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—— Abstract

Applied combinatorial optimization has witnessed a revolution in performance since the turn of the

millennium, but the complexity of modern solvers is making bugs an ever more serious concern. The
most promising remedy is to make solvers certifying, so that they use proof logging to generate machine-
verifiable proofs of correctness. We present the first example of state-of-the-art certified graph
colouring by equipping the solver ZyKOvCOLOR with VERIPB proof logging. Combined with the form-
ally verified CAKEPB checker, this provides end-to-end formally certified results. An experimental
evaluation shows excellent results with only moderate overhead for proof logging and checking.
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1 Introduction

The graph colouring problem is to assign colours to the vertices of a graph so that for every
edge the two endpoints have different colours. Determining the minimum number of colours
needed—the so-called chromatic number—is one of the foundational NP-hard problems [51],
and is arguably one of the most well-studied problems in theoretical computer science, with
strong evidence of exponential-time hardness even for solving the problem approximately (see,
e.g., [3, 4, 18, 61, 72, 84]). Graph colouring is also important for many practical applications,
including compiler optimization [16], numerical analysis [34, 43], and scheduling [57], and
impressive progress in applied research [11, 12, 29, 32, 44, 45, 49] has led to solvers that can
find optimal colourings even for very large graphs in spite of the theoretical hardness results.
However, this leap in performance has come at the cost of increasing solver complexity, which
makes it challenging to avoid errors in algorithm design and implementation. Due to the use
of reductions and reformulations, it can even be tricky to recover solutions to the original
problem. This means that graph colouring is afflicted by the same concerns as in other
areas of combinatorial optimization, where even mature solvers sometimes erroneously claim
optimality or return “solutions” which fail to satisfy all constraints [1, 17, 33, 35, 60, 78].

Important work on eliminating errors in combinatorial solvers has been done using testing
techniques such as fuzzing and delta debugging [13, 14, 52, 69, 71], but testing alone is
inherently unable to establish the absence of bugs. Formal methods can deliver correct-by-
construction algorithms, but although there is impressive work on, e.g., Boolean satisfiability
(SAT) solving [31], these techniques just cannot scale to the complexity of modern solvers.
The most successful way to ensure correctness is instead to make solvers certifying [59],
so that they use proof logging to emit machine-verifiable proofs of correctness. For SAT
solving, a large number of proof systems for the conjunctive normal form (CNF) format have
been developed [7, 42, 47, 81, 83], and proof logging has become a standard requirement.
The success of SAT proof logging can be explained by three aspects. Firstly, it is easy to
implement for most techniques. Secondly, it is efficient, with the overhead of proof generation
usually staying within 10% of solving time, and proof checking taking at most a factor 10
longer than solving. Finally, each proof step is straightforward to check, making it possible
to develop formally verified proof checkers [20, 21, 55, 76].

There has also been work on proof logging in, e.g., maximum satisfiability (MaxSAT)
solving [9, 56, 66, 73, 74, 79], constraint programming [24, 70, 80], mixed integer program-
ming [17, 25], and automated planning [27, 28, 67], but with much more limited success.
Most of these approaches either struggle with supporting the full range of solver techniques,
or introduce specialized rules for different techniques, complicating proof checking; moreover,
sometimes proof steps cannot be verified efficiently and instead require trusting the solver.

In recent years, so-called pseudo-Boolean (PB) proof logging, based on reasoning with 0-1
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linear inequalities, has changed this situation. The VERIPB proof system [8] has been shown
to provide a unified proof logging method not only for the most advanced techniques in SAT
solving [2, 8, 41] as well as for pseudo-Boolean optimization [36, 53], but also for MaxSAT
solving [5, 6, 48], subgraph solving [37, 38, 39, 54|, constraint programming [26, 40, 62, 63, 64],
automated planning [23], and dynamic programming and decision diagrams [22]. This is
even more striking since the proof system has no concept of graphs, non-Boolean variables,
or planning tasks, but can still capture reasoning about such concepts using 0-1 linear
inequalities. It should be pointed out, however, that the overhead for proof generation and
checking has mostly been significantly larger for paradigms beyond SAT.

1.1 Qur Contribution

In this work, we present for the first time a state-of-the-art graph colouring solver with proof
logging, namely a version of ZyKOvCOLOR [11] emitting VERIPB proofs.

ZYKOVCOLOR is based on the Zykov recurrence [85] combined with SAT solving, using
reified constraints to define new variables. To compute chromatic number lower bounds the
solver uses cliques but also detects Mycielski graphs [68], for which our proof logging uses and
extends work by Yolcu et al. [82]. The only technique for which we currently cannot provide
proof logging is the fractional chromatic number bound computed via LP duality and column
generation [46, 58, 65], since VERIPB cannot reason about rational values, but this feature
has only a small impact on solver performance [11]. It has been shown previously that proof
logging can serve as a powerful debugging tool even for mature solvers [6, 25, 37, 53, 54, 78],
and our work on making ZYKOVCOLOR certifying provides yet another example of this in
that it helped fix a bug where a colouring with too many colours could be returned.

VERIPB proofs reason in terms of a 0-1 integer linear encoding of the graph colouring
problem instance. Though this encoding is quite straightforward, our proof checking workflow
includes formal verification of the translation by a CAKEPB frontend. Since CAKEPB also
has a formally verified backend for checking VERIPB proofs, we achieve end-to-end formally
certified results (similar to prior work [38]). An additional optimization is that an initial
upper bound on the chromatic number can be used to shrink encoding size substantially.

Our experimental evaluation shows excellent performance overall, with average proof
logging overhead of under 14% and average checking time of 1.4x solving time, but there are
also some problematic instances. For graphs with large cliques, the proofs need to rederive for
every colour that at most one vertex in the clique can take this colour (since all variables are
Boolean), while the solver automatically knows that this holds for any colour. This causes an
extra linear overhead for proof generation, similar to phenomena that have been observed in
proof logging for constraint programming [62, 63, 64]. We also incur slowdowns for Mycielski
graphs of high order, since the pseudo-Boolean proofs for their chromatic number formalize a
rather subtle recursive argument that has to be explicitly written out and checked, whereas
the solver can just use that the theorem can be trusted to be true.

We should emphasize that our performance statistics were achieved only after several
rounds of careful optimization of the proof logging. For instance, it was crucial to generate
constraints as lazily as possible, and previous proofs for Mycielski graphs [82] were made
more efficient. For cliques with large intersections, it was important to recycle subderivations
for these intersections. This shows that while pseudo-Boolean reasoning makes efficient proof
logging possible even for advanced combinatorial algorithms, getting the low-level details right
to achieve good performance in practice is arguably still a bit too complicated for comfort.

The proof checking performance also hinges on a large number of low-level optimizations,
many of which do not seem to be related to graph colouring. Since writing an efficient proof
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checker, including a formally verified backend, is immensely challenging, this provides an
additional argument in favour of a simple, unified proof logging format such as VERIPB,
that can be combined with different formally verified frontends for a wide range of problems.

