Add to assignment trail
Continue until satisfying assignment or conflict
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What About Conflict-Driven Clause Learning (CDCL)?
Run CDCL [BS97, MS99, MMZ*01] on our favourite CNF formula:
pVva) A(@VrH)ANFTVW)AUVxVY) AxVyVz) AXVz)A[GVZ) A(KXVZ)A(pVa)

pio Decision
T Free choice to assign value to variable
| pl | )|
‘--u-;-o-‘ Notation p = 0
q=0
I _q_v71_ o Unit propagation
ri= . . o
e Forced choice to avoid falsifying clause
:_lfv_rvail_j Given p =0, clause p Vv u forces u = 0
+30 Notation u ’=" 0 (p V uis reason clause)

Always propagate if possible, otherwise decide
Add to assignment trail
Continue until satisfying assignment or conflict
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What About Conflict-Driven Clause Learning (CDCL)?
Run CDCL [BS97, MS99, MMZ*01] on our favourite CNF formula:
pVva)A(@Vr)ANFTVW)A(uVxVYyY AxVyVz) AXVz)A[GVZ)AKXVZ)A(pVa)

pio Decision
- Free choice to assign value to variable
| pl | )|
‘--u-;-o-’ Notation p =0
q=0
I _q_v71_ o Unit propagation
ri= . . o
e Forced choice to avoid falsifying clause
D 2y Given p = 0, clause p V u forces u = 0
+30 Notation u ’=" 0 (p V uis reason clause)
:_74\75/51_:
[ Always propagate if possible, otherwise decide

Add to assignment trail
Continue until satisfying assignment or conflict
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What About Conflict-Driven Clause Learning (CDCL)?
Run CDCL [BS97, MS99, MMZ*01] on our favourite CNF formula:
pVva) A(@VrH)ANFTVW)AUVxVY) AxVyVz)AEXEVz)A[GVZ)AKXVZ) APV

Decision
Free choice to assign value to variable

. )|
Notation p =0

Unit propagation
Forced choice to avoid falsifying clause
Given p =0, clause p V u forcesu = 0

VU

Notation u ’=" 0 (p Vuis reason clause)

Always propagate if possible, otherwise decide
Add to assignment trail
Continue until satisfying assignment or conflict
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What About Conflict-Driven Clause Learning (CDCL)?
Run CDCL [BS97, MS99, MMZ*01] on our favourite CNF formula:
pVva) A(@VrH)ANFTFVW)AUVxVY) AxVYyVz) AEXVzZ)A(yVzZ)AKXVZ)A(pVa)

Decision
Free choice to assign value to variable

. )|
Notation p =0

Unit propagation
Forced choice to avoid falsifying clause
Given p =0, clause p V u forcesu = 0

VU

Notation u ’=" 0 (p Vuis reason clause)

Always propagate if possible, otherwise decide
Add to assignment trail
Continue until satisfying assignment or conflict
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What About Conflict-Driven Clause Learning (CDCL)?
Run CDCL [BS97, MS99, MMZ*01] on our favourite CNF formula:
pVva) A(@VrH)ANFTVW)AUVxVY) AxVyVz) AXVz)A[GVZ) A(KXVZ)A(pVa)

] -
p=0 decision DeCISlor.l . .
= level 1 Free choice to assign value to variable
Lo d
‘---;--’ Notation p =0
q=0
Uoqur | decision Unit propagation
LIr=1, level 2

Forced choice to avoid falsifying clause
Given p =0, clause p V u forcesu = 0

Vu .
Notation u ’=" 0 (p Vuis reason clause)

b T 2 y | decision Always propagate if possible, otherwise decide

AL | level 3 Add to assignment trail

"oz Continue until satisfying assignment or conflict
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Conflict Analysis
Time to analyse this conflict and learn from it!

pVva) A(@VrH)ANFTVW)AUVxVY) AxVyVz) AXVz)A[GVZ) A(KXVZ)A(pVa)

decision
level 1

decision
level 2

decision
level 3
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Conflict Analysis
Time to analyse this conflict and learn from it!
pVva) A(@VrH)ANFTVW)AUVxVY) AxVyVz) AXVz)A[GVZ) A(KXVZ)A(pVa)

decision Could backtrack by erasing conflict level & flipping last decision

level 1

decision
level 2

decision
level 3
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0000000000000

Conflict Analysis
Time to analyse this conflict and learn from it!

pVva) A(@VrH)ANFTVW)AUVxVY) AxVyVz) AXVz)A[GVZ) A(KXVZ)A(pVa)
decision Could backtrack by erasing conflict level & flipping last decision
level 1 But want to learn from conflict and cut away as much of search
space as possible

decision
level 2

decision
level 3
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0000000000000

Conflict Analysis
Time to analyse this conflict and learn from it!
pVva) A(@VrH)ANFTVW)AUVxVY) AxVyVz) AXVz)A[GVZ) A(KXVZ)A(pVa)

Could backtrack by erasing conflict level & flipping last decision

But want to learn from conflict and cut away as much of search
space as possible
Case analysis over z for last two clauses:
mxVyVzwantsz=1
myVzwantsz=0
m Resolve clauses by merging them & removing z — must
satisfy x vV

ummer School 26 20/128
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Conflict Analysis
Time to analyse this conflict and learn from it!
pVva) A(@VrH)ANFTVW)AUVxVY) AxVyVz) AXVz)A[GVZ) A(KXVZ)A(pVa)

Could backtrack by erasing conflict level & flipping last decision

But want to learn from conflict and cut away as much of search
space as possible
Case analysis over z for last two clauses:
mxVyVzwantsz=1
myVzwantsz=0
m Resolve clauses by merging them & removing z — must

satisfy x vV

xXVy Repeat until UIP clause with only 1 variable at conflict level
after last decision — learn and backjump
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Complete Example of CDCL Execution
Backjump: undo max #decisions while learned clause propagates

pVva) A(@VrH)ANFTVW)AUVxVY) AxVyVz) AXVz)A[GVZ) A(KXVZ)A(pVa)
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Complete Example of CDCL Execution
Backjump: undo max #decisions while learned clause propagates

pVva) A(@VrH)ANFTVW)AUVxVY) AxVyVz) AXVz)A[GVZ) A(KXVZ)A(pVa)

Assertion level 1 (2nd largest level in learned clause) — trim trail
to that level
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Complete Example of CDCL Execution

Backjump: undo max #decisions while learned clause propagates

pVva) A(@VrH)ANFTVW)AUVxVY) AxVyVz) AXVz)A[GVZ) A(KXVZ)A(pVa)

Assertion level 1 (2nd largest level in learned clause) — trim trail
to that level

yE V" Now UIP literal guaranteed to flip (assert) — but this is a
:'—‘—:/—:—V‘—‘—’, — propagation, not a decision
xVyvz
z =1

Jakob Nordstrom (UCPH & LU)
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Complete Example of CDCL Execution

Backjump: undo max #decisions while learned clause propagates

pVva) A(@VrH)ANFTVW)AUVxVY) AxVyVz) AxVz)AGVZ) AKXVZ)A(pVa)

Assertion level 1 (2nd largest level in learned clause) — trim trail
to that level

e Now UIP literal guaranteed to flip (assert) — but this is a
propagation, not a decision

Then continue as before...

Jakob Nordstrom (UCPH & LU)
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Complete Example of CDCL Execution
Backjump: undo max #decisions while learned clause propagates

pVva) A(@VrH)ANFTVW)AUVxVY) AxVYyVz) AXVzZ)A[GVZ) AXxVZ) A(pVu)
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Complete Example of CDCL Execution
Backjump: undo max #decisions while learned clause propagates

pVva) A(@VrH)ANFTVW)AUVxVY) AxVyVz) AXVz)A[GVZ) A(KXVZ)A(pVa)
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Complete Example of CDCL Execution
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Complete Example of CDCL Execution
Backjump: undo max #decisions while learned clause propagates

pVva) A(@VrH)ANFTVW)AUVxVY) AxVyVz) AXVz)A[GVZ) A(KXVZ)A(pVa)
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Complete Example of CDCL Execution
Backjump: undo max #decisions while learned clause propagates

(pVvu) A(@Vr)ANFTFVW)AUVxVY) AxVyVz) AxVz)A[GVZ) A(XVZ)A(pVa)
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Complete Example of CDCL Execution
Backjump: undo max #decisions while learned clause propagates

pVva)A(@VH)ANFTVW)AUVxVY) A(xVygVz) AxVzZ) AGYVZ) AXVZ) AV
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Complete Example of CDCL Execution
Backjump: undo max #decisions while learned clause propagates

pVva) A(@VrH)ANFTVW)AUVxVY) AxVyVz) AXVz)A[GVZ) A(KXVZ)A(pVa)
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Complete Example of CDCL Execution
Backjump: undo max #decisions while learned clause propagates

pVva) A(@VrH)ANFTVW)AUVxVY) AxVyVz) AXVz)A[GVZ) A(KXVZ)A(pVa)
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Complete Example of CDCL Execution
Backjump: undo max #decisions while learned clause propagates

pVva) A(@VrH)ANFTVW)AUVxVY) AxVyVz) AXVz)A[GVZ) A(KXVZ)A(pVa)
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CDCL Reasoning and the Resolution Proof System

To describe CDCL reasoning, need formal proof system for unsatisfiable formulas
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CDCL Reasoning and the Resolution Proof System

To describe CDCL reasoning, need formal proof system for unsatisfiable formulas

Resolution proof system [Bla37, Rob65]

m Start with clauses of formula (axioms)

m Derive new clauses by resolution rule

CVx DVx
CVvD

m Done when contradiction L in form of empty clause derived
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CDCL Reasoning and the Resolution Proof System

To describe CDCL reasoning, need formal proof system for unsatisfiable formulas

Resolution proof system [Bla37, Rob65]

m Start with clauses of formula (axioms)

m Derive new clauses by resolution rule

CVx DVx
CVvD

m Done when contradiction L in form of empty clause derived

When run on unsatisfiable formula,
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CDCL Reasoning and the Resolution Proof System

To describe CDCL reasoning, need formal proof system for unsatisfiable formulas

Resolution proof system [Bla37, Rob65]

m Start with clauses of formula (axioms)

m Derive new clauses by resolution rule

CVx DVx
CVvD

m Done when contradiction L in form of empty clause derived

When run on unsatisfiable formula,

(*) Ignores pre- and inprocessing, but we will get there...
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Obtain resolution proof...
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Resolution Proofs from CDCL Executions

Obtain resolution proof from our example CDCL execution...
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Resolution Proofs from CDCL Executions

Obtain resolution proof from our example CDCL execution by stringing together conflict analyses:
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Resolution Proofs from CDCL Executions

Obtain resolution proof from our example CDCL execution by stringing together conflict analyses:
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RUP Proofs and CDCL

But it turns out we can be lazier...

All learned clauses generated by CDCL solver are RUP clauses
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RUP Proofs and CDCL

But it turns out we can be lazier...

All learned clauses generated by CDCL solver are RUP clauses

So shorter proof of unsatisfiability for
(pvu) A(gvr) AT Vw) A(uVxVy AxVyvz) A (xVz) A(yJVz) A(xVZ) A(pVu)

is sequence of reverse unit propagation (RUP) clauses
uvx

[
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More Ingredients in Proof Logging for SAT

RUP proofs can be viewed as shorthand for resolution proofs

See proof complexity and SAT solving survey [BN21] for more on this

But RUP and resolution are not enough for preprocessing, inprocessing, and some other kinds of
reasoning
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Extension Variables, Part 1
Suppose we want a reified variable r encoding

r & (xAy)

Extended resolution [Tse68]

Resolution rule plus extension rule introducing clauses

rvxVy rvx rvuy

for fresh variable r (this is fine since r doesn’t appear anywhere previously)
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Extension Variables, Part 1
Suppose we want a reified variable r encoding

r & (xAy)

Extended resolution [Tse68]

Resolution rule plus extension rule introducing clauses
rvxVy rvx rvy
for fresh variable r (this is fine since r doesn’t appear anywhere previously)

Extended resolution (RUP + definition of new variables) is essentially equivalent to the DRAT proof
logging system most commonly used for SAT solving [KRH18]
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Why Aren’t We Done?

Practical limitations of current SAT proof logging technology:
m Difficulties dealing with stronger reasoning efficiently (even for SAT solving)

m Clausal proofs can’t easily reflect what algorithms for other problems do
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Why Aren’t We Done?

Practical limitations of current SAT proof logging technology:
m Difficulties dealing with stronger reasoning efficiently (even for SAT solving)

m Clausal proofs can’t easily reflect what algorithms for other problems do

Surprising claim: a slight change to 0-1 integer linear inequalities does the job!

m Enables proof logging for advanced SAT techniques so far beyond reach for efficient DRAT
proof logging:
m Cardinality reasoning
m Gaussian elimination
m Symmetry breaking

m Supports use of SAT solvers for optimisation problems (MaxSAT)
m Can justify graph reasoning without knowing what a graph is
m Can justify constraint programming inference without knowing what an integer variable is

m And more...
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Pseudo-Boolean Proof
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Pseudo-Boolean Constraints

0-1 integer linear inequalities or (linear) pseudo-Boolean constraints:

Zi ait’i > A
u ai,A ez

m literals £;: x; or x; (where x; +Xx; = 1)
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Pseudo-Boolean Proof Log,
000000000000

Pseudo-Boolean Constraints

0-1 integer linear inequalities or (linear) pseudo-Boolean constraints:

Zi ait’i > A
u ai,A ez

m literals £;: x; or x; (where x; +Xx; = 1)

Sometimes convenient to use normalised form [Bar95] with all a;, A positive
(without loss of generality)
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Some Types of Pseudo-Boolean Constraints

Clauses
x1 VX5V X3 S X t+xa+x3>1

Cardinality constraints
X1+ Xy +x3+Xx4 22

General pseudo-Boolean constraints

x1+2f2+3x3+4f4+5x5 >17
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Pseudo-Boolean Reasoning: Cutting Planes [CCT87]

Input/model axioms From the input
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Pseudo-Boolean Reasoning: Cutting Planes [CCT87]

Input/model axioms From the input

Literal axioms >0
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Pseudo-Boolean Proof Logging
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Pseudo-Boolean Reasoning: Cutting Planes [CCT87]

Input/model axioms From the input
Literal axioms 6 >0

Zi ai[i >A Zi bif,' > B
2ilai+b)ti 2A+B

Addition
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Pseudo-Boolean Reasoning: Cutting Planes [CCT87]

Input/model axioms From the input

Literal axioms >0

Zi ai[i >A Zi bif,' > B
2ilai+b)ti 2A+B

Addition

Zi ai(i >A

Multiplication for any ¢ € N* =
Yicaif; > cA
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Pseudo-Boolean Reasoning: Cutting Planes [CCT87]

Input/model axioms From the input
Literal axioms 6 >0

jait; > A ;bit; > B
Addition Liail 2 bil

Zi(ai + bi)fi >A+B

Zi ai(i >A

Multiplication for any ¢ € N* =
Yicaif; > cA
Zi a,‘fi >A

el =[]

Division for any ¢ € N*
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Pseudo-Boolean Proof Logging
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Pseudo-Boolean Reasoning: Cutting Planes [CCT87]

Input/model axioms From the input
Literal axioms 6 >0

jait; > A ;bit; > B
Addition Liail 2 bil

Zi(ai + bi)fi >A+B

Zi ai(i >A

Multiplication for any ¢ € N* =
Yicaif; > cA

jait; > A
Division for any ¢ € N* Zla_l—lA
el =[]
Saturation for any ¢ € N* diait; = A
(assumes normalised form) >, min(a; A) - & > A
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Cutting Planes Toy Example

Multiply by 2 —4m@™—
2w+4x+2y >4
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Cutting Planes Toy Example

Multiply by 2 —4m@™—
2w+4x+2y >4

Add
- 3w+ 6x + 6y +22 > 9
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Cutting Planes Toy Example

Multiply by 2 —4m@™—
2w+4x+2y >4

Add
- 3w+ 6x + 6y +22 > 9

6m (UCPH & LU) The Joy of Pseudo-Boolean Proof

mmer School



Cutting Planes Toy Example

Multiply by 2 —4—M8
2W+4x+2y > 4
Add Multiply by 2
3w+ob6x+6y+2z>9 2220
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Cutting Planes Toy Example

Multiply by 2 —4—M8
2W+4x+2y > 4
Add — Multiply by 2
3w+ob6x+6y+2z>9 2220

Add
3w+6x+6y+2z+2z>9
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Cutting Planes Toy Example

Multiply by 2 —4—M8
2W+4x+2y > 4
Add — Multiply by 2
3w+ob6x+6y+2z>9 2220

Add
3w+ 6x + 6y + 2 >9
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Cutting Planes Toy Example

Multiply by 2 —4—M8
2W+4x+2y > 4
Add — Multiply by 2
3w+ob6x+6y+2z>9 2220

Add

\%
~

3w + 6x + 6y

Jakob Nordstrom (UCPH & LU) The Joy of Pseudo-Boolean Pr Summer Schoo



Pseudo-Boolean Proof Log,
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Cutting Planes Toy Example

Multiply by 2 —4—M8
2W+4x+2y > 4
Add — Multiply by 2
3w+ob6x+6y+2z>9 2220

Add

\%
~

3w + 6x + 6y

Divide by 3
1
W+2x+2y =223
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Cutting Planes Toy Example

Multiply by 2 —4—M8
2W+4x+2y > 4
Add — Multiply by 2
3w+ob6x+6y+2z>9 2220

Add

\%
~

3w + 6x + 6y

Divide by 3
w+2x+2y >3
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Pseudo-Boolean Proof Log,
[ee]ele] Telelelelelele]e]

Cutting Planes Toy Example

Multiply by 2 —4—M8
2W+4x+2y > 4
Add — Multiply by 2
3w+ob6x+6y+2z>9 2220

Add

\%
~

3w + 6x + 6y

Divide by 3
w+2x+2y >3

Naming constraints by integers and literal axioms by the literal involved (with ~ for negation) as

= 2x+y+tw=2

2x +4y+2z+w =5

z>0
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Pseudo-Boolean Proof Log,
[ee]ele] Telelelelelele]e]

Cutting Planes Toy Example

Multiply by 2 —4—M8
2W+4x+2y > 4
Add — Multiply by 2
3w+ob6x+6y+2z>9 2220
Add
3w + 6x + 6y >7
Divide by 3

w+2x+2y >3

Naming constraints by integers and literal axioms by the literal involved (with ~ for negation) as

= 2x+y+tw=2

2x +4y+2z+w =5
=z20
such a calculation is written in the proof log in reverse Polish notation as*

pol 2 % + 2 x + 3 d ;
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Pseudo-Boolean Proof Log,
[ee]ele] Telelelelelele]e]

Cutting Planes Toy Example

Multiply by 2 —4—M8
2W+4x+2y > 4
Add — Multiply by 2
3w+ob6x+6y+2z>9 2220
Add
3w + 6x + 6y >7
Divide by 3

w+2x+2y >3

Naming constraints by integers and literal axioms by the literal involved (with ~ for negation) as

= 2x+y+tw=2

2x +4y+2z+w =5
=z20
such a calculation is written in the proof log in reverse Polish notation as*

pol 2 % + 2 x + 3 d ;

(*) Except VERIPB variables have to be at least two characters long, but we abuse syntax slightly here for simplicity
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Pseudo-Boolean Proof Log,
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Resolution and Cutting Planes

To simulate resolution step such as

Add

Divide by 2
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Pseudo-Boolean Proof Log,
[ee]elele] lelelelelele]e]

Resolution and Cutting Planes

To simulate resolution step such as

Add

Divide by 2

we can write this in the proof log as

pol + 2 d

Jakob Nordstrom (UCPH & LU)
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Pseudo-Boolean Proof Logging for Example CDCL Conflict Analyses
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Pseudo-Boolean Proof Logging for Example CDCL Conflict Analyses
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Pseudo-Boolean Proof Logging for Example CDCL Conflict Analyses
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Pseudo-Boolean Proof Logging for Example CDCL Conflict Analyses

@Vxvy )
GVFVD <D (pvu) A(@Vvr)  ATVvw) AVvxVy) A

(gvz) (xvyvz) A(xVvz) A@yvz) AKGVvz) APV
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Pseudo-Boolean Proof Logging
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Pseudo-Boolean Proof Logging for Example CDCL Conflict Analyses

D
Cx D
Cp Vi (@ D
vz (5 D Vi
Gvz)
@VxVy o
GVFVD <D (pvu) A(@Vvr)  ATVvw) AVvxVy) A
(gVvz ) (xvyvz) A(xVvz) A@yvz) AKGVvz) APV
pol + 2 d + 2 d ; ~> =u+x>1
pol + 2 d ; ~> =x>1
pol + 2 d + 2 d + 2 d g > =0>1 7
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Pseudo-Boolean Proof Log,
0000000 e00000

RUP Revisited

Can define (reverse) unit propagation in a pseudo-Boolean setting [EGMN20]
Constraint C propagates variable x if setting x to “wrong value” would make C unsatisfiable

E.g., if x5 is false,
X1+ 2X9 +3x3 +4x4 + 5x5 > 7

propagates X4 (since other coefficients do not add up to 7)
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Pseudo-Boolean Proof Logging

0000000 @00000000

RUP Revisited

Can define (reverse) unit propagation in a pseudo-Boolean setting [EGMN20]
Constraint C propagates variable x if setting x to “wrong value” would make C unsatisfiable
E.g., if x5 is false,

X1+ 2X9 +3x3 +4x4 + 5x5 > 7

propagates X4 (since other coefficients do not add up to 7)

