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In this lecture, we change focus to the complexity measure of space in proof complexity. We will focus
on resolution, although the definition we provide will be straightforward to extend to other proof system.
First of all though, we will talk about pebble games, which turn out to be useful in all kinds of ways when
thinking about space complexity.

1 Pebble Games

Pebbling is a tool for studying time-space relationships by means of a game played on directed acyclic
graphs (DAGs). This game models computations where the execution is independent of the input and
can be performed by straight-line programs. Each such program is encoded as a graph, and a pebble on
a vertex in the graph indicates that the corresponding value is currently kept in memory. The goal is to
pebble the output vertex of the graph with minimal number of pebbles (amount of memory) and steps
(amount of time).

Pebble games were originally devised for studying programming languages and compiler construction,
but have found a broad range of applications in computational complexity theory. An excellent survey
of pebbling up to ca 1980 is [Pip80], and another in-depth treatment of some pebbling-related questions
can be found in [Sav98, Chapter 10]. Some more recent developments are covered in the upcoming
survey [Nor25] (which will be finished any decade now).

The pebbling price of a DAG G in the black pebble game captures the memory space, or number of
registers, required to perform the deterministic computation described by G. It will turn out that an even
more interesting game for us will be the more general black-white pebble game modelling nondeterministic
computation, which was introduced in [CS76]. In what follows, we refer to vertices having indegree 0 as
sources and vertices having outdegree 0 as sinks. We write pred(v) to denote the immediate predecessors
of a vertex v, i.e., all vertices u which have an edge to v.

Definition 1.1 (Black-white pebble game). Let G be a directed acyclic graph (DAG) with a unique sink
vertex z. The black-white pebble game on G is the following one-player game. At any time t, we have a
pebble configuration Pt = (Bt,Wt) of black pebbles Bt and white pebbles Wt on the vertices of G, where
Bt,Wt ⊆ V (G) and Bt ∩ Wt = ∅. A (complete) black-white pebbling of G, or a black-white pebbling
strategy for G, is a sequence of pebble configurations P = {P0,P1, . . . ,Pτ} such that P0 = (∅, ∅),
Pτ = ({z}, ∅), and for all t ∈ [τ ] it holds that Pt is obtained from Pt−1 by one of the following rules:

1. Black pebble placement on v: A black pebble may be placed on v provided that v is empty and all
immediate predecessors of v are covered by pebbles. More formally, letting Bt = Bt−1 ∪ {v} and
Wt = Wt−1 is allowed if v /∈ Bt−1 ∪ Wt−1 and pred(v) ⊆ Bt−1 ∪ Wt−1. (In particular, a black
pebble can always be placed on a source vertex s since pred(s) = ∅.)

2. Black pebble removal from v: A black pebble may be removed from any vertex at any time.
Formally, if v ∈ Bt−1, then we can set Bt = Bt−1 \ {v} and Wt = Wt−1.

3. White pebble placement on v: A white pebble may be placed on any empty vertex at any time.
Formally, if v /∈ Bt−1 ∪ Wt−1, then we can set Bt = Bt−1 and Wt = Wt−1 ∪ {v}.

4. White pebble removal from v: If all immediate predecessors of a white-pebbled vertex v have
pebbles on them, the white pebble on v may be removed. In particular, a white pebble can always
be removed from a source vertex. Formally, letting Bt = Bt−1 and Wt = Wt−1 \ {v} is allowed if
v ∈ Wt−1 and pred(v) ⊆ Bt−1 ∪ Wt−1.
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Figure 1: Complete black pebbling PB of pyramid graph of height 2.

A black pebbling of G is a pebbling using black pebbles only, i.e., having Wt = ∅ for all t.

Figure 1 depicts the sequence of pebbling moves in an example black pebbling of the so-called pyramid
graph of height 2, and Figure 2 shows a black-white pebbling of the same graph.