1.2 Outline of This Paper

The rest of this manuscript is structured as follows. After reviewing preliminaries for pseudo-
Boolean reasoning and graphs in Section 2 and the ZYKOVCOLOR graph colouring solver in
Section 3, we present our proof logging approach in Section 4. The special case of Mycielski
graphs is discussed in Section 5. We explain our extensions to the formally verified proof
checker CAKEPB in Section 6. In Section 7, we present the results of our experimental
evaluation, after which we conclude in Section 8 with some final remarks.

2 Preliminaries

We start by discussing pseudo-Boolean reasoning (referring the reader to [8, 15] for more
details), and then show how graph colouring can be encoded as a pseudo-Boolean problem. We
use the standard notation N* for positive integers and write [n] = {1,2,...,n} for n € N*.

2.1 Pseudo-Boolean Reasoning with VeriPB

A literal £ over a Boolean variable x (which takes values in {0, 1} = {false, true}) is either =
itself or its negation T = 1 — x. A pseudo-Boolean (PB) constraint is a 0-1 integer linear
inequality C' = )", a;¢; > A, (where = denotes syntactic equivalence), which we can assume
without loss of generality to be in normalized form, i.e., with coefficients a; € Nt and literals ¢;
over distinct variables. The negation of C is the constraint -C' = Zz ail; > —A+1+ ZZ a;.
A pseudo-Boolean formula F = /\;n=1 Cj is a conjunction of pseudo-Boolean constraints,
which we can equivalently view as a set F' = {C; | j € [m]}.

A (partial) assignment p is a (partial) function x — p(x) from Boolean variables to {0, 1},
which we extend to literals by defining p(Z) = 1 — p(x). We say that p satisfies Y, a;l; > A
if it holds that }° ,._; a; > A (assuming normalized form), and p satisfies F" if it satisfies
all C € F, in which case it is a solution. A substitution w maps variables to {0,1} or
literals. Applying w to C yields C[,, = ", a;w(¢;) > A (collecting constants on the right and
normalizing), and this notation is extended to formulas by applying w to each of its constraints
ie., Fl, ={Cl. | C € F}. The pseudo-Boolean optimization (PBO) problem (F, f) is to
minimize the objective f =Y, a;l; (with a; € NT) over all solutions to F'.

A VERIPB proof for an optimization problem (F, f) is used to establish upper and lower
bounds on the minimal value of f subject to the constraints in . An upper bound UB is
shown by exhibiting a solution p to F' such that f(p) = UB and a lower bound LB < UB is
proven by deriving the PB constraint f > LB with the VERIPB rules explained next.

VERIPB is based on the cutting planes proof system [19] with slight modifications as
described in [15]. If C =), a;l; > Aand D = ), b;{; > B are input axioms in F' or literal
axioms £; > 0, or if these constraints have previously been derived, then we can

sum C and D to get C' + D = )" .(a; + b;){; > A+ B (in normalized form);

multiply C' by m € Nt to get m-C =3 .(m-a;)l; > m - A;

divide C by d € Nt and round up to get div(C,d) =Y, [a;/d]t; > [A/d];

saturate C' to get sat(C) = >, min{a;, A}-£; > A (which assumes normalized form for C').
A constraint C propagates a literal ¢ under a partial assignment p if there is no way C
can be satisfied if p is extended to assign ¢ = 0. We say that C is implied by reverse unit



S. Dold et al.

propagation (RUP) [42, 26] from a set of constraints F' if starting from the empty assignment
and iteratively adding all literals propagated by F U {—C} leads to some constraint being
falsified. In such a case, it is allowed as a convenient shorthand to infer C' from F by a
single RUP step (which is sound since F' implies C). We use F'F C' to denote that we have
a derivation with the rules above of C from F, and write F = F' if F + C for all C € F’.
The rules discussed so far can only derive implied constraints that preserve the set of
solutions. The redundance-based strengthening rule, or just strengthening, allows to infer C
from F' by exhibiting an explicit substitution w such that the cutting planes derivations

FU{ﬁC}"(FUC)wa{foM}- (1)

can be shown to exist. If p satisfies F' but falsifies C, it follows from (1) that the composed
assignment p o w satisfies F'U {C'} and achieves objective value f(pow) < f(p). If pis a
solution to F', an objective-improving constraint f < —1 + f(p) (but in normalized form)
can be inferred to force the search for strictly better solutions or make it possible to derive
contradiction if the solution p is optimal.

2.2 Graph Colouring

We write G = (V, E) for an undirected graph G with vertices V(G) =V and edges E(G) =
E C {{u,v} | {u,v} C V}, and say that G’ = (V', E’) is a subgraph of G = (V,E) if V/ CV
and E' C E. We write Ng(v) = {u | {u,v} € E} to denote the neighbours of a vertex v in G.
A k-colouring of G is a function f: V — [k] for k € N*, which is assumed to be proper unless
otherwise stated, i.e., such that f(u) # f(v) for all {u,v} € E. The chromatic number x(Q)
of G is the smallest k for which a proper k-colouring of G exists.

To encode the graph colouring problem for G = (V, E') with some known upper bound
n < |V| on x(G) in pseudo-Boolean form, we use vertex colour variables z, . with the
intended meaning “f(v) = ¢” and colour usage variables u. to mean “colour c is in the image
of f7, where v € V and ¢ € [n]. It is not hard to see that the 0-1 integer linear program

min Z Ue (2a)

c€[n]

Al = Z Ty > 1 for each v € V (2b)
c€[n]

A% = Z —Zye > —1 for each v € V/ (2¢)
c€[n]

A2 = V] ue + Zmz V| for each ¢ € [n] (2d)

veV
A = g + Z Tye>1 for each ¢ € [n] (2e)
veV
A= Tue+Tpe > 1 for each {u,v} € E, c€[n]  (2f)

has the chromatic number x(G) of G as its optimal value. By way of a brief argument, the
constraints (2b) and (2c) enforce that the variables z,, . encode a function from V' to [n],
i.e., that each v € V' is mapped to exactly one ¢ € [n]. The constraints (2d) and (2e) force
variables u, to true precisely when c is in the range of this function. The edge constraints (2f)
ensure that the function is a proper colouring. Minimizing the objective (2a) thus means
finding a proper colouring with as few colours as possible, i.e., determining the chromatic
number (and an important part of our certified graph colouring workflow is a formally
machine-verified proof of this fact, so that there is no need to trust this proof sketch).
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3 High-Level Description of the ZykovColor Graph Colouring Solver

The ZYKOVCOLOR solver is based on SAT solving with user propagators [30], using ideas
previously proposed by Hebrard and Katsirelos [45]. Rather than exploring the space of
colourings, it argues by case analysis over pairs of non-neighbours v and v in G = (V, E) that
in any colouring either v and v are given the same colour, in which case they can be merged
into a single vertex ww, or else an edge {u,v} can be added, since their colours are different.
This means that the chromatic number of G' can be computed by the Zykov recurrence [85]

X(G) = min{x(G/(uv)), x(G + {u, v})}, 3)

where G/(uv) denotes the graph with u and v merged into a single vertex uv with neighbours
N(uwv) = N(u) UN(v), and G + {u, v} is the graph with the edge {u,v} added to E. The
base cases of this recurrence are cliques whose size is the size of the colouring found.