Risk for confusion!
m Constraint programming people might call this (reverse) integer bounds consistency

m Does the same thing if we’re working with clauses
m More interesting for general pseudo-Boolean constraints

m SAT people beware: constraints can propagate multiple times and multiple variables

Jakob Nordstrom (UCPH & LU) The Joy of Pseudo-Boolean Pro
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Pseudo-Boolean Proof Log,
0000000080000

Propagation, Conflict, and Slack

Slack measures how far assignment p is from falsifying >; a;f; > A
Assuming normalised form:

slack(Y; aity > A; p) = Z a —A

i:p(£;)#0
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Pseudo-Boolean Proof Log,
0000000080000

Propagation, Conflict, and Slack

Slack measures how far assignment p is from falsifying >; a;f; > A
Assuming normalised form:

slack(Y; aity > A; p) = Z a —A

i:p(£;)#0

Consider C = x| + 2x5 + 3x3 + 4x4 + 5x5 > 7

p ‘ slack(C; p) ‘ comment
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Pseudo-Boolean Proof Log,
0000000080000

Propagation, Conflict, and Slack

Slack measures how far assignment p is from falsifying >; a;f; > A
Assuming normalised form:

slack(Y; aity > A; p) = Z a —A

i:p(£;)#0

Consider C = x| + 2x5 + 3x3 + 4x4 + 5x5 > 7

p ‘ slack(C; p) ‘ comment
{} 8
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Pseudo-Boolean Proof Logging
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Propagation, Conflict, and Slack

Slack measures how far assignment p is from falsifying >; a;f; > A
Assuming normalised form:

slack(Y; aity > A; p) = Z a —A

i:p(£;)#0
Consider C = x| + 2x5 + 3x3 + 4x4 + 5x5 > 7
p ‘ slack(C; p) ‘ comment
{} 8
{x5} 3 | propagates x4 (coefficient > slack)
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Pseudo-Boolean Proof L

OOOOOOO0.0000000

Propagation, Conflict, and Slack

Slack measures how far assignment p is from falsifying >; a;f; > A
Assuming normalised form:

slack(Y; aity > A; p) = Z a —A

i:p(£;)#0
Consider C = x; + 2xy + 3x3 + 4%, + 5x5 > 7
p ‘ slack(C; p) ‘ comment
{} 8
{x5} 3 | propagates x4 (coefficient > slack)
{5, %4} 3 | propagation doesn’t change slack
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Pseudo-Boolean Proof Logging

000000008000 0000

Propagation, Conflict, and Slack

Slack measures how far assignment p is from falsifying >; a;f; > A
Assuming normalised form:

slack(Y; aity > A; p) = Z a —A

i:p(£;)#0
Consider C = x| + 2x5 + 3x3 + 4x4 + 5x5 > 7
p ‘ slack(C; p) ‘ comment
{} 8
{x5} 3 | propagates x4 (coefficient > slack)
{5, %4} 3 | propagation doesn’t change slack
{xs, x4, X3, X2} —2 | conflict (slack < 0)
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Pseudo-Boolean Proof Logging

000000008000 0000

Propagation, Conflict, and Slack

Slack measures how far assignment p is from falsifying >; a;f; > A
Assuming normalised form:

slack(3; aits 2 Asp) = Y @i —A

i:p(£;)#0
Consider C = x| + 2x5 + 3x3 + 4x4 + 5x5 > 7
p ‘ slack(C; p) ‘ comment
{} 8
{x5} 3 | propagates x4 (coefficient > slack)
{5, %4} 3 | propagation doesn’t change slack
{%s, X4, X3, 2} —2 | conflict (slack < 0)

Note: constraint can be conflicting though not all variables assigned

Jakob Nordstrom (UCPH & LU) The Joy of Pseudo-Boolean Pro

ummer School *26

35/128



Pseudo-Boolean Proof Logging
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Pseudo-Boolean Proof Logging for Example CDCL Execution with RUP

@Vxvy )
GVFVD <D (pvu) A(@Vvr)  ATVvw) AVvxVy) A

(gvz) (xvyvz) A(xVvz) A@yvz) AKGVvz) APV
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Pseudo-Boolean Proof Logging
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Pseudo-Boolean Proof Logging for Example CDCL Execution with RUP

@Vxvy )
GVFVD <D (pvu) A(@Vvr)  ATVvw) AVvxVy) A

GV (xVGva) AEV2 A@GVE AGEVED A GV
rup Tulx>1; ~~> = u+x2>1
rup 1 ~x >=1 ; ~ = x>
rup >= 1 ; s =02>1 4

Jakob Nordstrom (UCPH & LU) The Joy of Pseudo-Boolean Proof Logging ACP Summer School "26

36/128



Pseudo-Boolean Proof Logging
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Extension Variables, Part 2

Suppose we want new, fresh reified variable r encoding
r e 3x+2y+z+w>=3)
This time, introduce constraints
3r+3x+2y+z+w=>3 5r+3x+2y+z+w =5

Again, needs support from the proof system in the form of strengthening rules
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Pseudo-Boolean Proof g
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Proof Logs for “Cutting Planes with Strengthening”

For satisfiable instances: just specify a satisfying assignment.

For unsatisfiability: a sequence of pseudo-Boolean constraints in (slight extension of)
OPB format [RM16]

m Each constraint follows “obviously” from what is known so far

m Either implicitly, by RUP...

m Or by an explicit cutting planes derivation...

m Or as an extension variable reifying a new constraint™

m Final constraintis 0 > 1

ACP Summer School "26
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Pseudo-Boolean Proof g

00000000000e0000

Proof Logs for “Cutting Planes with Strengthening”

For satisfiable instances: just specify a satisfying assignment.

For unsatisfiability: a sequence of pseudo-Boolean constraints in (slight extension of)
OPB format [RM16]

m Each constraint follows “obviously” from what is known so far

m Either implicitly, by RUP...

m Or by an explicit cutting planes derivation...

m Or as an extension variable reifying a new constraint™

m Final constraintis 0 > 1

(*) Not actually implemented this way — more details in a few slides ...

ACP Summer School "26
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Pseudo-Boolean Proof Logging
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Optimisation and Enumeration Problems

Optimisation
m Define an objective function f = >}, w;f; + k, w;, k € Z, to minimise subject to the contraints
in the formula
To maximise, negate objective
Log solution & with soli rule = objective function value UB = )}, w;a(4;) + k
Add objective-improving constraint f < UB -1

Semantics for proof of optimality: “infeasible to find better solution than best so far”

Can also derive and certify (potentially non-tight) lower bound f > LB

Jakob Nordstrom (UCPH & LU) The Joy of Pseudo-Boolean Proc ACP Summer School "26



Pseudo-Boolean Proof Logging
0000000000008000

Optimisation and Enumeration Problems

Optimisation
m Define an objective function f = >}, w;f; + k, w;, k € Z, to minimise subject to the contraints
in the formula
m To maximise, negate objective
m Log solution @ with soli rule = objective function value UB = }; w;a(4;) + k
m Add objective-improving constraint f < UB -1
m Semantics for proof of optimality: “infeasible to find better solution than best so far”

m Can also derive and certify (potentially non-tight) lower bound f > LB

Enumeration
m When a solution is found, can log it with solx rule
m Introduces a new constraint saying “not this solution”

m So the proof semantics is “infeasible, except for all the solutions I told you about”
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Pseudo-Boolean Proof

000000000000

Deleting Constraints

In practice, important to erase constraints to save memory and time during verification
Unsatisfiability proofs: fairly straightforward to deal with from point of view of proof logging
Optimisation and enumeration proofs: significantly more delicate

We will mostly ignore deletions during this tutorial for simplicity and clarity

Summer Schoo
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Pseudo-Boolean Proof Logging
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Pseudo-Boolean Proof Logging — How and Why?

If problem is (special case of) 0-1 integer linear program

m just do proof logging [basically: add print statements to solver code]
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Pseudo-Boolean Proof Logging
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Pseudo-Boolean Proof Logging — How and Why?

If problem is (special case of) 0-1 integer linear program

m just do proof logging [basically: add print statements to solver code]
Otherwise

m do trusted or verified translation to 0-1 ILP

m do proof logging for 0-1 ILP formulation [but solver still works with original input]
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Pseudo-Boolean Proof Logging — How and Why?

If problem is (special case of) 0-1 integer linear program

m just do proof logging [basically: add print statements to solver code]
Otherwise

m do trusted or verified translation to 0-1 ILP

m do proof logging for 0-1 ILP formulation [but solver still works with original input]

Goldilocks compromise between expressivity and simplicity:
0-1 ILP expressive formalism for combinatorial problems (including objective)
Powerful reasoning capturing many combinatorial arguments

Efficient reification using big-M constraints
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Pseudo-Boolean Proof Log

0000000000000080

Pseudo-Boolean Proof Logging — How and Why?

If problem is (special case of) 0-1 integer linear program

m just do proof logging [basically: add print statements to solver code]
Otherwise

m do trusted or verified translation to 0-1 ILP

m do proof logging for 0-1 ILP formulation [but solver still works with original input]

Goldilocks compromise between expressivity and simplicity:
0-1 ILP expressive formalism for combinatorial problems (including objective)
Powerful reasoning capturing many combinatorial arguments
Efficient reification using big-M constraints — another example to get used to this:
r = X1+ 2Xy+3x3 +4x4 + 5x5 > 7

r < x1+2xy+3x3 +4x4 +5x5 > 7

Jakob Nordstrom (UCPH & LU)
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Pseudo-Boolean Proof Log

0000000000000080

Pseudo-Boolean Proof Logging — How and Why?

If problem is (special case of) 0-1 integer linear program

m just do proof logging [basically: add print statements to solver code]
Otherwise

m do trusted or verified translation to 0-1 ILP

m do proof logging for 0-1 ILP formulation [but solver still works with original input]

Goldilocks compromise between expressivity and simplicity:
0-1 ILP expressive formalism for combinatorial problems (including objective)
Powerful reasoning capturing many combinatorial arguments
Efficient reification using big-M constraints — another example to get used to this:

r = X1+ 2Xy+3x3 +4x4 + 5x5 > 7 7r + x1 + 2X5 + 3x3 + 4x4 + 5x5

\%
~

r < x1+2xy+3x3 +4x4 +5x5 > 7 9r + X1 + 2x9 + 3x3 + 4x4 + 5x5

v
©
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Pseudo-Boolean Proof Logging
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Proof Logging with Formally Verified Checking: Full Workflow

Jakob Nordstrom (UCPH & LU)

Input

Solver

Answer

Proof
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Proof Logging with Formally Verified Checking: Full Workflow

Jakob Nordstrom (UCPH & LU)

Input

Solver

Answer

Proof

Encoded input
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Pseudo-Boolean Proof Logging
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Proof Logging with Formally Verified Checking: Full Workflow

Input

|
1

1

l

Answer |

Solver |
1

l

|

1

)X

{ Proof Checker (+——>

Encoded input

,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,

Elaborated proof

Formally verified checker _‘/L.
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Strengthening Rules

Strengthening Rules (And the Truth About Extension Variables)

When is it allowed to derive a new constraint? If it is (clear that it is) implied?
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Strengthening Rules

Strengthening Rules (And the Truth About Extension Variables)

When is it allowed to derive a new constraint? If it is (clear that it is) implied?

Sometimes weaker criterion needed — recall that to get variable r encoding
r e 3x+2y+z+w>3)
we introduced pseudo-Boolean constraints
3r+3x+2y+z+w=>3 5r+3x+2y+z+w =5

Cutting planes method inherently cannot certify such constraints — they are not implied!
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Strengthening Rules

Strengthening Rules (And the Truth About Extension Variables)

When is it allowed to derive a new constraint? If it is (clear that it is) implied?

Sometimes weaker criterion needed — recall that to get variable r encoding
r e 3x+2y+z+w>3)
we introduced pseudo-Boolean constraints
3r+3x+2y+z+w=>3 5r+3x+2y+z+w =5

Cutting planes method inherently cannot certify such constraints — they are not implied!

Wish to allow without-loss-of-generality arguments that can derive non-implied constraints
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oning Rules

Redundance-Based Strengthening

Redundance-Based Strengthening

Cis “redundant” with respect to F if F and F U {C} are equisatisfiable
[apologies for the terminology — this is inherited from SAT proof logging]
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Strengthening Rules

Redundance-Based Strengthening

Redundance-Based Strengthening

Cis “redundant” with respect to F if F and F U {C} are equisatisfiable
[apologies for the terminology — this is inherited from SAT proof logging]

Redundance-based strengthening [BT19, GN21] (extending RAT rule of SAT proof logging)

C is redundant with respect to F if and only if there is a substitution @ (mapping variables to truth
values or literals), called a witness, for which

FU{=C} E (FU{CHlw

ACP Summer School 26 44/128
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Strengthening Rules

Redundance-Based Strengthening

Redundance-Based Strengthening

Cis “redundant” with respect to F if F and F U {C} are equisatisfiable
[apologies for the terminology — this is inherited from SAT proof logging]

Redundance-based strengthening [BT19, GN21] (extending RAT rule of SAT proof logging)

C is redundant with respect to F if and only if there is a substitution @ (mapping variables to truth
values or literals), called a witness, for which

FU{=C} E (FU{CHlw

Proof sketch for interesting direction:
m If « satisfies F but falsifies C, then « satisfies (F U {C})[., [notation C1,, means apply w to C and
simplify]
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Strengthening Rules

Redundance-Based Strengthening

Redundance-Based Strengthening

Cis “redundant” with respect to F if F and F U {C} are equisatisfiable
[apologies for the terminology — this is inherited from SAT proof logging]

Redundance-based strengthening [BT19, GN21] (extending RAT rule of SAT proof logging)

C is redundant with respect to F if and only if there is a substitution @ (mapping variables to truth
values or literals), called a witness, for which

FU{=C} E (FU{CHlw

Proof sketch for interesting direction:
m If « satisfies F but falsifies C, then « satisfies (F U {C})[., [notation C1,, means apply w to C and
simplify]
m le., a o w satisfies F U {C}
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Strengthening Rules

Redundance-Based Strengthening

Redundance-Based Strengthening

Cis “redundant” with respect to F if F and F U {C} are equisatisfiable
[apologies for the terminology — this is inherited from SAT proof logging]

Redundance-based strengthening [BT19, GN21] (extending RAT rule of SAT proof logging)

C is redundant with respect to F if and only if there is a substitution @ (mapping variables to truth
values or literals), called a witness, for which

FU{=C} E (FU{CHlw

Proof sketch for interesting direction:
m If « satisfies F but falsifies C, then « satisfies (F U {C})[., [notation C1,, means apply w to C and
simplify]
m le., a o w satisfies F U {C}

Witness w should be specified, and implication needs to be efficiently verifiable
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Strengthening Rules

Redundance-Based Strengthening

Redundance-Based Strengthening

Cis “redundant” with respect to F if F and F U {C} are equisatisfiable
[apologies for the terminology — this is inherited from SAT proof logging]

Redundance-based strengthening [BT19, GN21] (extending RAT rule of SAT proof logging)

C is redundant with respect to F if and only if there is a substitution @ (mapping variables to truth
values or literals), called a witness, for which

FU{=C} E (FU{CHlw

Proof sketch for interesting direction:
m If « satisfies F but falsifies C, then « satisfies (F U {C})[., [notation C1,, means apply w to C and
simplify]
m le., a o w satisfies F U {C}

Witness w should be specified, and implication needs to be — every
D e (FU{C})I,, should follow from F U {=C} either
“obviously” (e.g., by reverse unit propagation) or
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Strengthening Rules

Redundance-Based Strengthening

Redundance-Based Strengthening

Cis “redundant” with respect to F if F and F U {C} are equisatisfiable
[apologies for the terminology — this is inherited from SAT proof logging]

Redundance-based strengthening [BT19, GN21] (extending RAT rule of SAT proof logging)

C is redundant with respect to F if and only if there is a substitution @ (mapping variables to truth
values or literals), called a witness, for which

FU{=C} E (FU{CHlw

Proof sketch for interesting direction:
m If « satisfies F but falsifies C, then « satisfies (F U {C})[., [notation C1,, means apply w to C and
simplify]
m le., a o w satisfies F U {C}

Witness w should be specified, and implication needs to be — every
D e (FU{C})I,, should follow from F U {=C} either
“obviously” (e.g., by reverse unit propagation) or
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Strengthening Rules

Redundance-Based Strengthening

Deriving r & (3x + 2y +2z+w > 3) Using the Redundance Rule

Want to derive
r+3x+2y+z+w>3 5a+3x+2y+z+w>5

using condition F U {=C} = (FU{C})[,
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Strengthening Rules

Redundance-Based Strengthening

Deriving r & (3x + 2y +2z+w > 3) Using the Redundance Rule

Want to derive
3r+3x+2y+z+w=>3 5a+3x+2y+z+w>5
using condition F U {=C} = (FU{C})[,

FU{-(3r+3x+2y+z+w >3)} E (FU{3r+3x+2y+z+w > 3}),
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Strengthening Rules

Redundance-Based Strengthening

Deriving r & (3x + 2y +2z+w > 3) Using the Redundance Rule

Want to derive
3r+3x+2y+z+w=>3 5a+3x+2y+z+w>5
using condition F U {=C} = (FU{C})[,

FU{-(3r+3x+2y+z+w >3)} E (FU{3r+3x+2y+z+w > 3}),
Choose @ = {r + 0} — F untouched; new constraint satisfied
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Strengthening Rules

Redundance-Based Strengthening

Deriving r & (3x + 2y +2z+w > 3) Using the Redundance Rule

Want to derive
r+3x+2y+z+w>=3 5a+3x+2y+z+w>5
using condition F U {=C} = (FU{C})[,

FU{-(3r+3x+2y+z+w >3)} E (FU{3r+3x+2y+z+w > 3}),
Choose @ = {r + 0} — F untouched; new constraint satisfied
FU{3r+3x+2y+z+w>3}U{-(5r+3x+2y+z+w =5} F
(FU{BT+3x+2y+z+w >3, 5r+3x+2y+z+w > 5})I,
Choose w = {r + 1} — F untouched; new constraint satisfied
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Strengthening Rules

Redundance-Based Strengthening

Deriving r & (3x + 2y +2z+w > 3) Using the Redundance Rule

Want to derive
r+3x+2y+z+w>=3 5a+3x+2y+z+w>5
using condition F U {=C} = (FU{C})[,

FU{-(3r+3x+2y+z+w >3)} E (FU{3r+3x+2y+z+w > 3}),
Choose @ = {r + 0} — F untouched; new constraint satisfied
FU{3r+3x+2y+z+w>3}U{-(5r+3x+2y+z+w =5} F
(FU{BT+3x+2y+z+w >3, 5r+3x+2y+z+w > 5})I,
Choose w = {r + 1} — F untouched; new constraint satisfied
—(5r+3x+2y+z+w >5) forces 3x + 2y +z+w < 4
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Strengthening Rules

Redundance-Based Strengthening

Deriving r & (3x + 2y +2z+w > 3) Using the Redundance Rule

Want to derive
r+3x+2y+z+w>=3 5a+3x+2y+z+w>5
using condition F U {=C} = (FU{C})[,

FU{-(3r+3x+2y+z+w >3)} E (FU{3r+3x+2y+z+w > 3}),
Choose @ = {r + 0} — F untouched; new constraint satisfied
FU{3r+3x+2y+z+w>3}U{-(5r+3x+2y+z+w =5} F
(FU{BT+3x+2y+z+w >3, 5r+3x+2y+z+w > 5})I,
Choose w = {r + 1} — F untouched; new constraint satisfied
—(5r+3x+2y+z+w >5) forces 3x + 2y +z+w < 4
Same constraint as 3x + 2y + z + w > 3; can be automatically detected

Jakob Nordstrom (UCPH & LU) The Joy of Pseudo-Boolean Proc ACP Summer School "26

45/128



Strengthening Rules

Redundance-Based Strengthening

Deriving r & (3x + 2y +2z+w > 3) Using the Redundance Rule

Want to derive
r+3x+2y+z+w>3 5a+3x+2y+z+w>5

using condition F U {=C} = (FU{C})[,

FU{-(3r+3x+2y+z+w >3)} E (FU{3r+3x+2y+z+w > 3}),
Choose @ = {r + 0} — F untouched; new constraint satisfied

FU{3r+3x+2y+z+w>3}U{-(5r+3x+2y+z+w =5} F
(FU{BT+3x+2y+z+w >3, 5r+3x+2y+z+w > 5})I,
Choose w = {r + 1} — F untouched; new constraint satisfied
—(5r+3x+2y+z+w >5) forces 3x + 2y +z+w < 4
Same constraint as 3x + 2y + z + w > 3; can be automatically detected

VERIPB code:
red 3~r3x2ylzlw>3:r ->0;

’

red 5r3~x2-~y1~z1~w>5:7r ->1

’
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Strengthening Rules

Redundance-Based and Dominance-Based Strengthening for Optimisation

Redundance and Dominance Rules for Optimisation

Redundance-based strengthening, optimisation version

Add constraint C to formula F if exists witness substitution w s.t.
FuU {_'C} |: (F U {C}) rm U {fﬂ» < f}
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Strengthening Rules

Redundance-Based and Dominance-Based Strengthening for Optimisation

Redundance and Dominance Rules for Optimisation

Redundance-based strengthening, optimisation version

Add constraint C to formula F if exists witness substitution w s.t.
FuU {_'C} |: (F U {C}) rm U {fﬂ» < f}

Can be more aggressive if witness o strictly improves solution
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Strengthening Rules

Redundance-Based and Dominance-Based Strengthening for Optimisation

Redundance and Dominance Rules for Optimisation

Redundance-based strengthening, optimisation version

Add constraint C to formula F if exists witness substitution w s.t.