We are interested in measuring the time and space needed to pebble graphs. Time in isolation is not so
interesting, since any DAG with |V (G)| = n vertices can be pebbled in time O(n)—just sort the vertices
in topological order and then black-pebble the vertices in this order to get a pebbling in linear time and
space. However, the minimal space needed can be much less than linear, and if one wants to optimize
time and space simultaneously there can be fairly nontrivial relations between the two measures. We will
discuss this in more detail in coming lectures.

The next definition makes the concepts of time and space in pebble games more precise and introduces
some notation that we will use.

Definition 1.2 (Pebbling time and space). The time of a pebblingP = {P0, . . . ,Pτ} is simply time(P) =
τ and the space is space(P) = max0≤t≤τ{|Bt ∪ Wt|}. We say that G can be pebbled in simultaneous
time τ and space s if there is a complete pebbling P with time(P) ≤ τ and space(P) ≤ s.

The black-white pebbling price (also known as the pebbling measure or pebbling number) of G,
denoted BW-Peb(G), is the minimum space of any complete pebbling of G. The (black) pebbling price
of G, denoted Peb(G), is the minimum space of any complete black pebbling of G.

For our example pebbling PB in Figure 1 we have time(PB ) = 11 and space(PB ) = 4, while for the
pebbling PBW in Figure 2 it holds that time(PBW ) = 13 and space(PBW ) = 4. To get a feel for how to
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Figure 2: Complete black-white pebbling PBW of pyramid graph of height 2.

prove pebbling space bounds, and to see why it is not entirely trivial, it might be a good exercise to show
that space 4 is optimal for this graph (for black or black-white pebbling).

A classic result in pebbling, and indeed in complexity theory, is that if a graph G as bounded indegree,
then it is always possible to save a logarithmic factor over the trivial linear upper bound on space. And
you do not need white pebbles for this—there is such a pebbling using black pebbles only.

Theorem 1.3 ([HPV77]). For any DAG G on n vertices with constant fan-in it holds that Peb(G) =
O(n/ log n) (where the constant hidden in the big-oh notation depends on how large the fan-in is).

An almost equally classic result is that this is optimal. In the worst case, you can never save more than
a logarithmic factor.

Theorem 1.4 ([PTC77, GT78]). There are explicitly constructible DAGs Gn on n vertices with fan-in 2
such that BW-Peb(Gn) = Ω(n/ log n).

A nice feature of this result, as stated in the theorem, is that these graphs are explicit. That means that
we do not need to use, for instance, the probabilistic method to argue that we just know that such graphs
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exist but do not know more about them, but that we can in fact give an algorithm that constructs such
graphs in an efficient manner (i.e., polynomial time). We will not go into details of the construction here,
since it is somewhat elaborate, but the interested reader can refer to [Nor25, Section 7] to see what these
graphs look like and how the lower bound is proven.

2 Space Complexity in Resolution

Memory usage is a very important factor for modern state-of-the-art SAT solvers, which makes this a
potentially interesting measure to study from an algorithmic point of view. However, space complexity
has also been a central part of computational complexity theory since its inception, and so it seems natural
to try to study the space measure also in proof complexity from a theoretical point of view, to see if there
is a natural way to define space in proof complexity and if interesting results can be proven about such a
measure. In today’s lecture, we will study space in resolution and prove some upper and lower bounds.
When we do this, the width measure pops up again and turns out to be of great importance. Jumping a
little bit ahead, we will see that we can get optimal lower bounds on space by proving lower bounds on
width and appealing to a general theorem that width is a lower bound for space.

We need to recall the formal definition of space that was mentioned very briefly at the beginning of the
course. Before we do so, however, let us first try to get some kind of intuition for what this space measure
means.