To use the Zykov recurrence, ZYKOVCOLOR considers only equality variables e,, for
{u,v} ¢ E with the intended meaning “f(u) = f(v)”. A complete assignment to these
variables corresponds to a leaf of the Zykov recurrence tree. Additionally, ZyKOVCOLOR
uses constraint propagators to enforce

Cuv N Cyow — Cuw for all u,v,w eV, (4)

i.e., that equality is transitive. Representing this in CNF would require @(n3) clauses.
ZYKOVCOLOR instead uses a propagator to achieve the same propagation in linear time.
More importantly, the propagator also computes a lower bound on the chromatic number of
the current graph G, obtained by contracting all pairs of vertices u, v for which ey, is true
and adding edges {u,v} when e, is false. This bound is inferred by identifying two kinds of
subgraphs H of G, for which the chromatic number is readily determined:

Clique bounds: If G contains as a subgraph a clique K of size s, then clearly x(G.) > s.

Mycielski bounds: Starting from a clique K detected in the previous step, the solver

tries to find larger subgraphs H of G, by iteratively applying a slight modification of the

Mycielski graph construction (see Section 5). If successful, this yields a lower bound of

s+ k, where s is the size of the initial clique and k is the number of Mycielskian iterations.
When a lower bound computed by one of these methods exceeds the current upper bound, this
triggers a failure, which the propagator explains with a clause \/{u,v}¢E(G)){u’v}eE(Gu) Cup-
The VERIPB proof then has to show that the corresponding pseudo-Boolean constraint
Z{u,v}gE(G)7{u,u}eE(Gc) euv > 1 can be derived from the PB encoding in Section 2.2.

The ZYKOVCOLOR solver tries to find colourings with an increasing number of colours
i = 2,3,4,... until it reaches the chromatic number x(G) of G. The current number of
colours 7 serves as an upper bound for the bound propagators. In order to maintain soundness,
the solver adds to each constraint an activation variable b; encoding that it was inferred
under the assumption that at most ¢ colours are available. These activation variables can in
turn be introduced in the VERIPB proof by constraints

(n—i) bi+ » Te>n-—i (5)

c€[n]
inferred by redundance-based strengthening.
4 Pseudo-Boolean Proof Logging for Graph Colouring

We now describe how to implement proof logging for the graph colouring techniques used
by ZYKOVCOLOR. Since our pseudo-Boolean encoding of the graph colouring problem
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(as described in Section 2.2) does not have the equality variables e,, that are used by
ZYKOVCOLOR, we have to introduce them in the proof. For any constraint C' = )", a;{; > A
in normalized form and any fresh variable r, the reified constraints r = C and r < C
expressing that 7 should be true if and only if C is satisfied can be derived by the redundance-
based strengthening rule [41]. Syntactically, these reified constraints are given by r = C =
Ar+3ail; > Afasin (5)) and r <= C = (3,0, — A+ 1) r+ >, a:l; > > a; — A+ 1. We
also use r < C as a shorthand for the two reified constraints r = C and r < C.

The meaning of e,, can be written in terms of the colour variables as \/Ce[n] (Ty,e A Toe),
but this is not expressible as a single pseudo-Boolean constraint. In the proof, we therefore
first define temporary variables gyue < (Ty,c A Zy,c) for ¢ € [n], using which we can introduce
Cur & \/Ce[n} Quvc- Note that z, Az, and \/Ce[n} Quve are equivalent to the pseudo-Boolean
constraints x, . + T, > 2 and Zce[n] Quve > 1, respectively. We then derive the constraints

Eppe = Too= @uo+Tuc>1) = Zyct+Cun+Tuo>1, (6)
Ele = Cw= Tuct+Toe>1) = e+ TuctTue>1 (7)
(noting that EZ , . = E?, ) by reverse unit propagation (RUP) as described in Section 2.1.

This allows us to infer the transitivity constraints e, A €y, — €y, or in pseudo-Boolean
form €y + €y + €yw > 1, by first adding E}M’c, Ei,w,c, and E?L)w’c and saturating to get

Tu.c + €uo + €ow + €yw > 1, and then adding up these constraints for all ¢ € [n] together with
the at-least-one-colour constraint AL and saturating to obtain the desired constraint.

4.1 Clique Bounds

A crucial technique in ZYKOVCOLOR is to find cliques to infer lower bounds on the chromatic
number, which in our encoding means establishing lower bound on the objective Zce[n] Ue.

Let us first show how to derive the constraint } ., uec = [S| given a clique S in the
original input graph G, which we refer to as an unconditional cligue. Our proof starts by
recovering the cardinality constraints Cg ., = > c¢ Tu.c > [S|—1, which is done by iteratively
deriving the constraints Cp . = 3, o7 Tuc > |T| — 1 for subsets T C S of increasing size.
For the base case |T'| = 2 we have that Cr . is an edge constraint (2f). Given Cr, ., we can
derive CTU{U},C by multiplying Cy. . by |T'| — 1, adding all edge constraints Afw_’C foru e T,
and dividing by |T.

As the next step, we observe that the colour usage constraint A2 implies the inequality
|S| - te + > ,cgToe > |S|, which can be inferred formally by weakening, i.e., adding literal
axioms x, . > 0, for all variables over vertices v that do not appear in the clique. Adding
|S| — 1 times the constraint Cy , yields |S|-uc+[S| Y, cs Toe > (|S| —1)? 4 [S], which after
division by |S| results in the constraint uc + ), g Tv.c > |S].

Finally, summing u. 4+ ), ¢ T > |S| for each ¢ € [n] with the at-least-one-colour
constraints AL for u € S produces the constraint Y cefn) Ue = | S| as desired. By adding this
constraint to the definition of the activation variable bjsj_; in (5) and saturating, it is also
possible to derive the unit constraint bjgj_; > 1.

Let us next consider the scenario when the solver finds a clique in the current graph G.
after branching on some equality variables (i.e., after merging vertices and adding edges).
In this case we can make a similar approach work, except that we do not always have

access to original edge constraints Az,mc, but instead need to use the reified edge constraints
E? , . =€uw = A}, . introduced by the Zykov recurrence. If we run the same derivation as

before on these reified constraints, we obtain the same conclusion constraint but prefixed
with all reification variables (as shown in [22]). Concretely for our case, this means that the
very final step infers the clausal constraint bjs|—1 + X2, ,3¢m(G), {uv}eB(G,) Cuv = 1-
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4.2 Proof Logging Optimizations

There are a few optimizations that are necessary to achieve acceptable overhead for the proof
logging. First, and most obviously, we never use equality variables e, for edges {u, v} that
exist in the input graph G, since they are always false. Secondly, we delay introducing other
equality variables e,,, until they are actually needed, rather than adding all such variables
straight away. This is especially important since we also need to generate transitivity
constraints for all introduced equality variables.