FU{=C} E(FU{CHI, U { }
Can be more aggressive if witness © solution

Dominance-based strengthening (simplified)
Add constraint C to formula F if exists witness substitution w s.t.

FU{_'C}|:FFAJU{ }
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Strengthening Rules

Redundance-Based and Dominance-Based Strengthening for Optimisation

Redundance and Dominance Rules for Optimisation

Redundance-based strengthening, optimisation version

Add constraint C to formula F if exists witness substitution w s.t.

FU{=C} E(FU{CHI, U { }
Can be more aggressive if witness © solution

Dominance-based strengthening (simplified)
Add constraint C to formula F if exists witness substitution w s.t.

FU{_'C}|:FFAJU{ }

m Applying w should f
m If so, don’t need to show that C[,, holds!
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Strengthening Rules
®00

Redundance-Based and Dominance-Based Strengthening for Optimisation

Soundness of Dominance Rule

Dominance-based strengthening (simplified)
Add constraint C to formula F if exists witness substitution w s.t.
FU{-C} EFly U {flw < f}

Why is this sound?
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Strengthening Rules

Redundance-Based and Dominance-Based Strengthening for Optimisation

Soundness of Dominance Rule

Dominance-based strengthening (simplified)
Add constraint C to formula F if exists witness substitution w s.t.
FU{=C} EFl, U {flo < f}

Why is this sound?
Suppose «a satisfies F but falsifies C (i.e., satisfies —C)
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Strengthening Rules

Redundance-Based and Dominance-Based Strengthening for Optimisation

Soundness of Dominance Rule

Dominance-based strengthening (simplified)
Add constraint C to formula F if exists witness substitution w s.t.
FU{=C} EFl, U {flo < f}

Why is this sound?
Suppose «a satisfies F but falsifies C (i.e., satisfies —C)

Then o o w satisfies F and (o w) < ()
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cning Rules

(e]e]

Redundance-Based and Dominance-Based Strengthening for Optimisation

Soundness of Dominance Rule

Dominance-based strengthening (simplified)
Add constraint C to formula F if exists witness substitution w s.t.
FU{=C} EFl, U {flo < f}

Why is this sound?
Suppose «a satisfies F but falsifies C (i.e., satisfies —C)
Then o o w satisfies F and (o w) < ()

If o o w satisfies C, we’re done
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Strengthening Rules

Redundance-Based and Dominance-Based Strengthening for Optimisation

Soundness of Dominance Rule

Dominance-based strengthening (simplified)
Add constraint C to formula F if exists witness substitution w s.t.
FU{=C} EFl, U {flo < f}

Why is this sound?
Suppose «a satisfies F but falsifies C (i.e., satisfies —C)
Then o o w satisfies F and (o w) < ()
If o o w satisfies C, we’re done

Otherwise (o © w) o w satisfies F and [((¢ o w)ow) < flaow)
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Strengthening Rules

Redundance-Based and Dominance-Based Strengthening for Optimisation

Soundness of Dominance Rule

Dominance-based strengthening (simplified)
Add constraint C to formula F if exists witness substitution w s.t.

FU{=C} EFlo U {flo < f}

Why is this sound?
Suppose «a satisfies F but falsifies C (i.e., satisfies —C)
Then o o w satisfies F and (o w) < ()
If o o w satisfies C, we’re done
Otherwise (o © w) o w satisfies F and [((¢ o w)ow) < flaow)

If (¢ o w) o w satisfies C, we’re done
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Strengthening Rules

Redundance-Based and Dominance-Based Strengthening for Optimisation

Soundness of Dominance Rule

Dominance-based strengthening (simplified)
Add constraint C to formula F if exists witness substitution w s.t.
FU{=C} EFl, U {flo < f}

Why is this sound?
Suppose «a satisfies F but falsifies C (i.e., satisfies —C)
Then o o w satisfies F and (o w) < ()
If o o w satisfies C, we’re done
Otherwise (o © w) o w satisfies F and [((¢ o w)ow) < flaow)
If (¢ o w) o w satisfies C, we’re done

A Otherwise ((o o w) o w) o w satisfies Fand f(((czow)ow)ow) < f((aow)ow)
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Redundance-Based and Dominance-Based Strengthening for Optimisation

Soundness of Dominance Rule

Dominance-based strengthening (simplified)
Add constraint C to formula F if exists witness substitution w s.t.
FU{=C} EFl, U {flo < f}

Why is this sound?
Suppose «a satisfies F but falsifies C (i.e., satisfies —C)
Then o o w satisfies F and (o w) < ()
If o o w satisfies C, we’re done
Otherwise (o © w) o w satisfies F and [((¢ o w)ow) < flaow)
If (¢ o w) o w satisfies C, we’re done
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Jakob Nordstrom (UCPH & LU) The Joy of Pseudo-Boolean Proc ACP Summer School "26 47/128



Strengthening Rules

Redundance-Based and Dominance-Based Strengthening for Optimisation

Soundness of Dominance Rule

Dominance-based strengthening (simplified)
Add constraint C to formula F if exists witness substitution w s.t.
FU{=C} EFl, U {flo < f}

Why is this sound?
Suppose «a satisfies F but falsifies C (i.e., satisfies —C)
Then o o w satisfies F and (o w) < ()
If o o w satisfies C, we’re done
Otherwise (o © w) o w satisfies F and [((¢ o w)ow) < flaow)
If (¢ o w) o w satisfies C, we’re done
A Otherwise ((o o w) o w) o w satisfies Fand f(((czow)ow)ow) < f((aow)ow)
Can’t go on forever, so finally reach o’ satisfying both F and C
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Redundance-Based and Dominance-Based Strengthening for Optimisation

Strength of Dominance Rule

Dominance-based strengthening (stronger, still simplified)

If C,Cs, ..., Ch—1 have been derived from F (maybe using dominance), then can derive C,, if exists
witness substitution w s.t.

F U {C],...,Cm_l} U {_‘Cm} |: Frw U {fﬂ; <‘f}

Only consider F — no need to show that any C;I,, implied!

ummer School 26 4
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Strengthening Rules

Redundance-Based and Dominance-Based Strengthening for Optimisation

Strength of Dominance Rule

Dominance-based strengthening (stronger, still simplified)

If C,Cs, ..., Ch—1 have been derived from F (maybe using dominance), then can derive C,, if exists
witness substitution w s.t.

FU{Cy,...,Cu-1} U {=Cp} EFlu U {flw < f}
Only consider F — no need to show that any C;I,, implied!

Now why is this sound?

m Same inductive proof as before, but nested
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Strengthening Rules

Redundance-Based and Dominance-Based Strengthening for Optimisation

Strength of Dominance Rule

Dominance-based strengthening (stronger, still simplified)

If C,Cs, ..., Ch—1 have been derived from F (maybe using dominance), then can derive C,, if exists
witness substitution w s.t.

FU{Cy,....Cp1} U {-Cn} E Flo VU {flo < f}
Only consider F — no need to show that any C;I,, implied!

Now why is this sound?
m Same inductive proof as before, but nested

m Or pick solution « satisfying F and minimizing f and argue by contradiction
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Strengthening Rules

Redundance-Based and Dominance-Based Strengthening for Optimisation

Strength of Dominance Rule

Dominance-based strengthening (stronger, still simplified)

If C,Cs, ..., Ch—1 have been derived from F (maybe using dominance), then can derive C,, if exists
witness substitution w s.t.

F U {Cl>-~~,cm—1} U {_‘Cm} |: Fl, U { }
Only consider F — no need to show that any C;I,, implied!

Now why is this sound?
m Same inductive proof as before, but nested

m Or pick solution « satisfying F and minimizing f and argue by contradiction

Further extensions:
m Define dominance rule w.r.t. order independent of objective
m Switch between different orders in same proof
m See [BGMN23, ABB*26b] fore more details
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48/128



Strengthening Rules

(e]o]e]

Redundance-Based and Dominance-Based Strengthening for Optimisation

Strengthening Rules: Syntax

red (Constraint C) : (varl) ->(vall) . . . (varN) ->(valN) : subproof
subproofs for proof goals
ged;

dom (Constraint C) : (var1) ->(vall) . . . (varN) ->(valN) : subproof
subproofs for proof goals
ged;
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Strengthening Rules

(e]o]e]

Redundance-Based and Dominance-Based Strengthening for Optimisation

Strengthening Rules: Syntax

red (Constraint C) : (varl) ->(vall) . . . (varN) ->(valN) : subproof
subproofs for proof goals
ged;

dom (Constraint C) : (var1) ->(vall) . . . (varN) ->(valN) : subproof
subproofs for proof goals
ged;

m Witness w should be explicitly specified in proof log
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Strengthening Rules

(e]o]e]

Redundance-Based and Dominance-Based Strengthening for Optimisation

Strengthening Rules: Syntax

red (Constraint C) : (varl) ->(vall) . . . (varN) ->(valN) : subproof
subproofs for proof goals
ged;

dom (Constraint C) : (var1) ->(vall) . . . (varN) ->(valN) : subproof
subproofs for proof goals
ged;

m Witness w should be explicitly specified in proof log

m Subproofs of proof goals should also be explicit
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Strengthening Rules

(e]o]e]

Redundance-Based and Dominance-Based Strengthening for Optimisation

Strengthening Rules: Syntax

red (Constraint C) : (varl) ->(vall) . . . (varN) ->(valN) : subproof
subproofs for proof goals

ged;

dom (Constraint C) : (var1) ->(vall) . . . (varN) ->(valN) : subproof
subproofs for proof goals

ged;

m Witness w should be explicitly specified in proof log
m Subproofs of proof goals should also be explicit

m Except can be skipped for proof goals that “obviously” follow, e.g.,

m by reverse unit propagation (RUP)
m by simple syntactic implication from other constraint (as in our reification example)
m if the proof goal is not affected by the witness substitution w
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End of First Half
@00

Successful Applications of Pseudo-Boolean Proof Logging with VERIPB

Surprisingly, pseudo-Boolean reasoning with strengthening rules sufficient to efficiently certify
wide range of combinatorial solving techniques and paradigms:
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End of First Half
@00

Successful Applications of Pseudo-Boolean Proof Logging with VERIPB

Surprisingly, pseudo-Boolean reasoning with strengthening rules sufficient to efficiently certify
wide range of combinatorial solving techniques and paradigms:
Boolean satisfiability (SAT) solving including advanced techniques such as

m Gaussian elimination [GN21]
m symmetry breaking [BGMN23, ABB*26b]

SAT-based optimization (MaxSAT) [VDB22, BBN*23, BBN*24, I0T*24, VCB26]
Pseudo-Boolean solving and optimization [GMNO22, KLM*25]

Graph solving [GMN20, GMM*20, GMM*24, DKK*26]

Dynamic programming and decision diagrams [DMM™*24]

Presolving in 0-1 integer linear programming [HOGN24]

Constraint programming [EGMN20, GMN22, MM23, MMN24, MM25]
Automated planning [DHN*25]

Enumeration of solutions/models [MNOT26]

ACP Summer School 26 50/128
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End of First Half

(o] lo}

VERIPB Resources

VERIPB tutorials, technical documentation, and more information at
https://VeriPB.org
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https://jakobnordstrom.se/WHOOPS25/
https://gitlab.com/MIAOresearch/software/VeriPB

End of First Half
(o] lo}

VERIPB Resources

VERIPB tutorials, technical documentation, and more information at
https://VeriPB.org

Tutorial series with videos and slides from WHOOPS °25 workshop at
https://jakobnordstrom.se/WHOOPS25/
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End of First Half
(o] lo}

VERIPB Resources

VERIPB tutorials, technical documentation, and more information at
https://VeriPB.org

Tutorial series with videos and slides from WHOOPS °25 workshop at
https://jakobnordstrom.se/WHOOPS25/

Technical details on different proof logging techniques covered in research papers

[EGMN20, GMN20, GMM*20, GN21, GMN22, GMNO22, VDB22, BBN*23, BGMN23, MM23,
BBN*24, DMM*24, GMM*24, HOGN24, IOT*24, MMN24, DHN*25, JBBJ25, KLM*25, MM25,
ABB*26a, ABB*26b, DKK*26, MNOT26, VCB26] and PhD theses [Goc22, Mcl26, Oer26]
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End of First Half
(o] lo}

VERIPB Resources

VERIPB tutorials, technical documentation, and more information at
https://VeriPB.org

Tutorial series with videos and slides from WHOOPS °25 workshop at
https://jakobnordstrom.se/WHOOPS25/

Technical details on different proof logging techniques covered in research papers

[EGMN20, GMN20, GMM*20, GN21, GMN22, GMNO22, VDB22, BBN*23, BGMN23, MM23,
BBN*24, DMM*24, GMM*24, HOGN24, IOT*24, MMN24, DHN*25, JBBJ25, KLM*25, MM25,
ABB*26a, ABB*26b, DKK*26, MNOT26, VCB26] and PhD theses [Goc22, Mcl26, Oer26]

Lots of concrete example files at https://gitlab.com/MIAOresearch/software/VeriPB

Jakob Nordstrom (UCPH & LU) The Joy of Pseudo-Boolean Pro
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Summing up the First Lecture

m Combinatorial solving and optimisation is a true success story

m But ensuring correctness is a crucial, and not yet satisfactorily addressed, concern

m Certifying solvers producing machine-verifiable proofs of correctness seems like most
promising approach
m Cutting planes reasoning with pseudo-Boolean constraints seems to hit a sweet spot between

simplicity and expressivity
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Summing up the First Lecture

m Combinatorial solving and optimisation is a true success story

m But ensuring correctness is a crucial, and not yet satisfactorily addressed, concern

m Certifying solvers producing machine-verifiable proofs of correctness seems like most
promising approach

m Cutting planes reasoning with pseudo-Boolean constraints seems to hit a sweet spot between

simplicity and expressivity

m Up next:

m Break
m And then more details and practical examples
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Summing up the First Lecture

m Combinatorial solving and optimisation is a true success story

m But ensuring correctness is a crucial, and not yet satisfactorily addressed, concern

m Certifying solvers producing machine-verifiable proofs of correctness seems like most
promising approach

m Cutting planes reasoning with pseudo-Boolean constraints seems to hit a sweet spot between
simplicity and expressivity

m Up next:

m Break
m And then more details and practical examples

Questions so far?
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Proof Logging Recap
000

Recap of Proof Logging Workflow (1/2)

Input Answer
Solver

T Proof

Run combinatorial solving algorithm on problem input
Get as output not only answer but also proof

Feed answer + proof to proof checker together with input

Jakob Nordstrom (UCPH & LU) The Joy of Pseudo-Boolean Proc
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Proof Logging Recap
000

Recap of Proof Logging Workflow (1/2)

Input ; Answer
Solver

T Proof

Checker

Encoded input

Run combinatorial solving algorithm on problem input

Get as output not only answer but also proof

Feed answer + proof to proof checker together with 0-1 ILP encoding of input
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Proof Logging Recap

@00

Recap of Proof Logging Workflow (1/2)

Input Answer
: Solver

( Proof Checker %

Encoded input

Run combinatorial solving algorithm on problem input
Get as output not only answer but also proof
Feed answer + proof to proof checker together with 0-1 ILP encoding of input

Verify that proof checker says answer is correct
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Input

|
1

1

l

Answer |

Solver i
1

l

|

1

I X

! Proof ] Checker (+—"—>

Encoded input

Elaborated proof

Formally verified checker _‘/L.
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Proof Logging Recap
ocoe

Implementation and Performance

Proof logging implementation

m Don’t change solver
m Just add proof logging statements (plus some book-keeping)

m Proof generation should be very efficient

Performance goals for proof checking

Want linear(ish) scaling in terms of original for
m proof size

m proof checking time
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VERIPB Proofs in Depth

®000000000000

VERIPB Proof Structure

Preamble
Specify
m VERIPB proof version
m # input constraints (optional)
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VERIPB Proofs in Depth
®000000000000

VERIPB Proof Structure

Preamble
Specify
m VERIPB proof version
m # input constraints (optional)

Derivation section
The actual proof
Derivations of new constraints
Logging of solutions
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VERIPB Proofs in Depth
®000000000000

VERIPB Proof Structure

Preamble Output section
Specify List of constraints currently in database (optional)
m VEerIPB proof version Input to next stage (or for debugging)

m # input constraints (optional)

Derivation section
The actual proof
Derivations of new constraints
Logging of solutions
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VERIPB Proofs in Depth
®000000000000

VERIPB Proof Structure

Preamble Output section
Specify List of constraints currently in database (optional)
m VEerIPB proof version Input to next stage (or for debugging)

m # input constraints (optional)
Conclusions section

Derivation section Specification of what was proven
The actual proof m satisfiability / unsatisfiability
Derivations of new constraints m optimality (or upper and lower bounds)

m enumeration of solutions

Logging of solutions
m other types of conclusions (future)
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VERIPB Proofs in Depth
O®00000000000

VERIPB Proof Structure: Syntax

pseudo-Boolean proof version 3.0
M5

(derivation part)

output {output part)

conclusion (conclusion part)

end pseudo-Boolean proof ;
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VERIPB Proofs in Depth
O®00000000000

VERIPB Proof Structure: Syntax

pseudo-Boolean proof version 3.0
M5

(derivation part)

output {output part)

conclusion (conclusion part)

end pseudo-Boolean proof ;

pseudo-Boolean proof version 3.0

f 18 ;

red 1 b1 >=1 : bl -> ~b1 b2 -> ~b2 b3 -> ~b3 b4 -> ~b4
b5 -> ~b5 b6 -> ~b6 b7 -> ~b7 b8 -> ~b8 ;

rup >= 1 ;

output NONE ;

conclusion UNSAT ;

end pseudo-Boolean proof ;

Jakob Nordstrom (UCPH & LU)
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VERIPB Proofs in Depth
0O0@0000000000

VERIPB Proof Configuration

Core set ¢
m Contains input formula at the start

m Input constraints can be modified
(e.g., during preprocessing)

m But “equivalence” with input formula
maintained

Jakob Nordstrom (UCPH & LU)
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VERIPB Proofs in Depth
0O0@0000000000

VERIPB Proof Configuration

Core set ¢ Derived set &
m Contains input formula at the start m All constraints derived during search
m Input constraints can be modified m Also intermediate constraints used in
(e.g., during preprocessing) proof logging [but not used by solver]
m But “equivalence” with input formula m Any satisfying assignment to & can be
maintained extended to 9@

Jakob Nordstrom (UCPH & LU)
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VERIPB Proofs in Depth
0O0@0000000000

VERIPB Proof Configuration

Core set ¢
m Contains input formula at the start

m Input constraints can be modified
(e.g., during preprocessing)

m But “equivalence” with input formula
maintained

Objective f =, wit; + k
m 0-1 linear function to minimize

m Or f = 0 for decision problem

m Keep track of best known bound;
initialize to oo

Jakob Nordstrom (UCPH & LU)

Derived set 9

m All constraints derived during search

m Also intermediate constraints used in
proof logging [but not used by solver]

m Any satisfying assignment to & can be
extended to 9@

The Joy of Pseudo-Boolean Proc
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VERIPB Proofs in Depth
0O0@0000000000

VERIPB Proof Configuration

Core set ¢
m Contains input formula at the start

m Input constraints can be modified
(e.g., during preprocessing)

m But “equivalence” with input formula
maintained

Objective f =, wit; + k
m 0-1 linear function to minimize

m Or f = 0 for decision problem

m Keep track of best known bound;
initialize to oo

Jakob Nordstrom (UCPH & LU)

The Joy of Pseudo-Boolean Proc

Derived set 9
m All constraints derived during search

m Also intermediate constraints used in
proof logging [but not used by solver]

m Any satisfying assignment to & can be
extended to 9@
Order 0

m Pseudo-Boolean formula encoding
pre-order (reflexive and transitive)

m Syntactic proof of properties required

m Applied to specified variable set Z

ACP Summer School "26



0008000000000
Cutting Planes Rules [CCT87]

Input/model axioms From the input
Literal axioms 6 >0

Zi ai[i >A Zi bif,' >B
2ilai+b)ti 2 A+B

Addition

Zi ai(i >A

Multiplication for any ¢ € N* =
Yicait; > cA

jaiti > A
Division for any ¢ € N* Zla_l—lA
el =[]
Saturation for any ¢ € N* diait; = A
(assumes normalised form) >, min(a; A) - 6 > A
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VERIPB Proofs in Depth
0O000@00000000

Strengthening Rules in Their (Almost) Full Formal Glory

Witness w: substitution mapping variables to truth values or literals

Redundance-based strengthening (witness w show how to “patch assignment”)

Derive constraint C from € U 9 if exists witness w such that

CUDU{-C} F (BUDU{CHIo VU {flo = fIUO(ZNw2)
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VERIPB Proofs in Depth
0O000@00000000

Strengthening Rules in Their (Almost) Full Formal Glory

substitution mapping variables to truth values or literals

Redundance-based strengthening (witness w show how to “patch assignment”)

Derive constraint C from € U 9 if exists witness w such that

CUDU{-C} F (FUDU{CHIo U{flw < fIUO(G],2)

Dominance-based strengthening (witness » “drives down potential”)

Derive constraint C from € U 9D if exists witness w such that

%U@U{ﬁ(‘} = ngU{ffme}U
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VERIPB Proofs in Depth
[e]e]e]e]e] lele]ele]ele]e]

Syntax for Strengthening Rules

red (Constraint C) : (varl) ->(vall) . .. (varN) ->(valN) : subproof
subproofs for proof goals
ged;

dom (Constraint C) : (var1) ->(vall) . . . (varN) ->(valN) : subproof
subproofs for proof goals
ged;

61/128
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VERIPB Proofs in Depth
[e]e]e]e]e] lele]ele]ele]e]

Syntax for Strengthening Rules

red (Constraint C) : (varl) ->(vall) . .. (varN) ->(valN) : subproof
subproofs for proof goals

ged;

dom (Constraint C) : (var1) ->(vall) . . . (varN) ->(valN) : subproof
subproofs for proof goals

ged;

m Witness w should be explicitly specified in proof log
m Subproofs of proof goals should also be explicit

m But can be skipped for proof goals “obvious” to proof checker

Jakob Nordstrom (UCPH & LU) The Joy of Pseudo-Boolean Proof Logging ACP Summer School "26 61/128



VERIPB Proofs in Depth
0O00000e000000

More Advanced Example of Redundance-Based Strengthening
Is the following graph 2-colourable (bipartite)?