To get an intuitive sense of what space is, we can think of a resolution proof as being presented on a
blackboard. The blackboard represents the information derived so far (analogues to lemmas, propositions,
et cetera). We can use such partial result to derive new results. In particular, in a resolution proof we can
take two clauses that are written on the blackboard and resolve them to derive a new clause, but we can
only resolve clauses that are currently on the board. Since the blackboard has limited size we need to
conserve space (a familiar situation during, e.g., a lecture). Therefore, if a clause seems no longer useful
at a given point, we can cleverly erase it as it is no longer needed. However, if it turns out later that we
were not so clever and the information was needed again after all, then there is nothing to be done about
it—we have to rederive this clause from scratch. If it is not on the board, we have forgotten. All we know
is what is on the board, and if it is not on the board, then we do not know it. The only exception is that
we know the statement of the theorem that we are trying to prove, or rather that we can look it up. For a
resolution proof, this means that we have the formula F written on a slip of paper, and we can look at this
paper and copy axiom clauses from F to the board. Very loosely speaking, the space of a resolution proof
measures the size of a smallest blackboard needed to carry out the proof according to this description.

Three Definitions of Space

1. With respect to linearly ordered proof DAG (which is the definition we have seen before).

2. Configuration-style (as below).

3. The most space-efficient way of realizing any given proof presented as a DAG

Let us now present the definition that we will mainly use when discussing space in resolution and
other proof systems.

Definition 2.1 (Configuration-style resolution derivation). A configuration-style resolution derivation
is a sequence of sets of clauses, or clause configurations, {C0, . . . ,Cτ} such that C0 = ∅ and Ct follows
from Ct−1 by one of the following rules:

Download: Ct = Ct−1 ∪ {C} for a clause C ∈ F (an axiom).

Erasure: Ct ⊆ Ct−1.

Inference: Ct = Ct−1 ∪ {C∨D} for a clauseC ∨D inferred by the resolution rule fromC ∨ x,D ∨ x ∈
Ct−1
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A resolution derivation π : F ⊢D of the clause D from the CNF formula F is a derivation {C0, . . . ,Cτ}
such that D ∈ Cτ . A resolution refutation of F is a derivation π : F ⊢⊥ of the empty clause ⊥ from F .

Using this formal definition, we can make the connection to the intuitive description above: the action
of writing an axiom on the blackboard corresponds to a download, the erasure rule is just the formalization
of deleting information from the board, and using the the inference rule we can derive new partial results
from the information we already have on the board. Let us next define the space measure of interest in this
lecture, which we should think of as the maximum number of clauses stored in memory while carrying
out the proof.

Definition 2.2 (Clause space). The clause space of a resolution derivation π is Sp(π) = maxC∈π{|C|},
i.e., the maximal number of clauses in any configuration. The clause space of deriving D from F in
resolution is

SpR(F ⊢ D) = min
π:F ⊢D

{
Sp(π)

}
and the clause space of refutingF is the space of deriving the empty clause⊥ fromF , denoted SpR(F ⊢⊥).

We can also define the clause space of refuting F in tree-like resolution, denoted SpT (F ⊢ ⊥), where
the minimum is taken over all tree-like resolution refutations.

There are several different ways of measuring space. For resolution, the most studied measure is clause
space, and this lecture will focus almost exclusively on this measure. So when we say only “space” in
what follows, we mean “clause space.”

As we have mentioned before, the length of refuting a formula in general resolution is different from
the length of refuting it in (the subsystem of) tree-like resolution. The situation is the same for space.
We will focus on the space measure in general, unrestricted resolution, which is the most interesting case
(but also the most challenging one). Thus, whenever we drop the subscript from the space measure, the
measure is understood to be for general resolution.

Clause space and upper bounds from black pebbling Explain correspondence between resolution
space and black pebbling price of proof DAG.

Proposition 2.3. If a CNF formula F has a refutation in length L, then F can be refuted in clause space
O(L/ logL).

Is it possible to do better? Proposition 2.3 is the same space saving as for Turing machines in [HPV77].
This was recently improved from O(L/ logL) to something like O(

√
L) by Ryan Williams. What about

resolution?

Theorem 2.4 ([ET01]). The space of refuting a CNF formula F is upper-bounded by the number of
variables in F by Sp(F ⊢⊥) ≤ |Vars(F )|+ 2.

Proof. Although we focus on the general case, tree-like resolution is sufficient to establish this upper
bound.