The third and most interesting optimization is related to the clique bound clauses. The
most expensive part in the derivation of such clauses is the recovery of the cardinality
constraints, which takes ©(]S|?) cutting planes steps per colour ¢ € [n]. However, ZYKOV-
COLOR computes an initial large clique before the search starts and finds other unconditional
cliques when it returns to the root node. The cardinality constraints derived for an uncon-
ditional clique S™ depend only on edges in G and is not reified on any equality variables.
Therefore, when the solver finds another clique S’ with S’ N S”™ # (), we can reuse part
of the cardinality constraints derived for S”, by weakening away variables z, . for every
u € 8™\ 8" and every colour ¢ from the cardinality constraints. This leaves a constraint
Y wesingr Tue > 18" N ST — 1, which we only need to extend to a cardinality constraint
including the vertices S’ \ S”. Unfortunately, since these are the longest derivations, this
technique only pays off when the intersection is large. The technique also does not work
when the cardinality constraints are conditioned on some equality variables, because when
such equality variables are weakened away the entire constraint becomes too weak.

5 Proof Logging for Mycielski Graphs

We now turn to a specific technique to prove lower bounds on the chromatic number, namely
detecting (generalized) Mycielski graphs [68]. When applied repeatedly to a triangle-free
starting graph, the original Mycielski construction yields triangle-free graphs with arbitrarily
large chromatic number (for which studying cliques as described in Section 4.1 will not be
very helpful). In our slightly generalized setting, a Mycielski graph consists of any base
graph, a set of shadow vertices, and a top vertex. For each base graph vertex v, there is a
shadow vertex v’ adjacent to all neighbours of v in the base graph, and the top vertex is in
turn adjacent to all shadow vertices. Let us write this down formally.

» Definition 1 (Generalized Mycielski graph). A graph M = (Vs, Enr) is a (generalized)

Mycielski graph with base graph B = (Vg, Eg) if there exists a shadow function s: Vg — Vi,

and a top vertex w € Vi such that

1. B is a subgraph of M,

2. for allv € Vg it holds that Np(v) C Np(s(v)), and

3. for the image Im(s) of the function s it holds that Im(s) C Ny (w).

A Mycielski graph is pure if s is injective and Vi, Im(s), and {w} are pairwise disjoint.
We call v' = s(v) the shadow vertex of v. If a vertez v in the base graph is a neighbour

of the top vertex w, then it is valid to set s(v) = v, in which case we say that v self-shadows.

In case a vertex is a shadow of multiple vertices, we refer to this vertexr as a shared shadow.

For any Mycielski graph M with base graph B = (Vp, Ep), we can generate a corres-
ponding purified Mycielski graph M = (Vﬁ, E ﬁ) with vertex and edge sets
Ve =V U{v' |ve Vplu{w}, (8a)

Eo =EpU{{u,v'} | u,v € Vg, {u,v} € Ep} U{{v', @} | v € Vg}. (8b)



S. Dold et al.

M M

Figure 1 A Mycielski graph M (left) and its corresponding purified graph M (right). The circles
denote base vertices, squares denote shadow vertices, and the triangle denotes the top vertex.

Note that for each edge {u,v} € Ep, the edge set E in (8b) contains two additional edges,
namely {v/,v} and {u,v'}. Hence, we have |[V| =2- V| + 1 and |Eg| =3 |Eg| +|V5].

» Example 2. Figure 1 gives an example of a Mycielski graph M whose base graph is a
cycle of length 6 on the vertices a—f and whose top vertex is h. The vertices b—e self-shadow,
while g is a shared shadow of @ and f, and so M is not a pure Mycielski graph.

To construct the corresponding purified Mycielski graph M , we first duplicate vertices b—e

. We also duplicate g, where one copy serves as the shadow of a

to create the shadows b'—¢
and the other serves as the shadow of f. Finally, we remove all edges that do not belong to

the pure Mycielski graph construction, such as edges from h to the base graph.

By taking an entire Mycielski graph M with base graph B as a new base graph B’ in
Definition 1, we get a level-2 Mycielski graph, and iterating this k times yields the level-k
Mycielski graph with base graph B. The crucial property of these graphs is that their
chromatic number grows with k: if My is a level-k Mycielski graph with base graph B, then
x(My) > x(B) + k. The ZyKOVvCOLOR solver detects subgraphs that are level-k Mycielski
graphs with a clique as base graph. To show that x(My) > x(B) + k, it is sufficient to focus
on a single iteration of the Mycielski construction and then argue by induction. We describe
next how to show that for a (level-1) Mycielski graph M with base graph B, it holds that
X(M) > x(B) 4+ 1. We start with the mathematical argument in natural language and then
translate it into a VERIPB proof (which is needed since the proof checker does not know any
graph theory, or even what a graph is, only how to manipulate 0-1 linear inequalities).

We first show that we can focus on the case that the Mycielski graph is pure. Intuitively, we
can purify a Mycielski graph by adding a copy of every vertex (with the same neighbourhood)
that is a shared shadow or a shadow in the base graph, and then removing any extra edges
(as in Example 2). Since the copy v’ of a vertex v can receive the same colour as v and
removing edges only decreases the chromatic number, the purified graph cannot have a higher
chromatic number than the original impure Mycelski graph.

» Proposition 3. For a Mycielski graph M and a pure Mycielski graph M with the same
base graph B, it holds that x(M) > x(M).

To express this as a pseudo-Boolean constraint, assume that we already have an encoding
for the chromatic number of M over the variables z,. and u.. To reason about the
chromatic number of M, we derive the constraints A}, A2, A> and A}, . over variables T,

5

and 1. corresponding to AL, A2 A3 and A5 .- This can be done using redundance-based

strengthening with a witness substitution mapping the variables for M to the corresponding
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variables for M. Using the same substitution, we can also infer > | Ue = Zce[n] U, which

is the PB encoding of x(M) > x(M). As a low-level optimization, we use an activation
variable to avoid using this substitution for multiple constraints (see Appendix A for details).

c€n

We now proceed with the main part of the argument, namely showing that the chromatic
number of a pure Mycielski graph is larger than that of its base graph.

» Proposition 4. For a pure Mycielski graph M with base B it holds that X(M\) >x(B)+1.

Although Proposition 4 is of course well-known, we present the proof here, since this is what
we will need to formalize in the VERIPB proof system.

Proof. We wish to show that without loss of generality we can assume that each base vertex v
has the same colour as its shadow vertex v’, after which it follows that top vertex will need
an extra colour. This is a surprisingly delicate argument, which requires two steps of copying
colours first from base vertices to shadows and then in the other direction. Throughout the
proof, let ¢,, be the colour of the top vertex w.

In the first step, we copy colours ¢ # ¢, from the base graph to the shadows. If
a vertex v € Vg has colour f(v) = ¢ # ¢y, then v’ can take the same colour ¢, since
Ny (v') = Ny, (v) U{w} and both w and the neighbourhood of v have colours different
fror]g c. Hence, without loss of generality it holds for any vertex v € Vg with colour ¢ # ¢,
that v’ has the same colour as v.

In the second step, for each base graph vertex v € Vg with colour ¢,, we instead copy the
colour f(v') = ¢’ # ¢, of its shadow v’ to v. Fix such a base vertex v with f(v) = ¢,. Since
Ny, (v) C Ny..(v'), the neighbours of v in the base graph do not have colour ¢/, and they
also cannot hjgve colour ¢, since they are neighbours of v. Therefore, after the first step
above they have the same colour as their shadows. Since no base or shadow neighbour of v
has colour ¢, this is a valid colour for v.