1

~1
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VERIPB Proofs in Depth
0O00000e000000

More Advanced Example of Redundance-Based Strengthening

Is the following graph 2-colourable (bipartite)?

\ b1+b2

2 El +Ez

~1
[\
—_

v
-

Jakob Nordstrom (UCPH & LU)
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VERIPB Proofs in Depth
0O00000e000000

More Advanced Example of Redundance-Based Strengthening

Is the following graph 2-colourable (bipartite)?

1

b1+b221
’ 2 bi+by > 1
6 b1+b321
3 El+5321

|
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VERIPB Proofs in Depth
0O00000e000000

More Advanced Example of Redundance-Based Strengthening

Is the following graph 2-colourable (bipartite)?

1

b1+b221
’ 2 bi+by > 1
6 b1+b321
3 El+5321

|

Without loss of generality, node 1 is blue
(otherwise we can swap the two colours)
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VERIPB Proofs in Depth
0O00000e000000

More Advanced Example of Redundance-Based Strengthening
Is the following graph 2-colourable (bipartite)?

1

b1+b221
’ 2 bi+by > 1
6 b1+b321
3 El+5321

|

Without loss of generality, node 1 is blue
(otherwise we can swap the two colours)

Derive bl_z 1 with redundance; witness
w:b;— b;foralli

F=Fl, and =(b;2=1)=(b =1,
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VERIPB Proofs in Depth
0O00000e000000

More Advanced Example of Redundance-Based Strengthening

. ) o
Is the following graph 2-colourable (bipartite) pseudo-Boolean proof version 3.0

1 f 18 ;
; bi+by 21 red 1 b1 >= 1 : bl -> ~bl b2 -> ~b2
- = < b3 -> ~b3 b4 -> ~b4 b5 -> ~b5
2 bi+by 21 < b6 -> ~b6 b7 -> ~b7 b8 -> ~b8 ;
6 by+b3 >1 rup >= 1 ;
3 bi+bs>1 output NONE ;
% - conclusion UNSAT ;

end pseudo-Boolean proof ;

Without loss of generality, node 1 is blue
(otherwise we can swap the two colours) m Start the proof

Derive bl_z 1 with redundance; witness
w:b;— b;foralli

F=Fl, and =(b;2=1)=(b =1,
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VERIPB Proofs in Depth
0O00000e000000

More Advanced Example of Redundance-Based Strengthening

. ) o
Is the following graph 2-colourable (bipartite) pseudo-Boolean proof version 3.0

1 f18 ;
; by+b; =1 red 1 bl >= 1 : bl -> ~b1 b2 -> ~b2
- = < b3 -> ~b3 b4 -> ~b4 b5 -> ~b5
2 by+by 21 s b6 -> ~b6 b7 -> ~b7 b -> ~b8 ;
6 bi+bs 21 rup >= 1 ;
3 bi+bs>1 output NONE ;
% - conclusion UNSAT ;

end pseudo-Boolean proof ;

Without loss of generality, node 1 is blue
(otherwise we can swap the two colours) m Start the proof

Derive b; > 1 with redundance; witness m Derive b; > 1 with redundance rule
 : b; > b; forall i

F=Fl, and =(b;2=1)=(b =1,
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VERIPB Proofs in Depth
0O00000e000000

More Advanced Example of Redundance-Based Strengthening

. ) o
Is the following graph 2-colourable (bipartite) pseudo-Boolean proof version 3.0

1 f18 ;
; bi+by 21 red 1 b1 >= 1 : bl -> ~bl b2 -> ~b2
- = < b3 -> ~b3 b4 -> ~b4 b5 -> ~b5
2 bi+by 21 < b6 -> ~b6 b7 -> ~b7 b8 -> ~b8 ;
6 b1+b321 rup >= 1 ;
3 bi+bs>1 output NONE ;
% - conclusion UNSAT ;

end pseudo-Boolean proof ;

Without loss of generality, node 1 is blue
(otherwise we can swap the two colours) m Start the proof

Derive by > 1 with redundance; witness m Derive b; > 1 with redundance rule

® : by > b; for all i m Derive contradiction by RUP

F=Fl, and =(b;2=1)=(b =1,
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VERIPB Proofs in Depth
0O00000e000000

More Advanced Example of Redundance-Based Strengthening

. ) o
Is the following graph 2-colourable (bipartite) pseudo-Boolean proof version 3.0

1 f18 ;
; bi+by 21 red 1 b1 >= 1 : bl -> ~bl b2 -> ~b2
- = < b3 -> ~b3 b4 -> ~b4 b5 -> ~b5
2 bi+by 21 < b6 -> ~b6 b7 -> ~b7 b8 -> ~b8 ;
6 b1+b321 rup >= 1 ;
3 bi+bs>1 output NONE ;
% - conclusion UNSAT ;

end pseudo-Boolean proof ;

Without loss of generality, node 1 is blue
(otherwise we can swap the two colours) m Start the proof

Derive b; > 1 with redundance; witness m Derive b; > 1 with redundance rule

® : by > b; for all i m Derive contradiction by RUP

F=Fl, and =(b;2=1)=(b =1,

Jakob Nordstrom (UCPH & LU) The Joy of Pseudo-Boolean Proc g ACP Summer School "26 62/128



VERIPB Proofs in Depth
0O00000e000000

More Advanced Example of Redundance-Based Strengthening

. ) o
Is the following graph 2-colourable (bipartite) pseudo-Boolean proof version 3.0

1 f18 ;
bi+by 21 red 1 b1 >= 1 : bl -> ~b1 b2 -> ~b2
7 5 54T, > 1 <> b3 -> ~b3 b4 > ~b4 b5 -> ~b5
o <~ b6 -> ~b6 b7 -> ~b7 b8 -> ~b8 ;
6 b1+b321 rup >= 1 ;
3 bi+bs>1 output NONE ;
% - conclusion UNSAT ;

end pseudo-Boolean proof ;

Without loss of generality, node 1 is blue
(otherwise we can swap the two colours) m Start the proof

Derive by > 1 with redundance; witness m Derive b; > 1 with redundance rule

® : by > b; for all i m Derive contradiction by RUP

F=Fl, and =(b;2=1)=(b =1,
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More Advanced Example of Redundance-Based Strengthening

. ) o
Is the following graph 2-colourable (bipartite) pseudo-Boolean proof version 3.0

1 f18 ;
; bi+by 21 red 1 b1 >= 1 : bl -> ~bl b2 -> ~b2
- = < b3 -> ~b3 b4 -> ~b4 b5 -> ~b5
2 bi+by 21 < b6 -> ~b6 b7 -> ~b7 b8 -> ~b8 ;
6 b1+b321 rup >= 1 ;
3 bi+bs > 1 output NONE ;
4 ’ conclusion UNSAT ;

end pseudo-Boolean proof ;

Without loss of generality, node 1 is blue

(otherwise we can swap the two colours) m Start the proof
Derive b; > 1 with redundance; witness m Derive b; > 1 with redundance rule
w : bj > bj for all i m Derive contradiction by RUP

F=Fl, and =(b;2=1)=(b =1,
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More Advanced Example of Redundance-Based Strengthening

. ) o
Is the following graph 2-colourable (bipartite) pseudo-Boolean proof version 3.0

1 f18 ;
; bi+by 21 red 1 b1 >= 1 : bl -> ~bl b2 -> ~b2
- = < b3 -> ~b3 b4 -> ~b4 b5 -> ~b5
2 bi+by 21 < b6 -> ~b6 b7 -> ~b7 b8 -> ~b8 ;
6 b1+b321 rup >= 1 ;
3 bi+bs>1 output NONE ;
4 - conclusion UNSAT ;

end pseudo-Boolean proof ;

Without loss of generality, node 1 is blue
(otherwise we can swap the two colours) m Start the proof

Derive by > 1 with redundance; witness m Derive b; > 1 with redundance rule

® : by > b; for all i m Derive contradiction by RUP

F=Fl, and =(b;2=1)=(b =1,
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The Problem of Deleting Constraints
Important to allow deletions of constraints from database

m Improves practical performance

m Affects power of strengthening rules
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VERIPB Proofs in Depth
0O000000@00000

The Problem of Deleting Constraints

Important to allow deletions of constraints from database
m Improves practical performance

m Affects power of strengthening rules

But powerful strengthening rules create problems:
m Unsatisfiable formulas can turn satisfiable

m Satisfiable formulas can turn unsatisfiable(!)
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VERIPB Proofs in Depth
0O000000@00000

The Problem of Deleting Constraints

Important to allow deletions of constraints from database
m Improves practical performance

m Affects power of strengthening rules

But powerful strengthening rules create problems:
m Unsatisfiable formulas can turn satisfiable
m Satisfiable formulas can turn unsatisfiable(!)
Optimisation: deletion can create too-good-to-be-true solutions

Enumeration: deletion can reintroduce already enumerated solutions
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VERIPB Proofs in Depth
0O000000@00000

The Problem of Deleting Constraints

Important to allow deletions of constraints from database
m Improves practical performance

m Affects power of strengthening rules

But powerful strengthening rules create problems:

m Unsatisfiable formulas can turn satisfiable

m Satisfiable formulas can turn unsatisfiable(!)
Optimisation: deletion can create too-good-to-be-true solutions
Enumeration: deletion can reintroduce already enumerated solutions

Solution: distinguish between deletion from core set € and derived set &

ummer School 26 63/128
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VERIPB Proofs in Depth
0000000080000

Deletion, Core Transfer, and Order Change

Deletion
Deletion of constraint C always OK from derived set &

OK from core set & only if C can be rederived from & \ {C} with redundance rule
(otherwise unchecked deletion — special conditions apply)
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VERIPB Proofs in Depth
0000000080000

Deletion, Core Transfer, and Order Change

Deletion
Deletion of constraint C always OK from derived set &

OK from core set & only if C can be rederived from & \ {C} with redundance rule
(otherwise unchecked deletion — special conditions apply)

Similar to deletion rule in [JHB12] (but not implemented in DRAT)
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VERIPB Proofs in Depth
0000000080000

Deletion, Core Transfer, and Order Change

Deletion
Deletion of constraint C always OK from derived set &

OK from core set & only if C can be rederived from & \ {C} with redundance rule
(otherwise unchecked deletion — special conditions apply)

Similar to deletion rule in [JHB12] (but not implemented in DRAT)

Core transfer
Constraints from £ can be moved to €
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VERIPB Proofs in Depth
0000000080000

Deletion, Core Transfer, and Order Change

Deletion
Deletion of constraint C always OK from derived set &

OK from core set & only if C can be rederived from & \ {C} with redundance rule
(otherwise unchecked deletion — special conditions apply)

Similar to deletion rule in [JHB12] (but not implemented in DRAT)

Core transfer
Constraints from £ can be moved to €

Change of order
Possible to change order only if 2 = 0
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VERIPB Proofs in Depth
0000000008000

Conclusions for Decision Problems

NONE
Status is undetermined

SAT [ : (assignment)]
Check provided assignment against original formula
If no assignment given, then

m solution should have been logged

m no unchecked deletion must have occurred before this

UNSAT [ : (constraint ID)]

Only valid if no solution has been logged

Check that specified constraint is contradictory (technically: negative slack)

If no constraint specified, check that database contains contradictory constraint
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VERIPB Proofs in Depth
0000000000800

Optimisation Problems

Any solution « found is logged with soli “log solution and improve” command
m Provided solution a checked against current core set ¢

m Objective-improving constraint f < =1+ >; w; - @(£;) + k added to core set
(forces search for better solutions)
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VERIPB Proofs in Depth
0000000000800

Optimisation Problems

Any solution « found is logged with soli “log solution and improve” command
m Provided solution « checked against current core set €
m Objective-improving constraint f < =1+ >; w; - @(£;) + k added to core set
(forces search for better solutions)
Note that
m « need not be solution for original formula

m but such solution can be reconstructed from the proof

Jakob Nordstrom (UCPH & LU) The Joy of Pseudo-Boolean Proot g ummer School "26 66,



VERIPB Proofs in Depth
0000000000800

Optimisation Problems

Any solution « found is logged with soli “log solution and improve” command
m Provided solution « checked against current core set €
m Objective-improving constraint f < =1+ >; w; - @(£;) + k added to core set
(forces search for better solutions)
Note that
m « need not be solution for original formula

m but such solution can be reconstructed from the proof

Proof of optimality: Contradiction derived from objective-improving constraint

Proof format supports not just optimality, but also non-tight upper and lower bounds
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0000000000080
Conclusions for Optimisation Problems

NONE
No solution or lower bound found

BOUNDS (LB) [ : (constraint ID) ] (UB) [ : (assignment) ]
(LB) and (UB) are integers or inf; optimality if (LB) = (UB)

Jakob Nordstrom (UCPH & LU)

The Joy of Pseudo-Boolean Pro

ACP Summer School 26 67/128



VERIPB Proofs in Depth
0000000000080

Conclusions for Optimisation Problems

NONE
No solution or lower bound found

BOUNDS (LB) [ : (constraint ID) ] (UB) [ : (assignment) ]
(LB) and (UB) are integers or inf; optimality if (LB) = (UB)

Lower bound
Constraint (constraint ID), if specified, should imply lower bound
Otherwise, f > (LB) should be “obvious” to proof checker from current database
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VERIPB Proofs in Depth
0000000000080

Conclusions for Optimisation Problems

NONE
No solution or lower bound found

BOUNDS (LB) [ : (constraint ID) ] (UB) [ : (assignment) ]
(LB) and (UB) are integers or inf; optimality if (LB) = (UB)

Lower bound
Constraint (constraint ID), if specified, should imply lower bound
Otherwise, f > (LB) should be “obvious” to proof checker from current database

Upper bound
Check provided assignment against original formula
If no assignment specified, then

m solution with value (UB) should have been logged

m no unchecked deletion must have occurred before this
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000000000000 e
More About VERIPB Proof Syntax

Variables

m start with a letter in A-Z or a-z

m continue with characters in A-Z, a-z, -9, or [1{}-_"
(square and curly brackets, hyphen, underscore, and caret)

m contain at least two characters
Constraints
Are referred to by positive integers (constraint 1Ds)

Derivation rules and requirements
Come in two flavours
kernel format for formally verified proof checker

augmented format with convenience rules such as reverse unit propagation (RUP)

See https://VeriPB.org for more details
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https://VeriPB.org

Labels
e0

Syntactic Sugar: Labels for Constraints

Constraint identifiers are consecutive numbers 1, 2, 3, ...
m Can be annoying to keep track of the exact numbers when writing proofs

m Or plain difficult if several (sub)solvers collaborate
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Labels
e0

Syntactic Sugar: Labels for Constraints

Constraint identifiers are consecutive numbers 1, 2, 3, ...
m Can be annoying to keep track of the exact numbers when writing proofs

m Or plain difficult if several (sub)solvers collaborate

simplify things — just aliases for constraint [Ds (in input file or proof file)
* input file (.opb) % proof file (.pbp)

1T x11x2>1; pol + + o

1 x1 1 x3>1; pol 2d ;

T x1 1 x3>1;

69/128
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Labels
e0

Syntactic Sugar: Labels for Constraints

Constraint identifiers are consecutive numbers 1, 2, 3, ...
m Can be annoying to keep track of the exact numbers when writing proofs

m Or plain difficult if several (sub)solvers collaborate

simplify things — just aliases for constraint [Ds (in input file or proof file)
* input file (.opb) % proof file (.pbp)

1T x11x2>1; pol + + o

1 x1 1 x3>1; pol 2d ;

1T x1 1 x3 >=1

’

m Can be used anywhere a constraint ID is expected
m Prefixing of proof rule assigns label to derived constraint

m Defining a label again just overwrites it — can be convenient when referring to simplified
form of “the same constraint”
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Labels

Proof Logging with Labels for CDCL Example

@VxVy OED
LD (VgD (pvu)  A(gvr) "AFVw) A@mVxVy) A

GvE5 (xvyVvz) "A(xVvz) "A@yvz) A(xVZ) APV
pol + 2 d + 2 d ; ~ou+x>1
pol + 2 d ; ~w o x>1
pol + 2 d + 2 d 2 d g ~w 021 7

ACP Summer School 26 70/128

The Joy of Pseudo-Boolean Proof Logging
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PB Constraints
[ Jele]e]

Linear Pseudo-Boolean Constraints and Normalised Form

Usually, pseudo-Boolean constraints are any 0-1 integer linear constraints on the form
Xiaiti< A

e {><,5>, <}
ai, A€’

literals £: x; or x; (Where x; + x; = 1)

Jakob Nordstrom (UCPH & LU) The Joy of Pseudo-Boolean Pro

variables x; take values 0 = false or 1 = true
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PB Constraints
[ Jele]e]

Linear Pseudo-Boolean Constraints and Normalised Form

Usually, pseudo-Boolean constraints are any 0-1 integer linear constraints on the form
Xiaiti< A

e {><,5>, <}
ai, A€’

literals £: x; or x; (Where x; + x; = 1)

variables x; take values 0 = false or 1 = true

For us, convenient to use normalised form [Bar95] (without loss of generality)
Zi ait’i > A

m constraint always greater-than-or-equal
m a;, A € N non-negative
m A=deg(),;a;t; > A) referred to as degree (of falsity)

Jakob Nordstrom (UCPH & LU) The Joy of Pseudo-Boolean Proc

ACP Summer School 26 71/128



PB Constraints
0@00

Conversion to Normalised Form: Example

Normalised form is used for convenience and without loss of generality

—X1+2x9 — 3x3 +4x4 — 5x5 <0
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PB Constraints
0@00

Conversion to Normalised Form: Example

Normalised form is used for convenience and without loss of generality
—X1+2x9 — 3x3 +4x4 — 5x5 <0
Make inequality non-strict

—X1 + 2x9 — 3x3 +4x4 — 5x5 < —1
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PB Constraints
0@00

Conversion to Normalised Form: Example
Normalised form is used for convenience and without loss of generality
—X1+2x9 — 3x3 +4x4 — 5x5 <0

Make inequality non-strict

—X1 + 2x9 — 3x3 +4x4 — 5x5 < —1
Multiply by —1 to get greater-than-or-equal
X1 — 2%y +3x3 —4x4+5x5 > 1
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PB Constraints
0@00

Conversion to Normalised Form: Example
Normalised form is used for convenience and without loss of generality
—X1+2x9 — 3x3 +4x4 — 5x5 <0

Make inequality non-strict

IA
|
[

—X1 + 2x9 — 3x3 + 4x4 — 5X;5

Multiply by —1 to get greater-than-or-equal

v
—_

X1 — 2X9 + 3x3 — 4x4 + 5x5
Replace —¢ by —(1 — £) [where we define X = x]

X1 — 2(1 - fz) + 3x3 — 4(1 —f4) + 5x;5

VoV
-

X1+2§2+3X3+4§4+SX5 >7
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PB Constraints
0@00

Conversion to Normalised Form: Example
Normalised form is used for convenience and without loss of generality
—X1+2x9 — 3x3 +4x4 — 5x5 <0

Make inequality non-strict

—X1 + 2x9 — 3x3 +4x4 — 5x5 < —1
Multiply by —1 to get greater-than-or-equal
X1 — 2%y +3x3 —4x4+5x5 > 1

Replace —¢ by —(1 — £) [where we define X = x]

X1 — 2(1 - fz) + 3x3 — 4(1 —f4) + 5x;5

N2\
-

X1+2§2+3X3+4§4+SX5 >7

Replace “=” by two inequalities “>” and “<”
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PB Constraints
[e]e] o]

Conversion to Normalised Form: Formal Details

Given (normalised) linear form ), a;/; with coefficient sum ), a; = W/

Syntactic sugar
diaiti > A
Yiait <A
2iaiti <A

Zi ai{’i =A

Meaning
diaiti > A+1
Yiaiti >W-A
Yiati >W-A+1

>iaiti > A and
Zi ai?i >W-A

ACP Summer School 26 73/128
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PB Constraints
[e]e] o]

Conversion to Normalised Form: Formal Details

Given (normalised) linear form ), a;/; with coefficient sum ), a; = W/

Syntactic sugar Meaning
Yiait; > A Yiaiti > A+1
2iaifi <A Siaili>W—-A
2iaiti <A Yiait; >W—-A+1
2iaiti = >.ait;>A and
i ait; > W - A

In what follows:
m Use syntactic sugar when convenient
m Assume (implicit) normalisation whenever it matters
m Write = for syntactic equality
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PB Constraints
[e]e]e] ]

Some Convenient Notation for Constraints
Given constraint C = ), a;f; > Awith )}, a;, =W

Negation “C = Yali>W-A+1

Jakob Nordstrom (UCPH & LU) The Joy of Pseudo-Boolean Proc ACP Summer School "26 74/128



PB Constraints
[e]e]e] ]