In an earlier lecture, we sketched the correspondence between tree-like resolution refutations and
decision trees and, in particular, argued that for any CNF formula F over n variables, there is a tree-like
refutation π for which the proof DAG Gπ is a binary tree of height h ≤ n. For such a tree, one can prove
that the corresponding resolution proof can be carried out in space h+ 2.

The proof is by induction over the tree height, and the reader can have a look at the example in Figure 3
to see what is happening. The induction hypothesis is that any clause in the proof tree which is at height h
above the axiom clauses can be derived in space h+ 2.

• Base case h = 1: In this case, the subtree we are considering is simply a sort of triangle consisting
of an internal vertex with two predecessor axiom clauses. The clause labelling the internal vertex
can be derived in space 3 = h+ 2 from the predecessors by downloading the axioms and resolving.
(For instance, x ∨ y can be derived in this way from x ∨ z and y ∨ z at the far left bottom end of
Figure 3).

13-5



x ∨ z y ∨ z x ∨ y ∨ u y ∨ u u ∨ v x ∨ v u ∨ w x ∨ u ∨ w

0

x x

x ∨ y x ∨ y x ∨ u x ∨ u

Figure 3: Example tree-like resolution refutation represented as a DAG.

• Inductive step: Suppose now that the clause at the root of any height-h subtree can be derived in
space h + 2. Consider a vertex at height h + 1. According to the induction hypothesis, it takes
clause space h+ 2 to derive its left predecessor. Now erase everything except this clause, and then
by induction derive also the right predecessor in space h+ 2 while keeping the left predecessor in
memory. Then erase everything except the two predecessors and resolve them to get the clause at
height h+1. This requires clause space (h+1)+2 = h+3. The theorem follows by the induction
principle.

An important concept in proof complexity is that of minimally unsatisfiable formulas as defined next.

Definition 2.5. An unsatisfiable CNF formula F is minimally unsatisfiable if removing any clause from
F makes it satisfiable.

Example 2.6. The formula

F = (x ∨ z) ∧ (z ∨ y) ∧ (x ∨ y ∨ u) ∧ (y ∨ u)

∧ (u ∨ v) ∧ (x ∨ v) ∧ (u ∨ w) ∧ (x ∨ u ∨ w)

can be verified to be minimally unsatisfiable. Indeed, if we remove the first clause, we can satisfy the
rest of the clauses with for instance the assignment {x = 0, y = 0, z = 0, u = 0, v = 1, w = 0}. If we
remove the second clause then the assignment {x = 0, y = 0, z = 1, u = 0, v = 1, w = 0} works instead.
The rest of the cases are left to the reader as they are a bit tedious.

If we restrict F by setting x to true, we get

F↾x = (z ∨ y) ∧ (y ∨ u) ∧ (u ∨ v)

∧ v ∧ (u ∨ w) ∧ (u ∨ w)

and this formula is not minimally unsatisfiable since we can remove the first two clauses and still have an
unsatisfiable formula. The easy verification of this fact is left to the reader.

We remark that this example shows that although restrictions preserve other useful properties, for
instance the property of being a resolution refutation with weakening (as we have seen before), they do not
preserve minimal unsatisfiability.

Let us now study the properties of minimally unsatisfiable CNF formulas. We will see that their
number of variables is upper-bounded by the number of clauses. In other words, if there are no more
clauses than variables, then a formula cannot be minimally unsatisfiable. This result is almost folklore and
has been (re)proven many times, but it is known as “Tarsi’s lemma” from the paper [AL86] .

Theorem 2.7 (Tarsi’s lemma). Any minimally unsatisfiable CNF formula must have strictly more clauses
than variables.

In order to prove this theorem, we will argue in terms of matchings in bipartite graphs, and therefore
Hall’s theorem, used in the last lecture, will come in handy again. Let us recall what it says.
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(a) Bipartite graph corresponding to formula F .
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(b) Picture proof that F is not minimally unsatisfiable.

Figure 4: Illustration of argument in proof of Tarsi’s lemma.

Theorem 2.8. Let G = (U ∪ V,E) be a bipartite graph. Then there is a matching of U into V if and
only if for all subsets U ′ ⊆ U it holds that

∣∣N(U ′)
∣∣ ≥ ∣∣U ′∣∣.