These two steps show that without loss of generality it holds for M that vertices and their
shadows have the same colours. Since the vertices in Vg jointly use at least x(B) different
colours, the same holds for the shadow vertices. The top vertex requires an additional colour
since it is adjacent to all shadow vertices, from which we conclude that x(3M) > x(B)+1. <

We now show how to carry out this reasoning as a sequence of VERIPB proof steps (deferring to
Appendix A details such as exactly how certain constraints can be inferred by strengthening):
1. Introduce constraints

Ki’b - ﬁ—i— Ty b+ f@b >1 for each v € Vg, b€ [n], 9)

using strengthening with witness substitution {Z, . — T, | ¢ € [n]}. This says that
without loss of generality each shadow vertex v’ has the colour of its corresponding base
vertex v, unless this base vertex colour coincides with the colour of the top vertex.

2. Introduce constraints

K2, = Top+ Ty >1 for each v € Vg, b € [n], (10)

with witness substitution {Z, . — Z, . | ¢ € [n]}. This encodes that without loss of
generality each base vertex has the same colour as the corresponding shadow vertex.
3. Introduce colour usage variables for the base graph using reification constraints

K}t = V| -uy + Z Zop > |Va] for each b € [n] (11)
veEVE
K2 = ﬁ—!— Z Typ > 1 for each b € [n] (12)

veVp
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where the variable @ is 1 if and only if colour b is used for a vertex in B.
4. Derive

K= T, +ap >1 for all b € [n] (13)

by reverse unit propagation (RUP) on the constraints ﬁg’, ~, and K 2, for v € Vp together
v’ w, ’

with K22, This constraint enforces that the colour of the top vertex is not used in the

base graph.

5. Infer
Kp = ab+ﬁ—|—@;b22 for each b € [n] (14)

using a cutting planes derivation from constraints A3, K7 ,, Kj*, and K.

6. By adding K? and 233 for each ¢ € [n], derive the constraint

K= dde> > al+1. (15)
c€ln

c€ln] ]

7. Delete the constraints K, ,, K7

v,b?

K} and K} for each v € Vg, b € [n].

To finish the proof, we add the inequalities x(M) > x(M) and x(M) > x(B) + 1, which
yields x(M) > x(B) + 1.

Now consider a level-k Mycielski graph M}, with base graph B. Write My = B and let
M; be the level-i Mycielski graph for B. Then we can prove that x(M;) > x(M;_1) + 1 for
1 < <k, and adding these inequalities yields the required inequality x(My) > x(My) +k =
X(B) + k. Such a telescoping step can also be performed in the VERIPB proof system by
adding the derived inequalities. Finally, if the graph G itself is not a Mycielski graph but
just has a Mycielski graph M}, as a subgraph, then we also add x(G) > x(My). Showing

this inequality in VERIPB is straightforward (and we again refer to Appendix A for details).

Why do we take the detour via the purified Mycielski graph in the proofs above? A
crucial part of the proof is arguing that each shadow vertex can take the same colour as its
base vertex. However, in case of shared shadows, this would imply that a shadow takes the
same colour as two base vertices, which may not be possible. We can see this in Figure 1,
where there is no valid 2-colouring of the 6-cycle assigning the same colour to vertices a
and f. Hence, there is no way to construct a 2-colouring of the base graph where the vertex g,
which is the shared shadow of a and f, has the same colour as both a and f.

In the proof, we avoid generating copy graphs that are pure multi-level Mycielski graphs,
which would in principle be possible but could cause serious performance problems. An
extreme example would be an n-clique, which can be seen as a non-pure level-n Mycielski

graph where the empty graph is the base graph and every shadow function is the identity.

Here the number of vertices for the corresponding pure multi-level Mycielski graph grows
exponentially in n, so making a pure copy would cause an exponential overhead in logging.

As has already been mentioned, this part of our work is inspired by Yolcu et al. [82],
who formalized proofs for the chromatic number of Mycielski graphs for variants of the PR
(propagation redundancy) proof system [47]. They also use the two-step process of copying
the colours from the base to the shadows if possible and then copying the colours of the
shadows to the base. However, our approach is more general, as it is not restricted to pure
Myecielski graphs with the 2-clique as the base graph, and we also consider graphs that are
themselves not Mycielski graphs but have a Mycielski graph as a subgraph (which is a highly
non-trivial extra complication). Yet another difference is that our proof uses a factor n fewer
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def

is_colouring k x (V,E) =
NVu u<V=xu<k)AVuv.u< VAv<VAu#vAis_edge Euv=xu#xv
min_colour G = mine: { k | (3 x. is_colouring k x G) }

Figure 2 Formalized semantics of graph colouring problems.

steps (where n is the known upper bound on the number of colours) for this copying but
factor n larger witness substitutions, which can be more efficient for proof checking.

To argue about the length of the generated proof for a level-k Mycielski graph My
with base graph B, let us consider each step in the proof separately. The proof length is
most affected by introducing the constraints A\i,v,c as well as K}hc and KE’C. There are
O(n - |E(My)|) and O(n - |V (My)|) such steps, respectively. With k levels of recursion, these
steps are executed at most k times, yielding total length O (k- n - (|E(Mj)| + |V (My)])). For
pure Mycielski graphs, the number of edges and vertices is at least halved in each iteration,
providing a total proof length of O(n - 3% (|Vz|+ |Eg|)). Restricting the analysis further to
the 2-clique as the base graph and k colours, for which Yolcu et al. [82] obtain proof length
O(k? - 3F), the length of our proof is O(k - 3%), but in their proofs the clauses and witness
substitutions have constant size, while we have linear scaling for these parameters. Therefore,
in the end we get the same asymptotic growth O (k2 - 3%) for proof size.

6 End-to-End Formally Verified Proof Checking

CAKEPB is a verified pseudo-Boolean proof checking backend which offers a range of frontends
for certified subgraph solving [38]. VERIPB, CAKEPB, and certifying solvers operate in
tandem in an end-to-end certification workflow as follows:

1. Given an input graph problem, the certifying solver encodes its high-level (non-PB)
reasoning as a series of PB proof steps, analogous to the reasoning described in this paper.

2. This proof is checked and elaborated by VERIPB to a kernel proof format, adding details
that make it easy for CAKEPB to check the proof. The kernel format is designed so that
the CAKEPB proof checker can be readily optimized and verified.

3. For each supported graph problem class, CAKEPB offers a suite of formally verified
frontends that parse and encode input graph problems into pseudo-Boolean format. The
encoded PB problem is then checked by CAKEPB against the elaborated proof.

The whole CAKEPB implementation is formally verified in the HOL4 theorem prover [75]

down to its machine-code implementation, giving high assurance that conclusions derived

via this workflow are sound with respect to the semantics of the input graph problem.