Some Convenient Notation for Constraints

Given constraint C = ), a;f; > Awith )}, a;, =W

Negation -C = Yiaiti >W—-A+1
Reification
e O = AT+ Y ait; > A
re=C = W-A+1)-r+Y,a6i>W-A+1
e O = r=Candr=C
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PB Constraints
[e]e]e] ]

Some Convenient Notation for Constraints

Given constraint C = ), a;f; > Awith )}, a;, =W

Negation -C = Ziai?i >W-A+1
Reification

r=0_C = A-T+Y;ai; >A

reC = (W—A+1)-r+2ia,~?i2W—A+1

r=>Candr<=C_

reC

Some calculations
reC =r=-C

C+-C=02>1
deg(C)-(r=z1) + (r=0) =C
C+ (re0) = deg(=C)-r>1

Jakob Nordstrom (UCPH & LU) The Joy of Pseudo-Boolean Proof Logging ACP Summer School "26



Reification
®00000

More Syntactic Sugar: Reification in VERIPB Syntax

For big-M reification constraints, can be annoying to compute the right constant
So VERIPB allows to write reified constraints with arrows

r ==> (constraint) ;
r <== {(constraint) ;
r <==> (constraint) ;
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Reification
®00000

More Syntactic Sugar: Reification in VERIPB Syntax

For big-M reification constraints, can be annoying to compute the right constant
So VERIPB allows to write reified constraints with arrows

r ==> (constraint) ;
r <== {(constraint) ;
r <==> (constraint) ;

m <==>stands for two constraints and lives in the input file only
m <== and <==> take exactly one literal on the left

m ==> allows one or more literals, read as their conjunction
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Reification
®00000

More Syntactic Sugar: Reification in VERIPB Syntax

For big-M reification constraints, can be annoying to compute the right constant
So VERIPB allows to write reified constraints with arrows

r ==> (constraint) ;
r <== {(constraint) ;
r <==> (constraint) ;

m <==>stands for two constraints and lives in the input file only
m <== and <==> take exactly one literal on the left

m ==> allows one or more literals, read as their conjunction
ForC = ), a;t; > A and literals ry, 7y, ..., r,, we have

MMATRAN-- A1, =C = A;1+A?2+"'+A;n+zidj[jZ/‘\

Jakob Nordstrom (UCPH & LU) The Joy of Pseudo-Boolean Pro ummer School *26 75/128



Reification
O®@0000

Reification in VERIPB Syntax: Concrete Examples

For C = x; + 2xy + 3x3 + 4x, > 5 we have
m deg(C) =5
mW=3,a=10
m—C = x1+2x,+3x3+4x, >10-5+1
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Reification
O®@0000

Reification in VERIPB Syntax: Concrete Examples

For C = x; + 2xy + 3x3 + 4x, > 5 we have
m deg(C) =5
mW=3,a=10
mC = X;+2x,+3x3+4x4 > 6
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Reification
O®@0000

Reification in VERIPB Syntax: Concrete Examples

For C = x; + 2xy + 3x3 + 4x, > 5 we have
m deg(C) =5
mW=3,a=10
mC = X;+2x,+3x3+4x4 > 6

Syntactic sugar Meaning
r==> 1x12x23x34x4>5, 57 +x1+2xy +3x3 +4x4 > 5
r<== 1x12x23x34x4>5; 6r + X1 +2x2+3x3+4%4 > 6
r<==>1x12x23x34x4>5; 1st and 2nd constraint, in that order

rit ~r2 r3 ==> 1 x1 2 x2 3 x3 4 x4 >=5 ; 571+5r2+573+x1+2x2+3x3+4X425
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Reification
O®@0000

Reification in VERIPB Syntax: Concrete Examples

For C = x; + 2xy + 3x3 + 4x, > 5 we have
m deg(C) =5
mW=3,a=10
mC = X;+2x,+3x3+4x4 > 6

Syntactic sugar Meaning
r==> 1x12x23x34x4>5; 57 +x1+2x +3x3+4x4 > 5
r<== 1x12x23x34x4>5; 6r + X1 +2x2+3x3+4%4 > 6
r<==>1x12x23x34x4>5; 1st and 2nd constraint, in that order

rit ~r2 r3 ==> 1 x1 2 x2 3 x3 4 x4 >=5 ; 571+5r2+573+x1+2x2+3x3+4X425

m Right reification: negate reification literal(s) and add with coefficient deg(C) = 5
m Left reification: negate constraint and add reification literal with coefficient deg(—=C) =6
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Reification
[e]e] le]e]e]

Calculations with Reified Constraints: Concrete Examples

Still with C = x; + 2x9 + 333 + 4x, > 5,s0 that =C = x| + 2y + 3%5 + 4%, > 6

(and recall that £ + £ = 1, so that opposing literals cancel and leave 1)

C+ -C = (xl +f1) + Z(XZ +f2) + 3()('3 +)_Cg) + 4(.X'4 +E4) > 11
=0>11-10
=02>1

deg(C)-(r=1) + (r=20C) = 5(r+7)+x; +2x2 +3x3 +4x4 > 10
= x1+2xy+3x3+4x4 > 10-5
= C
C+ (re0) = 6r+(x+x1) +2(x2 +X2) +3(x3 +x3) +4(xg +x4) > 11
= 6r >11-10
= deg(=C)-r>1
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Reification
[e]e]e] le]e]

Cutting Planes Derivations Under Assumptions

Suppose we have the constraints

v

ri+x1+x2

v

ri+x1+x3

X2 + X3

[\
[ N

[\

To+X1+Xo+ X3
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Reification
[e]e]e] le]e]

Cutting Planes Derivations Under Assumptions

Suppose we have the constraints

Frx1+xy 21w x1+x, 21
Fr+x1+x3>21 x1+x32>1
Xo+x321 o Xy +x3 21
fzz——F)_C1+f2+)_C322 N> )_C]+f2+)_C322

Assume r; = 0 and r, = 1 and simplify
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Reification
[e]e]e] le]e]

Cutting Planes Derivations Under Assumptions

Suppose we have the constraints

Frx1+xy 21w x1+x, 21
Fr+x1+x3>21 x1+x32>1
Xo+x321 o Xy +x3 21
fzz——F)_C1+f2+)_C322 N> )_C]+f2+)_C322

Assume r; = 0 and r, = 1 and simplify — then cutting planes can derive contradiction

xX1+x22>1 x1+x3>1
Add

2x1+x2+x3 > 2 xX2+x32>1

Add
2x1+2x2 +2x3 >3
Divide by 2 — — —
X1+x2+x3>2 X1+X2+x322
Add
0>1
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Reification
[e]e]e] le]e]

Cutting Planes Derivations Under Assumptions

Suppose we have the constraints

Frx1+xy 21w x1+x, 21
Fr+x1+x3>21 x1+x32>1
Xo+x321 o Xy +x3 21
fzz——F)_C1+f2+)_C322 N> )_C]+f2+)_C322

Assume r; = 0 and r, = 1 and simplify — then cutting planes can derive contradiction

xX1+x22>1 x1+x3>1
Add

2x1+x2+x3 > 2 xX2+x32>1

Add
2x1+2x2 +2x3 >3
Divide by 2 — — —
X1+x2+x3>2 X1+X2+x322
Add
0>1

This means that the original constraints imply r; + 7, > 1
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The Same Derivation Without Assumptions

Now forget about the assumptions and run exactly the same derivation on the original constraints:

rn+xi+x2>1 r+xi+x3=>1
Add
2ri+2x1+x0+x3 > 2 X9 +x32>1
Add
2r1 +2x1+2x2+2x3 > 3
Divide by 2 _ _ _ _
r+xi+x2+x3>2 ro+x1+x2+x3>2
Add
ri+ry>1
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Reification
[e]e]e]e] Je]

The Same Derivation Without Assumptions

Now forget about the assumptions and run exactly the same derivation on the original constraints:

rn+xi+x2>1 r+xi+x3=>1
Add
2ri+2x1+x0+x3 > 2 X9 +x32>1
Add
2r1 +2x1+2x2+2x3 > 3
Divide by 2 _ _ _ _
r+xi+x2+x3>2 ro+x1+x2+x3>2
Add
ri+re>1
This yields
ri+ry>1 [VERIPB syntax: 1 r1 1 ~r2 >= 1 ;]
or equivalently
FiAr,=(0>1) [VERIPB syntax: ~rl1 r2 ==> >= 1 ;]
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Reification
[e]e]e]e] Je]

The Same Derivation Without Assumptions

Now forget about the assumptions and run exactly the same derivation on the original constraints:

rn+xi+x2>1 r+xi+x3=>1
Add
2ri+2x1+x0+x3 > 2 xX2+x32>1
Add
2r1 +2x1+2x2+2x3 > 3
Divide by 2 _ _ _ _
r+xi+x2+x3>2 ro+x1+x2+x3>2
Add
ri+re>1
This yields
r+7>1 [VERIPB syntax: 1 r1 1 ~r2 >=1 ;]
or equivalently
FiAr,=(0>1) [VERIPB syntax: ~rl1 r2 ==> >= 1 ;]

That is, our assumptions imply contradiction

Jakob Nordstrom (UCPH & LU)
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Reification
O0000e

Derivations Under Assumptions: The General Claim

This works in general!
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Reification
O0000e

Derivations Under Assumptions: The General Claim

This works in general!

m Suppose that we have
constraints C1,Ca,...,Cnp
assumptions p={fy = 1,6 =1,...,6, =1}
cutting planes derivation of D from the restricted constraints C1[p,Calp,...,Cmlp
(i.e., derivation without strengthening)
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Reification
O0000e

Derivations Under Assumptions: The General Claim

This works in general!

m Suppose that we have
constraints C1,Ca,...,Cnp
assumptions p={fy = 1,6 =1,...,6, =1}
cutting planes derivation of D from the restricted constraints C1[p,Calp,...,Cmlp
(i.e., derivation without strengthening)

m Then the same derivation applied to Cy,Cy, ..., Cp, yields a constraint at least as strong as

LAL A ANl =D = deg(D)- Y%, ¢ + D
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Reification
O0000e

Derivations Under Assumptions: The General Claim

This works in general!

m Suppose that we have
constraints C1,Ca,...,Cnp
assumptions p={fy = 1,6 =1,...,6, =1}
cutting planes derivation of D from the restricted constraints C1[p,Calp,...,Cmlp
(i.e., derivation without strengthening)

m Then the same derivation applied to Cy,Cy, ..., Cp, yields a constraint at least as strong as

LAL A ANl =D = deg(D)- Y%, ¢ + D

Give a convenient way to construct derivations:
m Apply assumptions in p to constraints C; and simplify to get C;[,

Jakob Nordstrom (UCPH & LU) The Joy of Pseudo-Boolean Pro ummer School *26 80/128



Reification
O0000e

Derivations Under Assumptions: The General Claim

This works in general!

m Suppose that we have
constraints C1,Ca,...,Cnp
assumptions p={fy = 1,6 =1,...,6, =1}
cutting planes derivation of D from the restricted constraints C1[p,Calp,...,Cmlp
(i.e., derivation without strengthening)

m Then the same derivation applied to Cy,Cy, ..., Cp, yields a constraint at least as strong as
LAL A ANl =D = deg(D)- Y%, ¢ + D
Give a convenient way to construct derivations:

m Apply assumptions in p to constraints C; and simplify to get C;[,
m Derive desired conclusion D
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Reification
O0000e

Derivations Under Assumptions: The General Claim

This works in general!

m Suppose that we have
constraints C1,Ca,...,Cnp
assumptions p={fy = 1,6 =1,...,6, =1}
cutting planes derivation of D from the restricted constraints C1[p,Calp,...,Cmlp
(i.e., derivation without strengthening)

m Then the same derivation applied to Cy,Cy, ..., Cp, yields a constraint at least as strong as
LAL A ANl =D = deg(D)- Y%, ¢ + D
Give a convenient way to construct derivations:
m Apply assumptions in p to constraints C; and simplify to get C;[,

m Derive desired conclusion D
m Remove assumptions to get reified version p = D of constraint
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Reification
O0000e

Derivations Under Assumptions: The General Claim

This works in general!

m Suppose that we have
constraints C1,Ca,...,Cnp
assumptions p={fy = 1,6 =1,...,6, =1}
cutting planes derivation of D from the restricted constraints C1[p,Calp,...,Cmlp
(i.e., derivation without strengthening)

m Then the same derivation applied to Cy,Cy, ..., Cp, yields a constraint at least as strong as

LAL A ANl =D = deg(D)- Y%, ¢ + D

Give a convenient way to construct derivations:
m Apply assumptions in p to constraints C; and simplify to get C;[,
m Derive desired conclusion D
m Remove assumptions to get reified version p = D of constraint
m Important special case: Backtracking clause from decisions/guesses leading to contradiction
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aph Algorithms

Progress So Far

We’ve seen proof logging, and how it works for SAT
We've learned about
m pseudo-Boolean constraints (0-1 linear inequalities)
m cutting planes reasoning

m strengthening rules

Coming next, some worked examples from dedicated graph solvers

Jakob Nordstrom (UCPH & LU) The Joy of Pseudo-Boolean Pr Summer Schoo



Proof Logging for Maximum Clique Solvers

The Maximum Clique Problem
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aph Algorithms
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Proof Logging for Maximum Clique Solvers

Maximum Clique Solvers

There are a lot of dedicated solvers for clique problems

But there are issues:
m “State-of-the-art” solvers have been buggy.
m Often undetected: error rate of around 0.1% [MPP19]

Often used inside other solvers

m An off-by-one result can cause much larger errors

Jakob Nordstrom (UCPH & LU) The Joy of Pseudo-Boolean Pr Summer Schoo
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Proof Logging for Maximum Clique Solvers

A Brief and Incomplete Guide to Clique Solving (1/4)

Recursive maximum clique algorithm:
m Pick a vertex v

m Either v is in the clique...

m Throw away every vertex not adjacent to v
m If vertices remain, recurse

m ...orvis not in the clique

m Throw away v (and all incident edges) and pick another vertex

Jakob Nordstrom (UCPH & LU) The Joy of Pseudo-Boolean Pr Summer Schoo
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Proof Logging for Maximum Clique Solvers

A Brief and Incomplete Guide to Clique Solving (2/4)

Key data structures:
m Growing clique C

m Shrinking set of potential vertices P

m All the vertices we haven’t thrown away yet
m Every v € Pis adjacent to every w € C

Jakob Nordstrom (UCPH & LU) The Joy of Pseudo-Boolean Pr Summer Schoo



Subgraph Algorithms
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Proof Logging for Maximum Clique Solvers

A Brief and Incomplete Guide to Clique Solving (2/4)

Key data structures:
m Growing clique C

m Shrinking set of potential vertices P

m All the vertices we haven’t thrown away yet
m Every v € Pis adjacent to every w € C

Branch and bound:
m Remember the biggest clique C* found so far

m If|C|+]|P| < ‘C*|, no need to keep going

Jakob Nordstrom (UCPH & LU) The Joy of Pseudo-Boolean Pro ummer School *26 85/128
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Proof Logging for Maximum Clique Solvers

A Brief and Incomplete Guide to Clique Solving (3/4)

11 1

oo
IS

I~

Given a k-colouring of a subgraph, that subgraph cannot have a clique of more than k vertices

We can use |C| + #colours(P) as a bound, for any colouring

Jakob Nordstrom (UCPH & LU) The Joy of Pseudo-Boolean Pr Summer Schoo
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Proof Logging for Maximum Clique Solvers

A Brief and Incomplete Guide to Clique Solving (4/4)

m This brings us to 1997

m Many improvements since then
m better bound functions
m clever vertex selection heuristics
m efficient data structures
m local search
[ ]

m But key ideas for proof logging can be explained without worrying about such things

Jakob Nordstrom (UCPH & LU) The Joy of Pseudo-Boolean Pr Summer Schoo
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Proof Logging for Maximum Clique Solvers

Making a Certifying Clique Solver

Output a pseudo-Boolean encoding of the problem

m Clique problems have several standard file formats
m Give the constraints labels, so the proof can refer to them by name

Make solver generate proof log for search tree
m Output a small header
m Output something on every backtrack
m Output something every time a solution is found
m Output a small footer

Figure out how to certify the bound function

Jakob Nordstrom (UCPH & LU) Joy of Pseudo-Boolean Proot ummer School *26
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Proof Logging for Maximum Clique Solvers

A Pseudo-Boolean Encoding for Clique (in OPB Format)

* #variable= 12 #constraint=
min: T ~x1 1 ~x2 1 ~x3 1 ~x4 .. .andsoon... 1 ~x111 ~x12 ;
@noedgel_3 -1 x3 -1 x1 >= -1 ;

@noedge2_3 -1 x3 -1 x2 >= -1 ;

@noedgel_4 -1 x4 -1 x1 >= -1 ;

* . . .and a further 38 similar lines for the remaining non-edges

ACP Summer School 26 89/128
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Subgraph Algorithms

000000 0@000000000O

Proof Logging for Maximum Clique Solvers

A Pseudo-Boolean Encoding for Clique (in OPB Format)

* #variable= 12 #constraint= 41

min: T ~x1 1 ~x2 1 ~x3 1 ~x4 .. .andsoon... 1 ~x111 ~x12 ;
@noedgel_3 -1 x3 -1 x1 >= -1 ;

@noedge2_3 -1 x3 -1 x2 >= -1 ;

@noedgel_4 -1 x4 -1 x1 >= -1 ;

* . . .and a further 38 similar lines for the remaining non-edges

x; = 1 means “vertex i is in the clique”
VERIPB proof minimises number of vertices not selected, so 4-clique yields objective value 12 — 4 =8

Jakob Nordstrom (UCPH & LU) The Joy of Pseudo-Boolean Proof

ummer School *26
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Proof Logging for Maximum Clique Solvers

First Attempt at a Proof

pseudo-Boolean proof version 3.0
@obj soli x7 x9 x12 ;

rup 1 ~x12 1 ~x7 >= 1 ;
rup 1 ~x12 >=1 ;

rup 1T ~x11 1 ~x10 >= 1 ;
rup 1T ~x11 >=1 ;

@obj soli x1 x2 x5 x8 ;
rup 1 ~x8 1 ~x5 >=1 ;

rup 1 ~x8 >= 1 ;

rup >= 1 ;

output NONE ;

conclusion BOUNDS 8 8 ;
end pseudo-Boolean proof ;

Jakob Nordstrom (UCPH & LU) The Joy of Pseudo-Boolean Pro g ACP Summer School "26 90/128



Subgraph Algorithms
00000000 @000000000

Proof Logging for Maximum Clique Solvers

First Attempt at a Proof

pseudo-Boolean proof version 3.0
@obj soli x7 x9 x12 ;

rup 1 ~x12 1 ~x7 >= 1 ;

rup 1 ~x12 >= 1 ;

rup 1 ~x11 1 ~x10 >= 1 ;

rup 1 ~x11 >= 1 ;

@obj soli x1 x2 x5 x8 ;

rup 1 ~x8 1 ~x5 >= 1 ;

rup 1 ~x8 >=1 ; Start with a header

’

rup >= 1 ; The problem constraints are loaded for us
output NONE ;

conclusion BOUNDS 8 8 ;
end pseudo-Boolean proof ;

Jakob Nordstrom (UCPH & LU) The Joy of Pseudo-Boolean Proof Logging ACP Summer School "26 90/128
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Proof Logging for Maximum Clique Solvers

First Attempt at a Proof "o e

pseudo-Boolean proof version 3.0
@obj soli x7 x9 x12 ;

rup 1 ~x12 1 ~x7 >= 1 ;

rup 1 ~x12 >=1 ;

rup 1T ~x11 1 ~x10 >= 1 ;

rup 1 ~x11 >=1 ; 7 5
@obj soli x1 x2 x5 x8 ;
rup 1 ~x8 1 ~x5 >=1 ;
rup 1 ~x8 >= 1 ; Branch accepting 12

rup >= 1 ; Throw away non-adjacent vertices
output NONE ;

conclusion BOUNDS 8 8 ;

end pseudo-Boolean proof ;

=3
IS
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Subgraph Algorithms
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Proof Logging for Maximum Clique Solvers

First Attempt at a Proof "o

pseudo-Boolean proof version 3.0
@obj soli x7 x9 x12 ;

rup 1 ~x12 1 ~x7 >= 1 ;

rup 1 ~x12 >=1 ;

rup 1T ~x11 1 ~x10 >= 1 ;

rup 1 ~x11 >=1 ; 7 5
@obj soli x1 x2 x5 x8 ;
rup 1 ~x8 1 ~x5 >=1 ;
rup 1 ~x8 >= 1 ; Branch also accepting 7

rup >= 1 ; Throw away non-adjacent vertices
output NONE ;

conclusion BOUNDS 8 8 ;

end pseudo-Boolean proof ;

=3
IS
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Subgraph Algorithms
00000000 @000000000

Proof Logging for Maximum Clique Solvers

First Attempt at a Proof "o

pseudo-Boolean proof version 3.0
@obj soli x7 x9 x12 ;

rup 1 ~x12 1 ~x7 >= 1 ;

rup 1 ~x12 >=1 ;

rup 1T ~x11 1 ~x10 >= 1 ;

rup 1 ~x11 >=1 ; 7 5
@obj soli x1 x2 x5 x8 ;
rup 1 ~x8 1 ~x5 >=1 ;
rup 1 ~x8 >= 1 ; Branch also accepting 9

rup >= 1 ; Throw away non-adjacent vertices
output NONE ;

conclusion BOUNDS 8 8 ;

end pseudo-Boolean proof ;

=3
IS
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Proof Logging for Maximum Clique Solvers

First Attempt at a Proof "o

10 2
pseudo-Boolean proof version 3.0

@obj soli x7 x9 x12 ;