Proof of Lemma 2.7. We will prove it by contradiction. Suppose there exists a minimally unsatisfiable
formula having more clauses than variables.

Let us introduce a bipartite graph G such that left vertices are labelled by clauses Ci ∈ F and that
right vertices are labelled by variables xj ∈ V ars(F ). There is an edge between Ci and xj if the variable
xj occurs in the clause Ci. For purposes of illustration, let us assume this graph looks like in Figure 4(a).

By the construction of G, it is easy to see that if there is a matching of U into V , then there is also
satisfying assignment (but setting the variables so that they satisfy the clauses with which they are matched).
Therefore, as we know that there is no such assignment, we deduce that there is no such matching. This is
where Theorem 2.8 enters. As there is no matching, the theorem says that there exists some subset S ⊆ F
on the left with |S| > |N(S)|.

Fix such an S of maximal size. Suppose that this S is actually F . This would mean that |F | >
|Vars(F )| which is exactly what we want. Great! We cannot expect life to be quite this easy, however, and
so we also have to consider the possibility that S ̸= F . Or rather, we will now prove that we do not have
to consider this possibility, since if S ̸= F then we get a contradiction. That clearly proves the theorem.
So here goes.

Suppose that when we pick such a set S of maximal size we get a set that is not all of F . Again
for purposes of illustration, suppose that S and N(S) are as in the tetragon in Figure 4(b). The set of
clauses S must be satisfiable since it is a strict subset of a minimally unsatisfiable formula. Fix some
satisfying assignment to S, and observe that we only need to assign values to variables in N(S) since no
other variables occur in the clauses in S.

Now consider F \ S. For any subset S′ ⊆ F \ S it must hold that
∣∣S′∣∣ ≤ ∣∣N(S′) \ N(S)

∣∣. For if
this was not so, we could add S′ to S to get an even larger set with |S ∪ S′| > |N(S ∪ S′)|. But then
Hall’s theorem strikes again and says that there is a matching of F \ S into N(S′) \N(S), as depicted in
Figure 4(b). We can use this matching to assign values to the matched variables so that all clauses in F \S
are satisfied.

The variables we just assigned are different from those assigned previously for S. As the two domains
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are disjoint, we can join these two assignments into one larger assignment satisfying all clauses in F . But
if so F is satisfiable, which is a contradiction. Hence it cannot be that S ̸= F , so as claimed above we do
not have to worry about this possibility.

Tarsi’s lemma can be used to show that refutation clause space is also upper-bounded by the number
of clauses in a formula.

Theorem 2.9 ([ET01]). SpR(F ⊢⊥) ≤ |F |+ 1.

Proof. If F is not minimally unsatisfiable, throw away clauses in some arbitrary order until we get a
minimally unsatisfiable subformula F ′ ⊆ F . We know from Theorem 2.7 that

∣∣F ′∣∣ > ∣∣Vars(F ′)
∣∣, and

combining this with Theorem 2.4 we get that Sp(F ′ ⊢⊥) ≤
∣∣Vars(F ′)

∣∣+ 2 ≤
∣∣F ′∣∣+ 1 ≤ |F |+ 1.

We have proven that
Sp(F ⊢⊥) ≤ min

{
|F |+ 1, |Vars(F )|+ 2

}
(2.1)

and in particular that the size of a formula (which is at least the number of clauses and at least the number
of variables) is an upper bound on the refutation clause space in resolution. This means that the space
complexity of a formula F will always be somewhere between constant and linear, and the interesting
questions then become:

• Which formulas require linear space? (Are there such formulas?)

• Which formulas can be refuted in, say, just logarithmic space?

• Or even in just constant space?

The next theorem says that the linear upper bound is indeed tight in the worst case, at least up to constant
factors. We state it without proof for now.

Theorem 2.10 ([ABRW02, ET01]). There is a polynomial-size family {Fn}∞n=1 of unsatisfiable 3-CNF
formulas such that SpR(F ⊢⊥) = Ω(|F |) = Ω(|Vars(F )|).