Our CAKEPBCOLOUR proof checker for certified graph colouring adds a new verified
frontend to CAKEPB, albeit with key changes to the input interface to improve performance
of the certification workflow. Firstly, the complete encoding as described in Section 2.2 is
expensive to produce for large graphs. For CAKEPBCOLOUR, we allow the solver to provide
an initial upper bound n < |V on the number of colours. We also generate constraints lazily
so that only the subset of constraints used in the proof is produced. This means that the PB
proof can only certify that the input graph is not k-colourable for some k < n, so the solver
has to produce a colouring that can be checked by the CAKEPBCOLOUR frontend.

Our formal definition of graph colouring problem semantics is shown in Figure 2. Through-
out the formalization G = (V, E) is an undirected input graph on vertices {0,1,...,|V| =1},
and F is its edge set which can be looked up with the is_edge function; colours are represented
using the natural numbers N. The predicate is_colouring defines what it means for a colouring
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F good_graph G = (check_colouring k x G <= is_colouring k x G)
F good_graph G A lazy_enc G anns = Some (n,0bj,fml) A
(V w. satisfies w fml = Ib < eval_obj obj w) A lb < n = is_colouring k x G = b <k

Figure 3 Correctness theorems for the colouring checker (top) and the PB encoding (bottom).

function f:{0,1,...,|V| — 1} — N to be a proper k-colouring, ignoring self-loops; and
min_colour G defines the chromatic number of G as expected.

The high-level correctness theorems for our new frontend are shown in Figure 3, where
good_graph is a consistency requirement for the input graph file which is checked by the
DIMACS format parser. In the upper-bounding theorem (Figure 3, top), check_colouring is a
straightforward pass over the graph applying the colouring f to check that it is indeed a
k-colouring. In the lower-bounding theorem (Figure 3, bottom), lazy_enc is our lazy encoding

of the input graph G, based on the annotated constraint usage hints (anns) from the solver.
It produces the initial colour bound n, a PB objective obj, and a set of PB constraints fmi.

The theorem says that if the PB problem has a provable lower bound /b < n on the objective
value for all satisfying assignments, then any k-colouring of G must satisfy Ib < k.

The theorems from Figure 3 justify our frontend implementation, which we connect to
the verified CAKEPB backend. The completed checker is then compiled down to machine
code using a formally verified compiler [77]. This results in an end-to-end machine-code level
correctness theorem for CAKEPBCOLOUR (not shown here), which states that if the checker
prints out s VERIFIED CHROMATIC NUMBER = k, then the input graph file indeed parses to

a graph G with x(G) = k, and moreover the colouring provided is a valid k-colouring of G.

In practice, CAKEPBCOLOUR can also certify non-tight lower and upper bounds for x(G).

7 Experimental Evaluation

We have implemented VERIPB proof logging in the ZyKOvCOLOR graph colouring solver [11],
covering all techniques used by the default configuration -zykov-color except for the
fractional bound computed by column generation (since VERIPB cannot reason with rational

numbers). Fortunately, this is the feature that has the smallest impact on performance [11].

To evaluate our implementation, we ran experiments on machines with Intel(R) Core(TM)
i5-1145G7 CPUs, a 100GB solid-state drive as storage, and 16GB of memory, where we
restricted the memory limit to 14GB. Each instance ran exclusively on one machine.

As we started implementing proof logging for ZyKovCOLOR, the proof checker detected
that in many cases the colouring returned used more colours than the claimed chromatic
number. This was caused by a bug in preprocessing, where the solver first created a heuristic
colouring and then reduced the graph and computed another heuristic colouring on the
reduced version. The correct upper bound is the minimum number of colours in these two
colourings, but the solver only stored and reported the latter colouring regardless of how
many colours it used. We fixed this bug before conducting our proof logging experiments.

7.1 Comparison of Mycielski Graph Proofs

We first compare our proof method for Mycielski graphs to that of Yolcu et al. [82]. While
our approach can deal with any base graph for the construction, Yolcu et al. only consider
2-cliques as base graphs. Accordingly, we only consider such base graphs for our experiments,
resulting in chromatic number k + 2 for Mycielski construction level k. The proofs were
generated using standalone scripts. The DPR and PR proofs by Yolcu et al. were checked by
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Figure 4 Comparison of DPR and PR proofs and our VERIPB proofs for Mycielski graphs. The
“VERIPB proof with subproofs” plots add detailed subproofs for some VERIPB proof steps.

the DPR-TRIM checker, and our proofs were checked using VERIPB. For complex proof steps
that VERIPB is in principle able to check automatically without additional information,
such as redundance-based strengthening steps, it is also possible to add explicit subproofs to
make the checking more efficient. In our experiments, we also evaluated proof logging with
such explicit subproofs for some otherwise time-consuming strengthening steps.

Figure 4a compares how the sizes of the four types of Mycielski graph proofs scale. The
PR proof is smallest and the VERIPB proof with subproofs is the largest, but it should
be noted that the VERIPB format is more verbose than both the PR and DPR formats.
Figure 4b shows how long it takes to check each proof for increasing levels of the construction.
According to the experimental data, it seems that the startup of DPR-TRIM is slower than
VERIPB. Except for levels 5 and 6, where checking the VERIPB proofs are slightly slower
than checking the DPR proof, our VERIPB proofs are faster to check and seem to have better
asymptotic scaling than both the DPR and PR proofs. Our VERIPB proof with subproofs is
checked significantly faster than both the DPR and PR proofs and also seems to scale better
than the VERIPB proof without subproofs. Therefore, in comparison to the approach by
Yolcu et al., the checking performance for our VERIPB proofs is better and our approach
additionally offers more features and flexibility as discussed in Section 5.

We can conclude that proof size does not necessarily correlate with proof checking time,
and that performance can be improved if the proof system has flexible support for different
levels of detail in subproofs. There is a trade-off here in that spelling out full details in
subproofs can slow down the checker significantly, since a third of the checking time for
VERIPB proofs with subproofs is spent on parsing. Many SAT proof logging systems have a
binary format to allow faster parsing, and this would be desirable also for VERIPB.

7.2 Performance Results for Graph Colouring Solver

To evaluate the ZYKOVCOLOR proof logging, we used the 137 graph instances in the DIMACS
colouring benchmark set [50], to which we added the first 20 Erdés-Rényi random graphs
from Brand et al. [10] for each vertex set size and edge probability to get 1000 more instances.
The proofs were elaborated with VERIPB and checked by the formally verified proof checker
CAKEPBCOLOUR. We used a time limit of 3 600s for solving and 36 000s for checking the
proofs. For all averages, we use the shifted geometric mean with an additive shift of 1s.
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Figure 5 Proof logging overhead in ZyKOVCOLOR and comparison of proof logging and checking.

In Figure 5a, we compare the running time of ZyKOVCOLOR without proof logging to
the additional time required to generate the proof (where the lower off-diagonal dashed line
is the desired 10% overhead). Out of the 1137 instances, 769 are solved by ZYKOVCOLOR
without proof logging and 759 with proof logging; the remaining 10 instances fail because
the proofs exceed the 100GB limit. For the 759 instances solved by ZYKOVCOLOR with
proof logging, the solver with proof logging is on average 13.7% slower than the version
without proof logging. Overall, this shows a moderate overhead for generating the proof,
but there are about 2% of the instances where proof logging slows down the solver by at
least 4x. This is mainly due to large proofs arising from Erd6s-Rényi instances with an edge
probability of 90%, which have many large cliques. Since our proof for the clique bound has
to be repeated for each colour, this introduces an additional linear factor overhead for proof
logging compared to the time for detecting the clique in the solver. Similar problems have
also been observed in proof logging for constraint programming [62, 63, 64].