9 @ 3
rup 1 ~x12 1 ~x7 >= 1 ;
rup 1 ~x12 >= 1 ; s\ .
rup 1 ~x11 1 ~x10 >= 1 ;
rup 1 ~x11 >=1 ; 7 ; 5
@obj soli x1 x2 x5 x8 ;
rup 1 ~x8 1 ~x5 >= 1 ;
rup 1 ~x8 >=1 ; We branched on 12, 7, 9
rup >= 1 ; Found a new incumbent
output NONE ; Now looking for a > 4 vertex clique
conclusion BOUNDS 8 8 ; “@obj” names the constraint this creates

end pseudo-Boolean proof ;
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Proof Logging for Maximum Clique Solvers

First Attempt at a Proof nooe

pseudo-Boolean proof version 3.0
@obj soli x7 x9 x12 ;

rup 1 ~x12 1 ~x7 >= 1 ;

rup 1 ~x12 >=1 ;

rup 1 ~x11 1 ~x10 >= 1 ;

rup 1 ~x11 >= 1 ; 7 @ s
@obj soli x1 x2 x5 x8 ;
rup 1 ~x8 1 ~x5 >=1 ;
rup 1 ~x8 >= 1 ; Backtrack from 12, 7

rup >= 1 ; 9 explored already, only 6 feasible
output NONE ; No > 4 vertex clique possible

conclusion BOUNDS 8 § ; Effectively this deletes the 7-12 edge

=3
IS

end pseudo-Boolean proof ;
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Proof Logging for Maximum Clique Solvers

First Attempt at a Proof "o e

pseudo-Boolean proof version 3.0
@obj soli x7 x9 x12 ;

rup 1 ~x12 1 ~x7 >= 1 ;

rup 1 ~x12 >= 1 ;

rup 1T ~x11 1 ~x10 >= 1 ;

rup 1 ~x11 >= 1 ; A -
@obj soli x1 x2 x5 x8 ;
rup 1 ~x8 1 ~x5 >=1 ;

rup 1 ~x8 >=1 ; Backtrack from 12

rup >= 1 ; Only 1, 6 and 9 feasible (1-colourable)
output NONE ; No > 4 vertex clique possible
conclusion BOUNDS 8 8 ; Effectively this deletes vertex 12

end pseudo-Boolean proof ;

Jakob Nordstrom (UCPH & LU) The Joy of Pseudo-Boolean Proc g ACP Summer School 26 90/128



Subgraph Algorithms
00000000 @000000000

Proof Logging for Maximum Clique Solvers

First Attempt at a Proof it i

pseudo-Boolean proof version 3.0
@obj soli x7 x9 x12 ;

rup 1 ~x12 1 ~x7 >= 1 ;

rup 1 ~x12 >=1 ;

rup 1 ~x11 1 ~x10 >= 1 ;

rup 1 ~x11 >=1 ; 7 5
@obj soli x1 x2 x5 x8 ;
rup 1 ~x8 1 ~x5 >=1 ;

rup 1 ~x8 >= 1 ; Branch on 11 then 10

rup >= 1 ; Only 1, 3 and 9 feasible (1-colourable)
output NONE ; No > 4 vertex clique possible
conclusion BOUNDS 8 8 ; Backtrack, deleting the edge

end pseudo-Boolean proof ;
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Proof Logging for Maximum Clique Solvers

First Attempt at a Proof it i

pseudo-Boolean proof version 3.0
@obj soli x7 x9 x12 ;

rup 1 ~x12 1 ~x7 >= 1 ;

rup 1 ~x12 >=1 ;

rup 1T ~x11 1 ~x10 >= 1 ;

rup 1 ~x11 >= 1 ; 7 5
@obj soli x1 x2 x5 x8 ;
rup 1 ~x8 1 ~x5 >=1 ;

rup 1 ~x8 >= 1 ; Backtrack from 11
rup >= 1 ; 2-colourable, so no > 4 clique
output NONE ; Delete the vertex

conclusion BOUNDS 8 8 ;
end pseudo-Boolean proof ;
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Proof Logging for Maximum Clique Solvers

First Attempt at a Proof :
10 /T e 2
pseudo-Boolean proof version 3.0 / /I//
@obj soli x7 x9 x12 ; 0 3
rup 1 ~x12 1 ~x7 >= 1 ; /
rup 1 ~x12 >= 1 ; 5 O~ / 4
rup 1 ~x11 1 ~x10 >= 1 ; \&
rup 1 ~x11 >=1 ; 7 5

@obj soli x1 x2 x5 x8 ;
rup 1 ~x8 1 ~x5 >=1 ;

rup 1 ~x8 >= 1 ; Branch on 8, 5, 1, 2
rup >= 1 ; Find a new incumbent
output NONE ; Now looking for a > 5 vertex clique

conclusion BOUNDS 8 8 ;
end pseudo-Boolean proof ;
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Proof Logging for Maximum Clique Solvers

First Attempt at a Proof :

10 2
pseudo-Boolean proof version 3.0 /
@obj soli x7 x9 x12 ; 0 3
rup 1 ~x12 1 ~x7 >= 1 ; /
rup 1 ~x12 >= 1 ; g ® ‘/ .
rup 1 ~x11 1 ~x10 >= 1 ; {
rup 1 ~x11 >=1 ; 7 ; 5

@obj soli x1 x2 x5 x8 ;
rup 1T ~x8 1 ~x5 >= 1 ;

rup 1 ~x8 >= 1 ; Backtrack from 8, 5
rup >= 1 ; Only 4 vertices; can’t have a > 5 clique
output NONE ; Delete the edge

conclusion BOUNDS 8 8 ;
end pseudo-Boolean proof ;
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Proof Logging for Maximum Clique Solvers

First Attempt at a Proof :

10 2
pseudo-Boolean proof version 3.0 ///if::>.
@obj soli x7 x9 x12 ; 0 3
rup 1 ~x12 1 ~x7 >= 1 ; .\
7
6

rup 1 ~x12 >=1 ;

rup 1T ~x11 1 ~x10 >= 1 ;
rup 1T ~x11 >=1 ;

@obj soli x1 x2 x5 x8 ;
rup 1 ~x8 1 ~x5 >=1 ;

rup 1 ~x8 >= 1 ; Backtrack from 8
rup >= 1 ; Still not enough vertices
output NONE ; Delete the vertex

conclusion BOUNDS 8 8 ;
end pseudo-Boolean proof ;
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Proof Logging for Maximum Clique Solvers

First Attempt at a Proof

pseudo-Boolean proof version 3.0
@obj soli x7 x9 x12 ;

rup 1 ~x12 1 ~x7 >= 1 ;

rup 1 ~x12 >= 1 ;

rup 1 ~x11 1 ~x10 >= 1 ;

rup 1T ~x11 >=1 ;

@obj soli x1 x2 x5 x8 ;

rup 1 ~x8 1 ~x5 >=1 ;

rup 1 ~x8 >= 1 ; Remaining graph is 3-colourable
rup >= 1 ; Backtrack from root node

’

output NONE ;
conclusion BOUNDS 8 8 ;
end pseudo-Boolean proof ;
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Proof Logging for Maximum Clique Solvers

First Attempt at a Proof

pseudo-Boolean proof version 3.0
@obj soli x7 x9 x12 ;

rup 1 ~x12 1 ~x7 >= 1 ;

rup 1 ~x12 >=1 ;

rup 1T ~x11 1 ~x10 >= 1 ;

rup 1T ~x11 >=1 ;

@obj soli x1 x2 x5 x8 ;

rup 1 ~x8 1 ~x5 >=1 ;

rup 1 ~x8 >= 1 ; Finish with what we’ve concluded
rup >= 1 ; We specify a lower and an upper bound
output NONE ; Remember we’re minimising the number of vertices we
conclusion BOUNDS 8 8 ; don’t select, so a 4-clique has an objective value of
end pseudo-Boolean proof ; 12-4=38
(“output” is for features we’re not using)
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Proof Logging for Maximum Clique Solvers

Verifying This Proof (Or Not...)

$ veripb clique.opb clique-attempt-one.pbp
Running VeriPB version 3.0.2
Error: Checking error at clique-attempt-one.pbp:5

Caused by:
The constraint is not implied by reverse unit propagation
(RUP) from core and derived database. Rerun with the option
'--trace-failed' to see the propagations.

Jakob Nordstrom (UCPH & LU) The Joy of Pseudo-Boolean Proot g ummer School "26



Subgraph Algorithms
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Proof Logging for Maximum Clique Solvers

Verifying This Proof (Or Not...)

$ veripb clique.opb clique-attempt-one.pbp
Running VeriPB version 3.0.2
Error: Checking error at clique-attempt-one.pbp:5

Caused by:
The constraint is not implied by reverse unit propagation
(RUP) from core and derived database. Rerun with the option
'--trace-failed' to see the propagations.

1 1

9 3
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Proof Logging for Maximum Clique Solvers

Verifying This Proof (Or Not...)

$ veripb --trace clique.opb clique-attempt-one.pbp
Running VeriPB version 3.0.2
Objective: min 1 ~x1 1 ~x2 ... 1 ~x11 1 ~x12 @
ConstraintId 1: 1 ~x1 1 ~x3 >=1
ConstraintId 2: 1 ~x2 1 ~x3 >= 1

ConstraintId 41: 1 ~x11 1 ~x12 >= 1

line 1: pseudo-Boolean proof version 3.0
line 2: @bj soli x7 x9 x12 ;
ConstraintId 42: 1 x1 1 x2 ... 1 x11 1 x12 >= 4

line 3: rup 1 ~x12 1 ~x7 >= 1 ;
ConstraintId 43: 1 ~x7 1 ~x12 >= 1
line 4: rup 1 ~x12 >= 1 ;
ConstraintId 44: 1 ~x12 >= 1
line 5: rup 1 ~x11 1 ~x10 >= 1 ;
Error: Checking error at clique-attempt-one.pbp:5

Jakob Nordstrom (UCPH & LU) The Joy of Pseudo-Boolean Proot
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Subgraph Algorithms
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Proof Logging for Maximum Clique Solvers

Verifying This Proof (Or Not...)

$ veripb --trace-failed clique.opb clique-attempt-one.pbp
Running VeriPB version 3.0.2
Propagation check failed! The propagation had the following trail:
propagations in format: <assignment> (<reason constraint>)
~x12 (1 ~x12 >= 1)
x10 (1 x10 1 x11 >= 2)

x11 (1 x10 1 x11 >= 2)
~x4 (1 ~x4 1 ~x10 >= 1)
~x5 (1 ~x5 1 ~x10 >= 1)
~x6 (1 ~x6 1 ~x10 >= 1)
~x7 (1 ~x7 1 ~x10 >= 1)
~x8 (1 ~x8 1 ~x10 >= 1)
~x2 (1 ~x2 1 ~x11 >= 1)

Error: Checking error at clique-attempt-one.pbp:5
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Proof Logging for Maximum Clique Solvers

The Problem of Counting

The proof checker isn’t smart enough to work out that
m vertices 1, 3 and 9 can all be given the same colour...
m and each colour class contributes at most one vertex to a clique...

m so “find me a clique with more than three vertices” can’t be satisfied once we’ve accepted
both 10 and 11

Unit propagation never sees this:
10 2
m The bound needs counting

m But the encoding only ever talks about pairs of vertices ’ '
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Proof Logging for Maximum Clique Solvers
Dealing With Colourings

So the colour bound doesn’t follow by reverse unit propagation...

But we can lazily recover at-most-one constraints for each colour class!
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Proof Logging for Maximum Clique Solvers
Dealing With Colourings

So the colour bound doesn’t follow by reverse unit propagation...

But we can lazily recover at-most-one constraints for each colour class!

(X1+x6 2 1)

+(x1+%x9 > 1) =2X1+ Xg+ X9 =2

+ (X6 +x9 > 1) =2X1 + 2%+ 2X9 > 3
/2 = X1+ Xg+ X9 =2

ie.x1+x5+x9 <1
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Proof Logging for Maximum Clique Solvers
Dealing With Colourings

So the colour bound doesn’t follow by reverse unit propagation...

But we can lazily recover at-most-one constraints for each colour class!

(X1+x6 2 1)

+(x1+%x9 > 1) =2X1+ Xg+ X9 =2

+ (X6 +x9 > 1) =2X1 + 2%+ 2X9 > 3
/2 = X1+ Xg+ X9 =2

ie.x1+x5+x9 <1

This generalises to colour classes of any size v
m Each non-edge is used exactly once, v(v — 1) additions
m 0 — 3 multiplications and v — 2 divisions

Solvers don’t need to “understand” cutting planes to write out this derivation

Jakob Nordstrom (UCPH & LU) The Joy of Pseudo-Boolean Pr Summer Schoo
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Proof Logging for Maximum Clique Solvers

Details on At-Most-One Constraint Recovery (3 Variables)

m Derive constraint x; +...+x, < 1 from (g) constraints

m le,x;+...+X, > n—1from constraints in normalised form
m Need this to prove that at most one vertex per colour class can be a member of the clique

Jakob Nordstrom (UCPH & LU) The Joy of Pseudo-Boolean Pr Summer Schoo
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Proof Logging for Maximum Clique Solvers

Details on At-Most-One Constraint Recovery (3 Variables)

m Derive constraint x; +...+x, < 1 from (g) constraints

m le,x;+...+X, > n—1from constraints in normalised form
m Need this to prove that at most one vertex per colour class can be a member of the clique

2X1+ X9+ X3 > 2
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Proof Logging for Maximum Clique Solvers

Details on At-Most-One Constraint Recovery (3 Variables)

m Derive constraint x; +...+x, < 1 from (g) constraints

m le,x;+...+X, > n—1from constraints in normalised form
m Need this to prove that at most one vertex per colour class can be a member of the clique

2X1+ X9+ X3 > 2
Add

2X1 + 2%y + 2x3 > 3
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Proof Logging for Maximum Clique Solvers

Details on At-Most-One Constraint Recovery (3 Variables)

m Derive constraint x; +...+x, < 1 from (g) constraints

m le,x;+...+X, > n—1from constraints in normalised form
m Need this to prove that at most one vertex per colour class can be a member of the clique

2X1+ X9+ X3 > 2
Add

2X1 + 2%y + 2x3 > 3
Divide by 2

X1+ X9+ X3 >

Do

Jakob Nordstrom (UCPH & LU)

The Joy of Pseudo-Boolean Pr
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Proof Logging for Maximum Clique Solvers

Details on At-Most-One Constraint Recovery (3 Variables)

m Derive constraint x; +...+x, < 1 from (g) constraints

m le,x;+...+X, > n—1from constraints in normalised form
m Need this to prove that at most one vertex per colour class can be a member of the clique

Add — — —
2X1+ X2+ Xx3 > 2
Add
2X1 + 2%y + 2x3 > 3
Divide by 2
X +%+% > [3]
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Proof Logging for Maximum Clique Solvers

Details on At-Most-One Constraint Recovery (3 Variables)

m Derive constraint x; +...+x, < 1 from (g) constraints

m le,x;+...+X, > n—1from constraints in normalised form
m Need this to prove that at most one vertex per colour class can be a member of the clique

2X1+ X9+ X3 > 2
Add

2X1 + 2%y + 2x3 > 3
Divide by 2

X1 +Xo+X3> 2
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Subgraph Algorithms
000000000000 @00000

Proof Logging for Maximum Clique Solvers

Details on At-Most-One Constraint Recovery (3 Variables)

m Derive constraint x; +...+x, < 1 from (g) constraints

m le,x;+...+X, > n—1from constraints in normalised form
m Need this to prove that at most one vertex per colour class can be a member of the clique

Add — — —
2X1+ X2+ Xx3 > 2
Add
2X1 + 2%y + 2x3 > 3
Divide by 2
X1 +Xo+X3> 2
Assuming constraint has label , get VERIPB code
pol + + 2 d

Jakob Nordstrom (UCPH & LU) The Joy of Pseudo-Boolean Proot g ummer School *26
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Proof Logging for Maximum Clique Solvers

Details on At-Most-One Constraint Recovery (4 and More Variables)

m Derive constraint x; +...+x, < 1 from (g) constraints

m le,x;+...+X, > n—1from constraints in normalised form
m Need this to prove that at most one vertex per colour class can be a member of the clique

X1 +Xy+XxX3>2
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Proof Logging for Maximum Clique Solvers

Details on At-Most-One Constraint Recovery (4 and More Variables)

m Derive constraint x; +...+x, < 1 from (g) constraints

m le,x;+...+X, > n—1from constraints in normalised form
m Need this to prove that at most one vertex per colour class can be a member of the clique

X1 +Xy+XxX3>2

Multiply by 2 — — —
2x1+ 2x5 +2x3 > 4
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Proof Logging for Maximum Clique Solvers

Details on At-Most-One Constraint Recovery (4 and More Variables)

m Derive constraint x; +...+x, < 1 from (g) constraints

m le,x;+...+X, > n—1from constraints in normalised form
m Need this to prove that at most one vertex per colour class can be a member of the clique

X1 +Xy+XxX3>2

Multiply by 2
2x1+ 2x5 +2x3 > 4
Add

3X; +2X, +2X3+ X4 > 5
Add

3% +3X, +2X3+2x4 > 6
Add

3}1 + 3}2 + 3?3 + 3%4 >7

Jakob Nordstrom (UCPH & LU) The Joy of Pseudo-Boolean Pro Summer School "26
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Proof Logging for Maximum Clique Solvers

Details on At-Most-One Constraint Recovery (4 and More Variables)

m Derive constraint x; +...+x, < 1 from (g) constraints

m le,x;+...+X, > n—1from constraints in normalised form
m Need this to prove that at most one vertex per colour class can be a member of the clique

X1 +Xy+XxX3>2

Multiply by 2
2x1+ 2x5 +2x3 > 4
Add

3X; +2X, +2X3+ X4 > 5
Add

3% +3X, +2X3+2x4 > 6
Add

3}1 + 3}2 + 3?3 + 3%4 >7

Divide by 3
- .= .= .= 7
X1+ X2+ X3+X4 > |-§-|

Jakob Nordstrom (UCPH & LU) The Joy of Pseudo-Boolean Pro Summer School "26



Subgraph Algorithms
0000000000000 e0000

Proof Logging for Maximum Clique Solvers

Details on At-Most-One Constraint Recovery (4 and More Variables)

m Derive constraint x; +...+x, < 1 from (g) constraints

m le,x;+...+X, > n—1from constraints in normalised form
m Need this to prove that at most one vertex per colour class can be a member of the clique

X1 +Xy+XxX3>2

Multiply by 2
2x1+ 2x5 +2x3 > 4
Add

3X; +2X, +2X3+ X4 > 5
Add

3% +3X, +2X3+2x4 > 6
Add

3}1 + 3}2 + 3?3 + 3%4 >7

Divide by 3
X1 +Xa+X3+Xx4> 3

Jakob Nordstrom (UCPH & LU) The Joy of Pseudo-Boolean Pro Summer School "26
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Proof Logging for Maximum Clique Solvers

Details on At-Most-One Constraint Recovery (4 and More Variables)

m Derive constraint x; +...+x, < 1 from (g) constraints

m le,x;+...+X, > n—1from constraints in normalised form
m Need this to prove that at most one vertex per colour class can be a member of the clique

X1 +Xy+XxX3>2

Multiply by 2 — — —
2x1+ 2x5 +2x3 > 4
Add
3X; +2X, +2X3+ X4 > 5
Add
3% +3X, +2X3+2x4 > 6
Add
3}1 + 3}2 + 3?3 + 3%4 >7
Divide by 3
X1 +Xa+X3+Xx4> 3
Assuming constraint has label , VERIPB code for full derivation is
pol + + 2 d 2 % + + + 3 d ;

Jakob Nordstrom (UCPH & LU) The Joy of Pseudo-Boolean Proc Summer School "26
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Proof Logging for Maximum Clique Solvers

Details on At-Most-One Constraint Recovery (4 and More Variables)

m Derive constraint x; +...+x, < 1 from (g) constraints

m le,x;+...+X, > n—1from constraints in normalised form
m Need this to prove that at most one vertex per colour class can be a member of the clique

X1 +Xy+XxX3>2

Multiply by 2 — — —
2x1+ 2x5 +2x3 > 4
Add
3X; +2X, +2X3+ X4 > 5
Add
3% +3X, +2X3+2x4 > 6
Add
3}1 + 3}2 + 3?3 + 3%4 >7
Divide by 3
X1 +Xa+X3+Xx4> 3
Assuming constraint has label , VERIPB code for full derivation is
pol + + 2 d 2 % + + + 3 d ;

(and this pattern generalizes to any number of variables)

Jakob Nordstrom (UCPH & LU) The Joy of Pseudo-Boolean Proc Summer School "26
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Proof Logging for Maximum Clique Solvers

What The Revised Proof with Explicit Counting Looks Like

pseudo-Boolean proof version 3.0

@obj soli x7 x9 x12 ;

rup 1 ~x12 1 ~x7 >= 1 ;

pol @noedgel1_6 @noedgel_9 + @noedge6_9 + 2 d @obj + ;

rup 1 ~x12 >= 1 ;

pol @noedgel_3 @noedgel_9 + @noedge3_9 + 2 d @obj + ;

rup 1 ~x11 1 ~x10 >= 1 ;

pol @noedgel_3 @noedgel_7 + @noedge3_7 + 2 d @obj + ;

rup 1T ~x11 >= 1 ;

@obj soli x1 x2 x5 x8 ;

rup 1T ~x8 1 ~x5 >= 1 ;

pol @obj @noedgel_9 + ;

rup 1 ~x8 >=1 ;

pol @noedgel_3 @noedgel_7 + @noedge3_7 + 2 d @noedge2_4 @noedge2_9 + @noedge4_9 + 2 d +
@noedge5_6 @noedge5_10 + @noedge6_10 + 2 d + @obj + ;

rup >= 1 ;

output NONE ;

conclusion BOUNDS 8 8 ;

end pseudo-Boolean proof ;