Perhaps even more interesting than exactly what these and other lower bounds on clause space in
resolution look like is the history behind how they appeared. The first results were reported independently
in [ET01] and [ABRW02] (well, strictly speaking, in the conference versions [Tor99] and [ABRW00]).
These papers proved optimal lower bounds on space for pigeonhole principle formulas, which turned out to
match the bounds on width. In the same articles, a lower bound was also proven for Tseitin contradictions,
which again turned out to also be the same as the width bound. These rather funny coincidences were
explicitly pointed out and discussed in the papers. A little bit later,optimal space bounds for random
k-CNF formulas were obtained in [BG03] (conference version [BG01]), and again these bounds coincided
with the width bounds. Also, at this point there seemed to be a pattern in that the methods to prove space
lower bounds were somehow quite similar in flavour to the techniques for proving width lower bounds.
Funny indeed. And although there still was no formal link, by now it was an established conjecture that
the width and space measures had to be connected in some way, and in particular that it seemed likely that
width lower bounds should imply clause space lower bounds.

How do clause space lower bounds go? Consider a configuration-style resolution derivation π =
(C0 = ∅,C1, . . . ,CL) in not too large clause space. For every Ci, construct inductively ρi such that

• ρi(Ci) = ⊤,

• |dom(ρi)| ≤ Sp(Ci)

Inductive step:
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• Axiom download of C: Find free variable in Vars(C) \ dom(ρi−1) to assign so as to satisfy C
(uses expansion plus some planning ahead).

• Inference: Nothing needs to be done (by the soundness of the proof system).

• Erasure: Keep one literal per clause in Ci to satisfy it.

This conjecture turned out to be perfectly correct and was proven true by by Atserias and Dal-
mau [AD08] (conference version [AD03]). This paper not only solves this question, it also provides very
simple and elegant proofs using tools originating in finite model theory. These proofs are what we want to
study next.

3 Space and Width

What we want to do now is the following:

1. Give an exact characterization of resolution width in terms of a combinatorial game, where a good
winning strategy corresponds to small refutation width.

2. Prove that a small-space refutation can be used to derive a good winning strategy.

Although this outline is (for now) rather vague, it should hopefully be clear that making and argument
along these lines will allow us to prove lower bounds on space in terms of lower bounds on width (or
upper bounds on width in terms of upper bounds on space, depending on which perspective we prefer). In
particular, before we have finished today’s lecture, Theorem 2.10 will have followed as a corollary from
combining such an argument with lower bounds on width that we have proved previously.

Let us start by trying to give an intuitive description of what the combinatorial game is about. Of
course, a formal definition will follow shortly.

The existential pebble game is a game between two (perhaps somewhat odd) persons, Spoiler and
Duplicator.1 These two persons are having a heated debate regarding a given unsatifiable CNF formula
F and have different goals. Duplicator claims the formula is satisfiable, but Spoiler wants to prove him
wrong (and by assumption Spoiler is right in wanting to do this).

In order for the debate not to spin out of control, strict rules have been set. Spoiler and Duplicator
must speak during rounds having a very specific structure. First, Spoiler should pick a variable and ask
Duplicator which value it should have. As Duplicator claims there is a satisfying assignment, he should
know it and be able to answer. But since the formula is unsatisfiable this cannot really be the case, and
if Spoiler just asks about enough variables then the contradiction should become apparent. However,
things are not so easy for this poor Spoiler fellow as he is senile—he cannot keep more that p variable
assignments in memory simultaneously (where p is a parameter of the game). Before Spoiler asks for the
value of the (p + 1)st variable, therefore, he will forget one of the previous answers. But interestingly,
Spoiler is selectively senile in that he can make a conscious choice which of the previous answers to forget.
All of this is completely transparent to Duplicator, who knows exactly what Spoiler remembers and what
he has forgotten. In particular, if Spoiler ever asks again about a variable for which Duplicator already
provided and answer but for which Spoiler forgot this answer, Duplicator is free to give a different answer
each time which is inconsistent with what he has said previously.