In Figure 5b, the running time of ZYKoOvCOLOR with proof logging is compared to the
combined time of VERIPB and CAKEPBCOLOUR for elaborating and checking the proof
and obtaining the formally verified conclusion (where the upper off-diagonal dashed line
is the desired 10x limit on overhead). Out of the 759 instances solved by ZyKovCOLOR
with proof logging, verification successfully terminated for 742 proofs while 10 instances
failed due to CAKEPBCOLOUR exhausting the memory limit and 7 more instances failed
because the elaborated proofs exceeded 100GB. For the 742 successfully checked instances,
the average combined running time of VERIPB and CAKEPBCOLOUR is 1.4x the running
time of ZYKOVCOLOR with proof logging, which is relatively low compared to similar proof
logging works with formally verified conclusions [38, 48, 53]. In addition to the 2% of the
instances with a large logging overhead, proofs for large Mycielski graphs were also slow
to check. The reason for this is that proving the Mycielski bound requires formalizing the
somewhat subtle argument in Proposition 4 in pseudo-Boolean reasoning, and writing and
checking this proof is expensive, while the solver can just use the bound as a known theorem.

To analyse the proof checking performance in more detail, we compare the running time
of VERIPB to CAKEPBCOLOUR in Figure 6a. CAKEPBCOLOUR is roughly 2x slower than
VERIPB, and its performance degrades in comparison to VERIPB when memory usage gets
close to the memory limit since it uses garbage collection. There are some DIMACS instances
where CAKEPBCOLOUR is significantly slower. These instances are solved in preprocessing
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Figure 6 Detailed analysis of proof checking performance.

by finding a large clique, which shows that the performance of the pure cutting planes proof
checker could be improved in CAKEPB. In Figure 6b, we compare the checking performance
to the size of the proof, where checking generally scales linearly in proof size. However, we
again observe that the performance of CAKEPBCOLOUR degrades towards the memory limit.
Similarly, checking the DIMACS instances solved by finding an initial large clique takes
significantly longer, which can be attributed to the compactness of the cutting planes proofs.

Overall, our approach performs very well with respect to both proof logging and proof
checking compared to prior work on certifying solvers for NP-hard graph problems [37, 38, 39].
This is probably because ZYKOVCOLOR uses SAT solving as its main procedure, which
VERIPB supports efficiently, but is also thanks to several rounds of careful, in-depth
optimizations of the proof logging code, such as lazily introducing the equality variables and
reusing parts of the proof for the clique bound as described in Section 4.2.

8 Concluding Remarks

In this work, we present an efficient toolchain for end-to-end verification of graph colouring.
We implement pseudo-Boolean proof logging in the state-of-the-art solver ZyKOVCOLOR,
covering a wide range of techniques in graph colouring, with the proofs checked by the
VERIPB and CAKEPB tools. Since we use general-purpose pseudo-Boolean proof logging, we
are optimistic that this approach should be possible to adapt also to other graph colouring
solvers. Our work demonstrates, for the first time, that efficient proof logging with fully
formally verified checking is possible for graph problems, even though the underlying proof
logging system does not have any dedicated rules for dealing with graphs.

A key technique in ZYKOVCOLOR is the use of chromatic number lower bounds of
(sub)graphs, where we improve on work by Yolcu et al. [82] by providing more general proofs
that are also more efficient to check.

An interesting future challenge is whether VERIPB could be made to support (efficient)
proof logging for column generation, and in particular for computing fractional chromatic
numbers. Another direction for future research is to improve even further the performance
of proof logging and checking, especially for graphs containing many large cliques. Our
experiments also show that a significant bottleneck consists of writing and parsing proof files,
which could be improved by introducing a binary file format for VERIPB.
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A Detailed Description of Proof Logging for Mycielski Graphs

In this appendix, we describe how lower bounds for the chromatic number of Mycielski
graphs can be formalized as pseudo-Boolean proofs that can be verified by the VERIPB
proof checker.

A.1 Taking Subgraphs Can Only Decrease Chromatic Number

We start with a simple fact that we use when claiming that the chromatic number of a
Mycielski graph is a lower bound for the full graph in which we have detected the Mycielski
graph, namely that going to a subgraph can never increase the chromatic number.

» Fact 5 (Chromatic number of subgraph). Let H be a subgraph of G. Then x(G) > x(H).

We formalize this claim using a VERIPB proof in three steps. In order to express x(H),
we first introduce colour usage variables uf! for H, so that 2 beln] ufl counts the number of
colours used for H. Then we show that each colour used in the subgraph H is also used in
the supergraph G. In more detail, the formal derivation goes as follows.

1. Introduce colour usage variables for H using reification, i.e.,

JH = |V (H)|ul + Z Top > |V (H)| for each b € [n], (16)
veEV(H)
Jh? = W"‘ Z Typ > 1 for each b € [n]. (17)
veV (H)

2. Relate the colour usage in G to H with

J2 = @—i— up > 1 for each b € [n], (18)
which is inferred by adding Jbl'2 to A3, weakening z,,;, for v ¢ V(H) and saturating.
3. Derive

J? = Z up > Z ufl. (19)
be[n]

be[n]

by adding constraints J? for all b € [n].

A.2 Purifying Mycielski Graphs Can Only Decrease Chromatic Number

Next, we provide more details on how we show using the VERIPB proof system that the
chromatic number of a Mycielski graph M is at least the chromatic number of the purified
Mycielski graph M.

» Proposition 3. For a Mycielski graph M and a pure Mycielski graph M with the same
base graph B, it holds that x(M) > x(M).

To prove this proposition, let us write B = (Vp, Ep) to denote the base graph and

M= (VAA{, E ﬁ) for the purified Mycelski graph with

Ve =V U{v' |ve Vplu{w} (20a)
and
Eo =EpU{{u,v'} | u,v € Vg, {u,v} € Eg} U{{v', @} | v € VB}, (20b)
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and let s and w denote the shadow function and top vertex of M. For any colouring f of M,
we can define a colouring f of M by letting f(v) = f(v) for v € Vg, f(v') = f(s(v)) for

v € Vg, and f(W) = f(w). By the construction of M, we see that this is a proper colouring.
To formalize this in the VERIPB proof system, consider the witness substitution

WVA//;HVM = {37\{0\76 = Tyw,c |cenju {/fv,c = Tyc |ve Vg, cenl}

U{Zv e = Ts),e | ¥ € VB, c € [n]} U{te = uc | c € [n]}. (21)

This substitution provides the same mapping as we used before to define a colouring ]?
of M based on a colouring f of M. By the construction of M , this substitution maps every
constraint used to define the chromatic number of M to a constraint used to define the
chromatic number of M, which has already been derived by assumption. Hence, we could
derive all required constraints using redundance-based strengthening with this substitution.