Jakob Nordstrom (UCPH & LU) Joy of Pseudo-Boolean Proot ummer School *26 96/128
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Proof Logging for Maximum Clique Solvers

What The Revised Proof with Explicit Counting Looks Like

Failing RUP steps have become pol
pseudo-Boolean proof version 3.0 derivations: add three non-adjacency
@obj soli x7 x9 x12 ; constraints together, divide by two, then

rup 1 ~x12 1 ~x7 >= 1 ; L 3
pol. enoedgel_6 @noedgel 9 + @noedge6_9 + 2 d @obj + ; add the result to the solution-improving

rup 1 ~x12 >= 1 ; constraint

0l @noedgel_3 @noedgel_9 + @noedge3_9 + 2 d @obj + ; .

iup 1 Nxﬁ 1 ~x10 >=g1 . 8 d The labels come straight out of the OPB
pol @noedgel_3 @noedgel_7 + @noedge3_7 + 2 d @obj + ; file

rup 1 ~x11 >= 1 ;

@obj soli x1 x2 x5 x8 ;

rup 1 ~x8 1 ~x5 >=1 ;

pol @obj @noedgel_9 + ;

rup 1 ~x8 >=1 ;

pol @noedgel1_3 @noedgel_7 + @noedge3_7 + 2 d @noedge2_4 @noedge2_9 + @noedge4_9 + 2 d +
@noedge5_6 @noedge5_10 + @noedge6_10 + 2 d + @obj + ;

rup >= 1 ;

output NONE ;

conclusion BOUNDS 8 8 ;

end pseudo-Boolean proof ;

Jakob Nordstrom (UCPH & LU) The Joy of Pseudo-Boolean Proo ummer School *26 96/128
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Proof Logging for Maximum Clique Solvers

What The Revised Proof with Explicit Counting Looks Like

pseudo-Boolean proof version 3.0

@obj soli x7 x9 x12 ;

rup 1 ~x12 1 ~x7 >= 1 ;

pol @noedgel_6 @noedgel_9 + @noedge6_9 + 2 d @obj + ;
rup 1 ~x12 >= 1 ;

pol @noedgel_3 @noedgel_9 + @noedge3_9 + 2 d @obj + ;
rup 1 ~x11 1 ~x10 >= 1 ;

pol @noedgel_3 @noedgel_7 + @noedge3_7 + 2 d @obj + ;
rup 1 ~x11 >= 1 ;

@obj soli x1 x2 x5 x8 ;

rup 1 ~x8 1 ~x5 >=1 ;

pol @obj @noedgel_9 + ;

rup 1 ~x8 >=1 ;

rup >= 1 ;

output NONE ;

conclusion BOUNDS 8 8 ;
end pseudo-Boolean proof ;

Jakob Nordstrom (UCPH & LU) The Joy d ean Proof ACP Summer Scho
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Proof Logging for Maximum Clique Solvers

Verifying This Proof (For Real, This Time)

$ veripb clique.opb clique-new-attempt.pbp
Running VeriPB version 3.0.2
s VERIFIED BOUNDS 8 <= obj <= 8

No errors this time — every step is justified

Note that the checker knows nothing about
m cliques,
m colourings, or

m bound functions

Jakob Nordstrom (UCPH & LU) The Joy of Pseudo-Boolean Proot g ummer School "26
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Proof Logging for Maximum Clique Solvers

Verifying This Proof (For Real, This Time)

$ veripb --trace clique.opb clique-new-attempt.pbp
Running VeriPB version 3.0.2

Objective: min 1 ~x1 1 ~x2 . .. 1 ~x11 1 ~x12 @
ConstraintId 1: 1 ~x1 1 ~x3 >=1

ConstraintId 47: 1 ~x11 1 ~x12 >= 1

line 2: @bj soli x7 x9 x12 ;

ConstraintId 42: 1 x1 1T x2 ... 1 x11 1 x12 >= 4

line 3: rup 1 ~x12 1 ~x7 >= 1 ;

ConstraintId 43: 1 ~x7 1 ~x12 >= 1

line 4: pol @noedgel_6 @noedgel_9 + @noedge6_9 + 2 d @obj + ;
ConstraintId 44: 1 x2 1 x3 1 x4 1 x5 1 x7 1 x8 1 x10 1 x11 1 x12 >= 3

line 16: rup >= 1 ;
ConstraintId 55: >= 1
s VERIFIED BOUNDS 8 <= obj <= 8

Jakob Nordstrom (UCPH & LU) The Joy of Pseudo-Boolean Pro Summer School "26
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Proof Logging for Maximum Clique Solvers

Why a General-Purpose Proof System?

Why not just put a “colouring bound” rule into the proof format?
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Proof Logging for Maximum Clique Solvers

Why a General-Purpose Proof System?

Why not just put a “colouring bound” rule into the proof format?

m There are dozens of different colouring algorithms
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Proof Logging for Maximum Clique Solvers

Why a General-Purpose Proof System?

Why not just put a “colouring bound” rule into the proof format?

m There are dozens of different colouring algorithms

m And extensions of these algorithms using MaxSAT reasoning
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Proof Logging for Maximum Clique Solvers

Why a General-Purpose Proof System?

Why not just put a “colouring bound” rule into the proof format?

m There are dozens of different colouring algorithms
m And extensions of these algorithms using MaxSAT reasoning

m Even more for maximum weight clique, where weighted colour class rules get extremely clever
(vertices can split their weight between several colours)
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Proof Logging for Maximum Clique Solvers

Why a General-Purpose Proof System?

Why not just put a “colouring bound” rule into the proof format?

m There are dozens of different colouring algorithms
m And extensions of these algorithms using MaxSAT reasoning

m Even more for maximum weight clique, where weighted colour class rules get extremely clever
(vertices can split their weight between several colours)

m And we would need to do the same again for every other kind of solver
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Proof Logging for Maximum Clique Solvers

Why a General-Purpose Proof System?

Why not just put a “colouring bound” rule into the proof format?

m There are dozens of different colouring algorithms
m And extensions of these algorithms using MaxSAT reasoning

m Even more for maximum weight clique, where weighted colour class rules get extremely clever
(vertices can split their weight between several colours)

m And we would need to do the same again for every other kind of solver

We would rather not have a proof format and a proof checker per solver, per paper...
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Proof Logging for Maximum Clique Solvers

Why a General-Purpose Proof System?

Why not just put a “colouring bound” rule into the proof format?

m There are dozens of different colouring algorithms
m And extensions of these algorithms using MaxSAT reasoning

m Even more for maximum weight clique, where weighted colour class rules get extremely clever
(vertices can split their weight between several colours)

m And we would need to do the same again for every other kind of solver

We would rather not have a proof format and a proof checker per solver, per paper...

Cutting planes proof system to the rescue!
m Turns out to be strong enough for all of these cases

m Proof length scales linearly with solver reasoning time (asymptotically)

Jakob Nordstrom (UCPH & LU) The Joy of Pseudo-Boolean Proc ACP Summer School "26 98/128
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Proof Logging for Maximum Clique Solvers

Different Clique Algorithms

Different search orders?

V' lrrelevant for proof logging

Using local search to initialise?

v Just log the incumbent

Different bound functions?
m s cutting planes strong enough to justify every useful bound function ever invented?

m So far, seems like it...

Weighted cliques?
V' Multiply a colour class by its largest weight

v Also works for vertices “split between colour classes”

Jakob Nordstrom (UCPH & LU) The Joy of Pseudo-Boolean Pr Summer Schoo



Subgraph Algorithms

Dominance in Clique Solving

Lazy Global Domination for Maximum Clique [MP16]

12
11 1
2
10,
7y 2b
9 3
8 4
7 5
6

Can ignore vertex 2b
m Every neighbour of 2b is also a neighbour of 2

m This is an example of dominance reasoning

Jakob Nordstrom (UCPH & LU) The Joy of Pseudo-Boolean Proc ACP Summer School "26 100/128



Subgraph Algorithms

Dominance in Clique Solving

Lazy Global Domination for Maximum Clique [MP16]

12
11 1
2
10,
7y 2b
9 3
8 4
7 5
6

Can ignore vertex 2b
m Every neighbour of 2b is also a neighbour of 2

m This is an example of dominance reasoning

Dominance-based strengthening rule can justify this

m Even when detected dynamically during search

Jakob Nordstrom (UCPH & LU) The Joy of Pseudo-Boolean Proc

ACP Summer School "26
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Subgraph Algorithms

Dominance in Clique Solving

Reducing the Trust Base

We are still trusting rather a lot
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Dominance in Clique Solving

Reducing the Trust Base

We are still trusting rather a lot

m That the proof checker is correct
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Dominance in Clique Solving

Reducing the Trust Base

We are still trusting rather a lot
m That the proof checker is correct

m That the pseudo-Boolean encoding really does describe the clique problem we were given
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Dominance in Clique Solving

Reducing the Trust Base

We are still trusting rather a lot
m That the proof checker is correct

m That the pseudo-Boolean encoding really does describe the clique problem we were given

Both can be dealt with:
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Dominance in Clique Solving

Reducing the Trust Base

We are still trusting rather a lot
m That the proof checker is correct

m That the pseudo-Boolean encoding really does describe the clique problem we were given

Both can be dealt with:

m VERIPB can elaborate a proof into a simpler kernel format
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Subgraph Algorithms

Dominance in Clique Solving

Reducing the Trust Base

We are still trusting rather a lot
m That the proof checker is correct

m That the pseudo-Boolean encoding really does describe the clique problem we were given

Both can be dealt with:
m VERIPB can elaborate a proof into a simpler kernel format
m Uses only rules that the formally verified checker CAkePB knows about

m The proof checker CAKEPB (which is written in CAKEML and proved correct in HOL4)

m reads the original graph file
m does a formally verified translation to 0-1 ILP
m performs formally verified checking of the kernel proof against this translation
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Subgraph Algorithms

Dominance in Clique Solving

Reducing the Trust Base

We are still trusting rather a lot
m That the proof checker is correct

m That the pseudo-Boolean encoding really does describe the clique problem we were given

Both can be dealt with:
m VERIPB can elaborate a proof into a simpler kernel format
m Uses only rules that the formally verified checker CAkePB knows about

m The proof checker CAKEPB (which is written in CAKEML and proved correct in HOL4)

m reads the original graph file
m does a formally verified translation to 0-1 ILP
m performs formally verified checking of the kernel proof against this translation

m So the answer is formally verified in terms of the original input

Jakob Nordstrom (UCPH & LU) The Joy of Pseudo-Boolean Pro ACP Summer Sch ’26 101/128
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Dominance in Clique Solving

End-to-End Verification for Maximum Clique

$ glasgow_clique_solver brock200_4.clq

recursions = 56613

clique = 17 (12 19 28 29 38 54 65 71 79 93 117 127 139 161 165 186 192)
runtime = 0.02153s

$ glasgow_clique_solver brock200_4.clq --prove brock200_4
runtime = 0.266475s

$ cake_pb_clique brock200_4.clg > brock200_4.verifiedopb

$ veripb --elaborate brock200_4.corepb brock200_4.verifiedopb brock200_4.pbp
s VERIFIED BOUNDS 183 <= obj <= 183

$ cake_pb_clique brock200_4.clqg brock200_4.corepb
s VERIFIED MAX CLIQUE SIZE |CLIQUE| = 17

Jakob Nordstrom (UCPH & LU) Joy of Pseudo-Boolean Proot ACP Summer Sct 6 102/128



Subgraph Algorithms

Dominance in Clique Solving

Workflow for Solving with End-to-End Certified Results

Input

|
1

1

l

Answer |

Solver |
1

l

|

1

S| x

{ Proof Checker (+——>

Encoded input

Elaborated proof

Formally verified checker _‘/L.

Jakob Nordstrom (UCPH & LU) Joy of Pseudo-Boolean Proot ACP Summer Sct 6 103/128



Subgraph Algorithms

Dominance in Clique Solving

What’s Left to Trust?

Still have to trust:
m The HOL4 theorem prover
m That the formal model of the CAKEML environment matches the hardware it runs on
m The HOL4 definition of what it means to be a maximum clique

m Input parsing and output formatting
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Subgraph Algorithms

Dominance in Clique Solving

What’s Left to Trust?

Still have to trust:
m The HOL4 theorem prover
m That the formal model of the CAKEML environment matches the hardware it runs on
m The HOL4 definition of what it means to be a maximum clique

m Input parsing and output formatting

No need to trust, or even to know about:
m How the solver works
m That the VERIPB proof system is sound

m Or even what “pseudo-Boolean” means

Jakob Nordstrom (UCPH & LU) The Joy of Pseudo-Boolean Pro ACP Summer Sch ’26 104/128
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Proof Logging for Subgraph Isomorphism Solvers

Subgraph Isomorphism

m Find the pattern inside the target
m Applications in compilers, biochemistry, model checking, pattern recognition, ...

m Often want to find all matches
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Proof Logging for Subgraph Isomorphism Solvers

Subgraph Isomorphism

Q
O

m Applications in compilers, biochemistry, model checking, pattern recognition, ...

m Find the pattern inside the target

m Often want to find all matches
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Proof Logging for Subgraph Isomorphism Solvers

Subgraph Isomorphism in Pseudo-Boolean Form

Each pattern vertex gets a target vertex:

D xpe=1 peV(P)

teV(T)
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Proof Logging for Subgraph Isomorphism Solvers

Subgraph Isomorphism in Pseudo-Boolean Form
Each pattern vertex gets a target vertex:

D xpe=1 peV(P)

Each target vertex may be used at most once:

Z ~Xps = —1 t e V(T)

peV(P)
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Subgraph Algorithms
0@00000

Proof Logging for Subgraph Isomorphism Solvers

Subgraph Isomorphism in Pseudo-Boolean Form

Each pattern vertex gets a target vertex:

D xpe=1 peV(P)

Each target vertex may be used at most once:

Z ~Xps = —1 t e V(T)

peV(P)

Adjacency constraints: if p maps to t, then neighbours of p map to neighbours of :

X0+ Z Xgu = 1 p € V(P), g € N(p), t € V(T)
ueN(t)

Jakob Nordstrom (UCPH & LU) The Joy of Pseudo-Boolean Proc ACP Summer School "26 106/128



Subgraph Algorithms
[e]e] lele]e]e]

Proof Logging for Subgraph Isomorphism Solvers

Degree Reasoning in Cutting Planes

Pattern vertex p of degree deg(p) can never be mapped to target vertex t of degree < deg(p)
Observe N(p) = {q,7,s} and N(t) = {u, 0}

We wish to derive x,; > 1

Jakob Nordstrom (UCPH & LU) The Joy of Pseudo-Boolean Pro ACP Summer Sch 107/128
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Proof Logging for Subgraph Isomorphism Solvers

Degree Reasoning in Cutting Planes

Adjacency: Xp X +x5,> 1
XprtXrutx,,2 1

Xpp+Xsu +x5, 2 1

Injectivity: —Xou + —Xpu + —Xgu + —Xpu + X5y 2 —1
—Xo,0 + —Xpo + —Xgo+ =X+ =X = —1

Literal axioms: X0 2> 0
Xo 2 0

Xpu =z 0

Xpo = 0

Add these together ...

v
—_

3 * ;1)’[
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aph Algorithms
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Proof Logging for Subgraph Isomorphism Solvers

Degree Reasoning in Cutting Planes

Adjacency: XprtXgut X402 1
XprtXrutx,,2 1
Xpp+Xsu +x5, 2 1
Injectivity: —Xou t —Xpu + =X+ =X+ —Xsy = —1
—Xo,0 + —Xpo+ —Xgo+ —Xr o+ —Xs 0 = -1
Literal axioms: X0 2> 0
Xo 2 0
Xpu =z 0
Xpo = 0

Add these together and divide by 3 to get
;1),[ > 1

Jakob Nordstrom (UCPH & LU) The Joy of Pseudo-Boolean Pr



Proof Logging for Subgraph Isomorphism Solvers

Subgraph Algorithms

Degree Reasoning in VERIPB

pol @adj_p_t_q @adj_p_t_r + @adj_p_t_s +

@inj_u + @inj_v +
XO_U + XO_V +
Xp_U + Xp_v +
3d;

Jakob Nordstrom (UCPH & LU)

The Joy of Pseudo-Boolean Proo

%
%
%
%
%

0O000@00

sum adjacency constraints
sum injectivity constraints
cancel stray xo_*x >= 0
cancel stray xp_* >= 0
divide, and we're done



Subgraph Algorithms

Proof Logging for Subgraph Isomorphism Solvers

Degree Reasoning in VERIPB

pol @adj_p_t_q @dj_p_t_r + @adj_p_t_s + %
@inj_u + @inj_v + %
XO_U + Xo_v + %
Xp_u + Xp_v + %
3d; %

0O000@00

sum adjacency constraints
sum injectivity constraints
cancel stray xo_*x >= 0
cancel stray xp_* >= 0
divide, and we're done

The labels come from the OPB file, so solver doesn’t need to keep track of constraint IDs

Jakob Nordstrom (UCPH & LU) The Joy of Pseudo-Boolean Proot
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Proof Logging for Subgraph Isomorphism Solvers

Degree Reasoning in VERIPB

pol @adj_p_t_q @adj_p_t_r + @adj_p_t_s + % sum adjacency constraints

@inj_u + @inj_v + % sum injectivity constraints
XO_Uu + Xxo_v + % cancel stray xo_* >= 0@
Xp_u + xp_v + % cancel stray xp_* >= 0
3d; % divide, and we're done

The labels come from the OPB file, so solver doesn’t need to keep track of constraint IDs
Or we can let VERIPB do the last bit of tidying up for us:
pol @adj_p_t_q @dj_p_t_r + @dj_p_t_s + % sum adjacency constraints

@inj_u + @inj_v + ; % sum injectivity constraints
rup 1 ~xp_t >= 1 ; % implied by the above

Jakob Nordstrom (UCPH & LU) The Joy of Pseudo-Boolean Proc ACP Summer Sct ’26 109/128



Subgraph Algorithms
0000000

Proof Logging for Subgraph Isomorphism Solvers

Proof Logging for Other Forms of Reasoning

Possible to certify (almost) all of the other things state-of-the-art subgraph solvers do:
m Conditional injectivity reasoning and filtering

m Distance filtering

m Neighbourhood degree sequences
m Path filtering
m Supplemental graphs

Jakob Nordstrom (UCPH & LU)

The Joy of Pseudo-Boolean Proc
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Subgraph Algorithms
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Proof Logging for Subgraph Isomorphism Solvers

Proof Logging for Other Forms of Reasoning

Possible to certify (almost) all of the other things state-of-the-art subgraph solvers do:
m Conditional injectivity reasoning and filtering

m Distance filtering

m Neighbourhood degree sequences
m Path filtering
m Supplemental graphs

Proof steps are “efficient” using cutting planes

m Length of proof scales linearly with time complexity of the reasoning algorithms

m Most proof steps require only trivial additional computations

Jakob Nordstrom (UCPH & LU)

The Joy of Pseudo-Boolean Proc
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Subgraph Algorithms
0000000

Proof Logging for Subgraph Isomorphism Solvers

Proof Logging for Other Forms of Reasoning

Possible to certify (almost) all of the other things state-of-the-art subgraph solvers do:
m Conditional injectivity reasoning and filtering

m Distance filtering

m Neighbourhood degree sequences
m Path filtering
m Supplemental graphs

Proof steps are “efficient” using cutting planes

m Length of proof scales linearly with time complexity of the reasoning algorithms

m Most proof steps require only trivial additional computations

Code for the certifying Glasgow Subgraph Solver at

https://github.com/ciaranm/glasgow-subgraph-solver

Jakob Nordstrom (UCPH & LU)

The Joy of Pseudo-Boolean Proc
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aph Algorithms
000000e

Proof Logging for Subgraph Isomorphism Solvers

Limitations

Why trust the encoding?
v’ For clique and subgraph isomorphism this is now taken care of [GMM™*24]

m Has to be done again for each new problem, but not too bad

Jakob Nordstrom (UCPH & LU) The Joy of Pseudo-Boolean Pr
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m Has to be done again for each new problem, but not too bad

Proof logging can introduce large slowdowns

m Writing to disk is much slower than bit-parallel algorithms
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Proof Logging for Subgraph Isomorphism Solvers

Limitations

Why trust the encoding?
v’ For clique and subgraph isomorphism this is now taken care of [GMM™*24]

m Has to be done again for each new problem, but not too bad

Proof logging can introduce large slowdowns

m Writing to disk is much slower than bit-parallel algorithms

Verification can be even slower

m Unit propagation also much slower than bit-parallel algorithms
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Proof Logging for Subgraph Isomorphism Solvers

Limitations

Why trust the encoding?
v’ For clique and subgraph isomorphism this is now taken care of [GMM™*24]

m Has to be done again for each new problem, but not too bad

Proof logging can introduce large slowdowns

m Writing to disk is much slower than bit-parallel algorithms

Verification can be even slower

m Unit propagation also much slower than bit-parallel algorithms

Works up to moderately-sized hard instances
m Even an O(n®) encoding is painful

m Particularly bad when the pseudo-Boolean encoding talks about “non-edges” but large sparse
graphs are “easy”

Jakob Nordstrom (UCPH & LU) The Joy of Pseudo-Boolean Pro ACP Summer Sch ’26 111/128



Constraint Programming

®000000000000

What About Constraint Programming?

Non-Boolean variables?

Constraints?
m Encoding constraints in pseudo-Boolean form?

m Justifying inferences?