If Duplicator ever answers in such a way that Spoiler has in memory a partial assignment falsifying
a clause in F , Duplicator loses and Spoiler wins. The aim of Duplicator is thus to give Spoiler partial
assignments that keep the formula from being falsified. Phrased differently, Duplicator wins if he can go
on playing the game forever. If Duplicator can do this, a little bit of thought reveals that he must have a
strategy that we will denote by H and that can be described as follows.

1These names are used for historical reasons.

13-9



Definition 3.1. Duplicator wins the Boolean existential p-pebble game over the CNF formula F if there is
a nonempty family H of partial truth value assignments that do not falsify any clause in F and for which
the following holds:

1. If α ∈ H then |α| ≤ p (where |α| denotes the number of variables in the current partial truth value
assignment, which should be at most p).

2. If α ∈ H and β ⊆ α then β ∈ H. (When Spoiler forgets, Duplicator just keeps track of the partial
assignment to the variables still in memory.)

3. If α ∈ H, |α| < p and x ∈ Vars(F ) then there exists a β ∈ H such that α ⊆ β and x is in the
domain of β. (This tells Duplicator how to answer to a query about x.)

H is called a winning strategy for Duplicator. If there is no such strategy then Spoiler wins the game.

If there is a winning strategy for Duplicator, then it is not hard to see that there is a deterministic
winning strategy that for each α ∈ H and each move of Spoiler defines one unique move β for Duplicator.
This in turn means that if Duplicator does not win, then there is a deterministic winning strategy for Spoiler
as explained next.

Proposition 3.2. If Duplicator has no winning strategy, then there is a deterministic winning strategy
(in the form of a partial function from partial truth value assignments to variable queries/deletions) for
Spoiler.

Proof. The reason for this proposition to be true is that since the number of possible deterministic strategies
for Duplicator is finite, then Spoiler can build a strategy by “brute force” evaluating all possible responses
to sequences of queries and deletions. (Note that we are not at all interested in questions about efficiency
here, we just care about the existence of deterministic strategies.)

Arguing somewhat more carefully, we can consider Duplicator’s strategy to be simply a large table. If
the partial assignment in Spoiler’s memory is α and variable x is being queried, then Duplicator looks at
the corresponding row in the table to see if he should answer 0 or 1. If F has n variables, then the number
of subsets of variables Spoiler can have in memory is

∑p
i=0

(
n
i

)
and since each subset of variables of size

m can be assigned in 2m ways, we get a total of at most
∑p

i=0 2
i
(
n
i

)
partial assignments. The total number

of rows needed in Duplicator’s strategy table, therefore, is at most R = n
∑p

i=0 2
i
(
n
i

)
. Each row contains

0 or 1, so if we write S to denote the set of all possible strategies for a deterministic Duplicator in the
p-pebble game, we get that |S| ≤ 2R < ∞ is certainly finite.

The assumption is that none of these strategies is winning. Therefore, shifting to Spoiler’s perspective,
for each strategy S ∈ S, each α ∈ S, and each x not assigned by α, there is a shortest sequence of
queries and deletions beginning with x that leads to a β ∈ S that cannot be extended to any variable y
without falsifying some C ∈ F . Denote this length l(S, α, x). Start with the empty assignment ∅ and
let Spoiler choose x minimizing maxS∈S{l(S, ∅, x)}. Record the possible answers α1 = {x = 0}, α2 =
{x = 1}. Note that for both α1 and α2 we now have shorter sequences miny ̸=x{maxS∈S{l(S, αi, y)}} <
maxS∈S{l(S, ∅, x)} by assumption. Inductively, suppose we need to fix Spoiler’s response to α. Look
at all possible moves and pick one minimizing the maximum distance to a contradiction. Since these
sequences keep getting shorter, this construction takes a finite number of steps and yields a winning
strategy.

Somewhat amazingly, this existential p-pebble game exactly characterizes resolution width, as stated
formally in the following theorem.