However, deriving all constraints in this way is too expensive, since it requires writing
the long witness substitution in (21) to file for every derived constraint. We therefore
optimize the proof in two ways. The first observation is that as long as a literal only occurs
with one polarity, i.e., only as either an unnegated or a negated variable, we can always
without loss of generality set that literal to true. Hence, for all edge constraints it suffices to
map one of the variables Z,, . in that constraint to false. Intuitively, this says that we can
make the edge constraints hold by simply not assigning any colours at all. Similarly, since
literals appear negated in the at-most-one-colour constraints (when these are written as a
greater-than-or-equal constraints), these also can be derived using a substitution setting all
variables occuring in the derived constraint to false.

For the colour constraints, we would need to use the long substitution wy..,y,, in (21)
for each constraint. We instead infer all these constraints as one-way reified constraints with
a common activation variable a that trivializes the constraints when set to false. In this way,
all constraints can be inferred by strengthening with a witness mapping a to false. Finally,
infer that a can be fixed to true without loss of generality using the substitution wy..,v,,,
and then remove the activation variables from the constraints by adding ¢ > 1. In thlis way,
the use of an activation variable means that we only need to employ the cumbersome witness
substitution wy..v,, a single time instead of for every vertex.

In more dethiL we derive the required constraints in the following way:

1. Introduce the edge constraints

A5 = Tue+ Toe > 1 for each {u,v} € Eg, c € [n] (22)
using strengthening with witness substitution {Z, . + 0}. These constraints are analogues
of Az’v’c.

2. Infer the at-most-one-colour constraints

A2 = Y Fe<l for each v € Vg (23)

c€[n]

using strengthening with substitution {Z,. — 0 | ¢ € [n]}. These constraints are
analogues of A2
3. Derive the colour constraints reified with activation variable a as

w3 = a-+ Z Tye>1 for each v € Vi (24)

c€[n]

with substitution {a — 0}.
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4. Define colour usage variables 4, for M using one-way reifications

A% = |V lue + Z Tye > |Vl for each ¢ € [n] (25)

vEV A~
M

in analogy with constraints A3.
5. Introduce the conditional relation of the colour usage in M to M with

WP = neat Yy ue> Y (26)
c€n

] c€ln]

using strengthening with substitution {a — 0}.
6. Use strengthening to obtain the constraint

W = a>1 (27)

with witness substitution {a — 1} Uwy. vy,
M

7. Derive

Al = Z Tpe>1 for each v € Vi (28)
c€[n]

by adding W5 to W3. These constraints are similar to AL.
8. Derive

W = due= (29)
c€ln

c€ln] ]

by adding W to W3.
9. Delete the constraints W? and W6 as well as W2 for all v € Vi

A.3 Chromatic Number of Pure Mycielski Graphs

o~

Finally, let us give more details on how the proof of the inequality x(M) > x(B) + 1 in
Proposition 4 can be written down as a formal VERIPB derivation. For this particular
derivation, the VERIPB proof checker can automatically infer (or “autoprove”) all constraints
for which the redundance-based strengthening rule (1) requires subproofs, referred to as the
proof goals for a concrete application of the rule. However, spelling out explicitly what such
subproofs for proof goals look like can make the checker run much faster.
Let us review the VERIPB derivation steps:
1. Introduce constraints

Ky, = Top+ Ty + 3o, > 1 for each v € Vg, b € [n], (30)

using strengthening with substitution {Z, .+ Zy.c | ¢ € [n]}.
The proof goals required by the strengthening rule (1) are as follows:

For each colour ¢ € [n], the constraint A® ~ = Ty .+ T~ _ > 1 is mapped to
v w,c ,

Tye+ x> > 1. For ¢ =, this is implied by the negation of the introduced constraint
since ﬁK&,b implies Z~, = 0. For ¢ # b, this follows by RUP as the negated proofgoal

propagates 7, . and T~ , after which 1&2, propagates Ty p so that — K 5,,) is falsified.

56:25
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For each colour ¢ € [n] constraint 23 is mapped to

uEV}\//}\{v’}

This constraint follows by RUP as the negation of the proofgoal propagates @, then gi’
propagates ﬁ for all u € Vi, as a result of which the negated proofgoal is falsified.
All other constraints are either untouched by the witness substitution (and so constitute
their own proof) or else are mapped to trivial constraints or to constraints already
derived.

2. Introduce constraints

K2, = Top+ Ty >1 for each v € Vg, b € [n], (32)

using strengthening with substitution {Z, . — T, . | ¢ € [n]}.
The proof goals are as follows:
For each u € Vg such that {u,v} € Ep and each ¢ € [n], the constraint A\i,u/,c is
mapped to m—l—ﬂ > 1. For ¢ = b, this is implied by the negation of the introduced
constraint since =K , implies 2,/ ;, = 0. For ¢ # b, this follows by RUP:
The negation of the proofgoal propagates Z,/ . and Ty ..
The edge constraint gi7v,7c propagates Ty,c.

ﬁKg,b propagates T, and Ty p.
Ki,b propagates ff{;’b.
The at-most-one-colour constraint 212; propagates ﬁ,d for each d € [n] \ {b}.
The edge constraint A\Zﬂ),b propagates ﬁ,b,

The at-most-one-colour constraint A\Z, propagates T, 4 for each d € [n] \ {c}.
K&,d propagates T, 4 for each d € [n] \ {c, b}.

Now the at-least-one-colour constraint A\i is falsified.
For each ¢ € [n] the constraint A2 is mapped to

Vglie +Fw et Y, Tue> Vgl (33)
uEVJ/V;\{U}

This constraint follows by RUP as the negation of the proofgoal propagates @, then
Eﬁ propagates ﬁ for all u € Vi then the negated proofgoal is falsified.
All other constraints are either untouched or else mapped to trivial constraints or to
constraints already derived.

3. Introduce colour usage variables for the base graph using reification, i.e.,

K}t = |Vp|al + Z Zop > | VB for each b € [n], (34)
veVp
K}? = @—1— Z Typ > 1 for each b € [n]. (35)
veVp
4. Derive
Kb = T, +ap >1 for all b € [n] (36)

by RUP, which works since first =K f)l propagates Z~, and ﬂf, then for each v € Vp the
constraint A\i, = propagates Z, p, following which for each v € Vg the constraint Kab

propagates T, », which leads to the constraint K% being falsified.
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5. Infer
Kp = Up + ub + xA >2 for each b € [n] (37)

by the following sequence of derivation steps:
Add K2, to A} for each v € Vp to get \VA|@b +T5,+ Zuev 28yp > Vil
Next dividing by 2 yields (|Vp|+ 1)y + 7o, + > uevy Tup > [VBl + 1, since [V | =
2-|Vg|+ 1. o
Add to this K2 to obtain (|Vp| + 1)y + T, + Uf > 2, after which saturation yields
20y + 3oy, + AL > 2.
Add to thls K} to get 2uy, + 21:A +2aP > 3.

Finally, dividing by 2 yields the requlred constraint.
6. Infer

KS = dde =Y al+1 (38)

c€ln] c€ln]

by adding up El with K? for each c € [n].
7. Delete the constralnts K , K2,, K, and K} for each v € Vg, b € [n].

v,b?

CP 2026
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