Reformulations?

Jakob Nordstrom (UCPH & LU) The Joy of Pseudo-Boolean Pr



Constraint Programming

O®00000000000

Integer Variables in Constraint Programming: (1/2)

How to deal with integer variables in constraint programming?
Given A € {-3,...,9}, the direct encoding is:
a-_3+a-_9s+dad-_1+a-g+a= +a- +a=

+a-g+a=s5+a-¢+a=7+a-g+a-9=1

Jakob Nordstrom (UCPH & LU) Joy of Pseudo-Boolean Proot ACP Summer Sct 6 113/128
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Integer Variables in Constraint Programming: (1/2)

How to deal with integer variables in constraint programming?
Given A € {-3,...,9}, the direct encoding is:

A=_3+a=_9+a-_1+da=9+a=1 +a= +a=3
+a-g+a=s5+a-¢+a=7+a-g+a-9=1

This doesn’t work for large domains...

Jakob Nordstrom (UCPH & LU) Joy of Pseudo-Boolean Proot
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Constraint Programming

O®00000000000

Integer Variables in Constraint Programming: (1/2)

How to deal with integer variables in constraint programming?
Given A € {-3,...,9}, the direct encoding is:
Ge—3+ Ay +ac_1+ag+az; +ay + a3
+a-g+a=s5+a-¢+a=7+a-g+a-9=1
This doesn’t work for large domains...
We could use a binary encoding:
—16Gneg + lap + 2ap; + 4apy + 8apz > —3 and
16aneg + —1lano + —2ap; + —4apz + —8apz = -9

Bad properties for solver propagation, but that isn’t a problem for proof logging

ACP Summer School 26 113/128

The Joy of Pseudo-Boolean Proc
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Integer Variables in Constraint Programming: (1/2)

How to deal with integer variables in constraint programming?
Given A € {-3,...,9}, the direct encoding is:
A=_3+a=_p +d=_1 + d=p + =1 + d=3 + a=3
+a-g+a=s5+a-¢+a=7+a-g+a-9=1
This doesn’t work for large domains...
We could use a binary encoding:
—16Gneg + lap + 2ap; + 4apy + 8apz > —3 and
16aneg + —layy + —2ap + —4ap; + —8ap; > -9
Bad properties for solver propagation, but that isn’t a problem for proof logging

Convention in what follows:
m Upper-case A, B, C are CP variables used by solver
m Lower-case a, b, ¢ are corresponding Boolean variables used for PB encoding in proof log

Jakob Nordstrom (UCPH & LU) The Joy of Pseudo-Boolean Proc ACP Summer Sct ’26 113/128



Constraint Programming

00®0000000000

Integer Variables in Constraint Programming: (2/2)

We can mix binary and order encodings! Define big-M linear inequalities encoding

a>4 © —16apeg + lapg + 2ap; + 4ap; + 8aps > 4
a>s5 < —16daneg + lapg + 2ap; + 4apz + 8aps = 5

=4 < A>4 /\625

Jakob Nordstrom (UCPH & LU) The Joy of Pseudo-Boolean Proof ACP Summer School "26 114/128
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Integer Variables in Constraint Programming: (2/2)

We can mix binary and order encodings! Define big-M linear inequalities encoding

a>4 © —16apeg + lapg + 2ap; + 4ap; + 8aps > 4
a>s5 < —16daneg + lapg + 2ap; + 4apz + 8aps = 5

=4 < a>4 N\ 625
When creating as;, also introduce pseudo-Boolean constraints encoding
asi = a»; and asp = as;

for the closest values j < i < h that already exist
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Integer Variables in Constraint Programming: (2/2)

We can mix binary and order encodings! Define big-M linear inequalities encoding

a>4 © —16apeg + lapg + 2ap; + 4ap; + 8aps > 4
a>s5 < —16daneg + lapg + 2ap; + 4apz + 8aps = 5

=4 < a>4 N\ 625
When creating as;, also introduce pseudo-Boolean constraints encoding
asi = a»; and asp = as;

for the closest values j < i < h that already exist

We can do this:
m Inside the pseudo-Boolean model where needed

m Otherwise lazily during proof logging

Jakob Nordstrom (UCPH & LU) The Joy of Pseudo-Boolean Pro ACP Summer Sch ’26 114/128
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Compiling Constraints

m Also need to compile every constraint to pseudo-Boolean form
m Doesn’t need to be a propagating encoding

m Can use additional variables

Jakob Nordstrom (UCPH & LU) The Joy of Pseudo-Boolean Pr
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Compiling Linear Inequalities

Given inequality
2A+3B+4C > 42

where A,B,C € {-3,...,9}

6m (UCPH & LU) The Joy of Pseudo-Boolean Pro
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0000800000000

Compiling Linear Inequalities

Given inequality
2A+3B+4C > 42

where A,B,C € {-3,...,9}
Encode in pseudo-Boolean form as
—32aneg + 2apo + 4ap1 + 3ap; + 16ap3

+ — 48byeg + 3bpo + 6bpy + 12by,y + 24byps3
+ - 64cneg + 4cpy + 8cpy + 16¢py + 32¢h3 > 42

Jakob Nordstrom (UCPH & LU) The Joy of Pseudo-Boolean Pro

ACP Summer Sch
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Compiling Table Constraints

Constraints can be specified extensionally as list of feasible tuples, called a table
Variable assignments must match some row in table

Jakob Nordstrom (UCPH & LU) The Joy of Pseudo-Boolean Pr



Constraint Programming
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Compiling Table Constraints

Constraints can be specified extensionally as list of feasible tuples, called a table
Variable assignments must match some row in table

Given table constraint
(A,B,C) € [(1,2,3),(1,3,4), (2,2,5)]

define
3?1 +a-1+bp+c=3>3 ie, t; = (a=1 A b=y A c=3)
3;2 +a-1+bz+cy >3 ie, ty = (a=1 A b=s A c=y)
St34+a—p+ by +cs5 >3 i.e, t3 = (a=g A b—y A c=s5)

using newly introduced tuple selector variables

h+ty+t3=1

Jakob Nordstrom (UCPH & LU) The Joy of Pseudo-Boolean Pro ACP Summer Sch
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0O0000@0000000

Compiling Table Constraints

Constraints can be specified extensionally as list of feasible tuples, called a table
Variable assignments must match some row in table

Given table constraint
(A,B,C) € [(1,2,3),(1,3,4), (2,2,5)]

define
3?1 +a-1+bp+c=3>3 ie, t; = (a=1 A b=y A c=3)
3;2 +a-1+bz+cy >3 ie, ty = (a=1 A b=s A c=y)
St34+a—p+ by +cs5 >3 i.e, t3 = (a=g A b—y A c=s5)

using newly introduced tuple selector variables

h+ty+t3=1

Tuple variables used for proof logging — need not be known by solver (except for printing proofs)

Jakob Nordstrom (UCPH & LU) The Joy of Pseudo-Boolean Pro ACP Summer Sch
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Encoding Constraint Definitions

Already know how to do it for any constraint with a sane encoding using some combination of
m CNF
m Integer linear inequalities
m Table constraints
m Auxiliary variables

Simplicity is important, propagation strength isn’t

Jakob Nordstrom (UCPH & LU) The Joy of Pseudo-Boolean Pr
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Justifying Search

Mostly this works out of the box
Restarts are easy

No need to prove anything about guesses/decisions — only justify backtracking

Jakob Nordstrom (UCPH & LU) The Joy of Pseudo-Boolean Pr
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Justifying Inference

Anything the constraint programming solver knows must follow from unit propagation of guessed
assignments on constraints in proof log

Jakob Nordstrom (UCPH & LU) The Joy of Pseudo-Boolean Proof Lo, / ummer S
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Justifying Inference

Key idea

Anything the constraint programming solver knows must follow from unit propagation of guessed
assignments on constraints in proof log
If it follows from unit propagation on the encoding, nothing needed

Some propagators and encodings need RUP steps for inferences

m A lot of propagators are effectively “doing a little bit of lookahead” but in an efficient way

Jakob Nordstrom (UCPH & LU) The Joy of Pseudo-Boolean Proof Lo, / ummer S
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Justifying Inference

Key idea

Anything the constraint programming solver knows must follow from unit propagation of guessed
assignments on constraints in proof log

If it follows from unit propagation on the encoding, nothing needed
Some propagators and encodings need RUP steps for inferences
m A lot of propagators are effectively “doing a little bit of lookahead” but in an efficient way

A few need explicit cutting planes justifications written to the proof log
m Linear inequalities just need to multiply and add

m All-different needs a bit more

Jakob Nordstrom (UCPH & LU) The Joy of Pseudo-Boolean Proc ACP Summer School 26 120/128
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Justifying All-Different Failures

Ve{i1 4 5
wWe{1
X e{
Ye{l1
Ze{l1l

e e

Jakob Nordstrom (UCPH & LU)
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Justifying All-Different Failures

Ve{i1 4 5
we{1l 2
Xe{ 2
ve{1l
Ze{1

e e

Jakob Nordstrom (UCPH & LU)
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Justifying All-Different Failures

Ve{i1 4 5}
we{l 2 3 }oowoi+ woot wes > 1 [ Wtakes some value]
Xe{ 23 }
Ve{l1 3 }
Ze{1 3 }

Jakob Nordstrom (UCPH & LU) The Joy of Pseudo-Boolean Proc
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Justifying All-Different Failures

Ve{i1 4 5}

we{1l 2 3 bowoi+ woo+ weg > 1 [ Wtakes some value]
Xe{ 23 } X=p+ X=3 > 1 [ X takes some value]
ve{1l 3 }ooy= + Y=3 > 1 [Y takes some value |
Ze{1 3 oz + z-3 > 1 [ Z takes some value ]

Jakob Nordstrom (UCPH & LU) The Joy of Pseudo-Boolean Proc

ACP Summer School 26 121/128
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Justifying All-Different Failures

Ve{i1 4 5}

we{1l 2 3 bowoi+ woo+ weg > 1 [ Wtakes some value]
Xe{ 23 } X=p+ X=3 > 1 [ X takes some value]
ve{1l 3 }ooy= + Y=3 > 1 [Y takes some value |
Ze{1 3 oz + z_3 > 1 [ Z takes some value ]

— —0=1 + —W=1 + —Y=1+—2=1 = —1 [ At most one variable = 1]

— —Wop + —X— > —1 [ At most one variable = 2 ]

— —W=3 + —X=3 + —Y=3 + —2=3 > —1 [ At most one variable =3 ]

Jakob Nordstrom (UCPH & LU) The Joy of Pseudo-Boolean Proc ACP Summer Sct



Justifying All-Different Failures

Ve{i1
we{1
X e{
ve{1l
Ze{1

Jakob Nordstrom (UCPH & LU)

W= +

Y=1

Z=1

—0=1 +

—0=1

W=y + W=3
X=2+ X=3

—W=1 + —Y=1+—2=
—W=2 + —X=3
—W=3 + —X=3 + —Y=3 + —2Z=3

The Joy of Pseudo-Boolean Proc

IV IV IV IV

IV IV IV

\%

[ G 'y

Constraint Programming

000000000 e000

W takes some value
X takes some value
Y takes some value
Z takes some value

[ |
[ ]
[ ]
[ ]

[ At most one variable =1 ]
[ At most one variable = 2 ]
[ At most one variable = 3 ]

[ Sum all constraints so far |

ACP Summer Sch
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Justifying All-Different Failures

Ve{i1 4 5}
we{1l 2 3 }owort woot+ weg > 1 [ Wtakes some value]
Xe{ 23 } X=p+ X=3 > 1 [ X takes some value]
ve{1l 3 }ooy= + Y=3 > 1 [Y takes some value |
Ze{1 3 oz + z-3 > 1 [ Z takes some value ]
— —0=1 + —W=1 + —Y=1+—2=1 = —1 [ At most one variable = 1]
- —W=gy + —X= > —1 [ At most one variable = 2 ]
— —W=3 + —X=3 + —Y=3 + —2=3 > —1 [ At most one variable =3 ]
—0=1 > 1 [ Sum all constraints so far ]
U1 > [ Variable v=; non-negative |

Jakob Nordstrom (UCPH & LU) The Joy of Pseudo-Boolean Proc ACP Summer Sct
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Justifying All-Different Failures

Ve{i1 4 5}
we{1l 2 3 bowoi+ woo+ weg > 1 [ Wtakes some value]
Xe{ 23 } X=p+ X=3 > 1 [ X takes some value]
ve{1l 3 }ooy= + Y=3 > 1 [Y takes some value |
Ze{1 3 oz + z-3 > 1 [ Z takes some value ]
— —0=1 + —W=1 + —Y=1+—2=1 = —1 [ At most one variable = 1]
- —Wop + —X= > —1 [ At most one variable = 2]
— —W=3 + —X=3 + —Y=3 + —2=3 > —1 [ At most one variable =3 ]
—0=1 > 1 [ Sum all constraints so far ]
-1 > [ Variable v=; non-negative |
0 > 1 [ Sum above two constraints |

Jakob Nordstrom (UCPH & LU) The Joy of Pseudo-Boolean Proc ACP Summer Sct
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Reformulation

Auto-tabulation is possible

m Heavy use of extension variables

Can re-encode max common subgraph as clique problem without changing PB encoding

O@ a—>{ 1 2 3 4}
Ja
%—3—0 ‘

Jakob Nordstrém (UCPH & LU) Joy of ACP Summer Sct
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High Level Modelling Languages?

High level modelling languages like MiNIZINc and EsSENCE have complicated compilers

How do we know we’re giving a proof for the problem the user actually specified?

Jakob Nordstrom (UCPH & LU) The Joy of Pseudo-Boolean Pr
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High Level Modelling Languages?

High level modelling languages like MiNIZINc and EsSENCE have complicated compilers
How do we know we’re giving a proof for the problem the user actually specified?
We don’t

Need modelling language with formally specified semantics...

Jakob Nordstrom (UCPH & LU) The Joy of Pseudo-Boolean Pro ACP Summer Sch
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The Glasgow Constraint Solver

Support for 37 (families of) constraints (and counting), with all inferences certified:

Abs, AllDifferent, AllEqual, Among, AtMostOne, BinPacking, Circuit, Comparison, Count, Cumulative, Diffn,
Disjunctive, DivMod, Element, Equals, GCC, In, Increasing, Inverse, Knapsack, Lex, Linear, Logical, MDD,
MinDistance, MinMax, Multiply, NValue, Parity, PlusMinus, Power, Regular, SeqPrecedeChain, SmartTable,
Sort, Table, ValuePrecede

Jakob Nordstrom (UCPH & LU) The Joy of Pseudo-Boolean Pro ACP Summer Sch
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000000000000 e

The Glasgow Constraint Solver

Support for 37 (families of) constraints (and counting), with all inferences certified:

Abs, AllDifferent, AllEqual, Among, AtMostOne, BinPacking, Circuit, Comparison, Count, Cumulative, Diffn,
Disjunctive, DivMod, Element, Equals, GCC, In, Increasing, Inverse, Knapsack, Lex, Linear, Logical, MDD,
MinDistance, MinMax, Multiply, NValue, Parity, PlusMinus, Power, Regular, SeqPrecedeChain, SmartTable,
Sort, Table, ValuePrecede

Also certifies reformulations not written in but inferred from input:
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Jakob Nordstrom (UCPH & LU) The Joy of Pseudo-Boolean Proc ACP Summer Sch


https://github.com/ciaranm/glasgow-constraint-solver

Constraint Programming

000000000000 e

The Glasgow Constraint Solver

Support for 37 (families of) constraints (and counting), with all inferences certified:

Abs, AllDifferent, AllEqual, Among, AtMostOne, BinPacking, Circuit, Comparison, Count, Cumulative, Diffn,
Disjunctive, DivMod, Element, Equals, GCC, In, Increasing, Inverse, Knapsack, Lex, Linear, Logical, MDD,
MinDistance, MinMax, Multiply, NValue, Parity, PlusMinus, Power, Regular, SeqPrecedeChain, SmartTable,
Sort, Table, ValuePrecede

Also certifies reformulations not written in but inferred from input:
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m Capacity strengthening by integrality, conflict cliques across resources, lifted cover cuts:
Extract information implied by scheduling problem constraints
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Also certifies reformulations not written in but inferred from input:
m Auto-tabulation: Identify small subproblem, solve it, and replace by table

m Capacity strengthening by integrality, conflict cliques across resources, lifted cover cuts:
Extract information implied by scheduling problem constraints

m Difference logic: Spot that a pile of two-term inequalities is a precedence network, and hand
to temporal propagator
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The Glasgow Constraint Solver

Support for 37 (families of) constraints (and counting), with all inferences certified:

Abs, AllDifferent, AllEqual, Among, AtMostOne, BinPacking, Circuit, Comparison, Count, Cumulative, Diffn,
Disjunctive, DivMod, Element, Equals, GCC, In, Increasing, Inverse, Knapsack, Lex, Linear, Logical, MDD,
MinDistance, MinMax, Multiply, NValue, Parity, PlusMinus, Power, Regular, SeqPrecedeChain, SmartTable,
Sort, Table, ValuePrecede

Also certifies reformulations not written in but inferred from input:

m Auto-tabulation: Identify small subproblem, solve it, and replace by table

m Capacity strengthening by integrality, conflict cliques across resources, lifted cover cuts:
Extract information implied by scheduling problem constraints

m Difference logic: Spot that a pile of two-term inequalities is a precedence network, and hand
to temporal propagator

Details in [EGMN20, GMN22, MM23, MMN24, MM25] (or, better still, talk to Ciaran)
Code at https://github.com/ciaranm/glasgow-constraint-solver

Jakob Nordstrom (UCPH & LU) The Joy of Pseudo-Boolean Proc ACP Summer Sch


https://github.com/ciaranm/glasgow-constraint-solver

Wrapping up
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Future Research Directions

Performance of pseudo-Boolean proof logging and checking
m Faster proof logging and checking!
m Trim proofs while checking as in SAT solving [HHW13a] (upcoming work [ABB* 26a])
m Compress proof files using binary format
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Wrapping up
0000

Future Research Directions

Performance of pseudo-Boolean proof logging and checking
m Faster proof logging and checking!
m Trim proofs while checking as in SAT solving [HHW13a] (upcoming work [ABB* 26a])
m Compress proof files using binary format

Proof logging for other combinatorial problems and techniques
m Model counting
m Mixed integer linear programming (suggested extension of VErIPB in [DEGH23])
m Satisfiability modulo theories (SMT) solving (Lots of work in, e.g., [HS22, BBC* 23, RSB* 26, RSS* 26])

And more...
m Use proof logs for algorithm analysis or explainability purposes
m Lots of other challenging problems and interesting ideas

m Talk to us if you want to join the pseudo-Boolean proof logging revolution! ®
We’re happy to collaborate, and we're hiring
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Wrapping up
0®00

Reminder about VERIPB Resources

VERIPB tutorials, technical documentation, and more information at
https://VeriPB.org

Tutorial series with videos and slides from WHOOPS °25 workshop at
https://jakobnordstrom.se/WHOOPS25/

Technical details on different proof logging techniques covered in research papers

[EGMN20, GMN20, GMM*20, GN21, GMN22, GMNO22, VDB22, BBN*23, BGMN23, MM23,
BBN*24, DMM*24, GMM*24, HOGN24, IOT*24, MMN24, DHN*25, JBBJ25, KLM*25, MM25,
ABB*26a, ABB*26b, DKK*26, MNOT26, VCB26] and PhD theses [Goc22, Mcl26, Oer26]

Lots of concrete example files at https://gitlab.com/MIAOresearch/software/VeriPB
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Wrapping up
feleY o)

[m] %% [m] [=]

(=] (=]

See README . md and files in slides-proofs/
See README .md and try to run veripb justified.opb justified.pbp

Interactive mode (Linux and Mac only?); see README . md and then use
cargo run -p veripb-repl -m path-to-veripb-repl/Cargo.toml
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Wrapp
fele)e]

Summing up

Second half of lecture
m More technical details on VERIPB (mostly for reference)
m Some convenient syntactic sugar (labels and reification)
m Example applications
Maximum clique
Subgraph isomorphism
Constraint programming (much more about this tomorrow, including hands-on exercises)
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m Some convenient syntactic sugar (labels and reification)
m Example applications
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Main message
m Combinatorial solvers are amazing, but ensuring correctness is crucial
m Certifying solvers producing machine-verifiable proofs is the most promising approach
m Pseudo-Boolean proof logging has been surprisingly successful in moving the research
frontier forward

Jakob Nordstrom (UCPH & LU) The Joy of Pseudo-Boolean Pr



Wrapp
fele)e]

Summing up

Second half of lecture
m More technical details on VERIPB (mostly for reference)
m Some convenient syntactic sugar (labels and reification)
m Example applications
Maximum clique
Subgraph isomorphism
Constraint programming (much more about this tomorrow, including hands-on exercises)

Main message
m Combinatorial solvers are amazing, but ensuring correctness is crucial
m Certifying solvers producing machine-verifiable proofs is the most promising approach
m Pseudo-Boolean proof logging has been surprisingly successful in moving the research
frontier forward
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Summing up

Second half of lecture
m More technical details on VERIPB (mostly for reference)
m Some convenient syntactic sugar (labels and reification)
m Example applications
Maximum clique
Subgraph isomorphism
Constraint programming (much more about this tomorrow, including hands-on exercises)

Main message
m Combinatorial solvers are amazing, but ensuring correctness is crucial
m Certifying solvers producing machine-verifiable proofs is the most promising approach
m Pseudo-Boolean proof logging has been surprisingly successful in moving the research
frontier forward

m Action point: What problems can VERIPB solve for you? ®

Thank you for your attention!
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