Theorem 3.3 ([AD08]). Let F be an unsatisfiable CNF formula and let p > W(F ). Then F has a
resolution refutation π : F ⊢⊥ of width W(π) ≤ p if and only if Spoiler wins the existential (p + 1)-
pebble game on F .
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Proof. Let us do the directions of the if and only if statement on at a time.
(⇒) First, let us prove that a narrow resolution refutation yields a winning strategy for Spoiler. Consider

the DAG Gπ associated to the resolution proof π : F ⊢⊥. Spoiler starts at the vertex for ⊥ and inductively
queries the variable resolved upon to to get there. Spoiler then moves to the assumption clause D falsified
by Duplicator’s answer and forgets all variables not in D. This is inductively repeated for each new clause.
As Spoiler walks through the DAG, he maintains the invariant that he is always standing on a clause
falsified by the variables he has kept in memory. Spoiler will eventually reach a falsified axiom having
remembered no more than W(π) + 1 variables simultaneously. The reason we have W(π) in the bound is
that this is the largest size of any clause D ∈ π, and the extra +1 is needed for the variable resolved over
to derive D.

(⇐) Let us now prove that the existence of a winning strategy for Spoiler yields a narrow proof. We
will build a DAG Gπ corresponding to a proof π of the formula using Spoiler’s strategy. Here is how.

Start with the ⊥ vertex. Supposing that x is the first variable queried, make vertices labelled by the
clauses x and x with edges to ⊥. Inductively, let ρv be the unique minimal partial truth value assignment
falsifying the clause Dv labelling v. If the move on ρv is the deletion of y, make new vertex Dv \ {y, y}
with an edge to Dv, corresponding to a weakening step. Otherwise, if y is queried, make new vertices
D ∨ y and D ∨ y with edges to D, corresponding to a resolution step.

Since Spoiler will win in a finite number of steps regardless of how Duplicator answers, the graph Gπ

is finite. Moreover, it is easy to see that locally all steps in Gπ are legal resolution derivation steps. The
question is from which initial clauses this derivation starts, i.e., which clauses are labelling source vertices
in Gπ. By construction the source vertices of the DAG are winning positions for Spoiler, and since Spoiler
wins when the current assignment falsifies an axiom clauses all sources will be labelled by (weakenings
of) axioms of F . Therefore, Gπ is the DAG of a correct resolution refutation π : F ⊢⊥, possibly using
weakening. If we go over π in a postprocessing step and remove all weakening steps, we get a derivation
in width at most p since if |ρv| = p+ 1 then the next move for Spoiler must be a deletion.

The lower bound on space in terms of width that we will prove next follows from the fact that Spoiler
can use proofs in small space to construct winning strategies with few pebbles.

Lemma 3.4 ([AD08]). Let F be an unsatisfiable CNF formula of width W(F ) = w with refutation space
Sp(F ⊢⊥) = s. Then Spoiler wins the existential (s+ w − 2)-pebble game on F .

Proof. Take a resolution refutation π =
(
C0 = ∅,C1, . . . ,Cτ = {⊥}

)
of F in clause space s. Spoiler

can construct a winning strategy by inductively defining a partial truth value assignment ρt such that ρt
satisfies Ct by setting (at most) one literal per clause to true.

Suppose inductively that we have constructed such assignments up to time t and consider the three
possible derivation steps to get from Ct to Ct+1.

Suppose first that π does an axiom download at time t. We observe that we can assume that axiom
downloads occur only for configurations Ct of size |Ct| ≤ s− 2. This is without loss of generality since
at the time of a download, one also needs one free memory slot for the resolvent. Otherwise, the next
step would have to be an erasure and we could reverse the order of these two derivation steps. When π
downloads C ∈ F , Spoiler queries Duplicator about all variables in C until Duplicators gives an answer
that satisfies C (which he must to avoid losing). Once Spoiler obtains an answer satisfying a literal a in C,
he forgets the rest of the variables queried for C and keeps this one satisfying literal to get ρt+1 = ρt ∪ {a}.
This sequence of moves in the pebble game uses at most (s− 2) +w pebbles. To see this, note that ρt has
size atmost |Ct| ≤ s− 2 as explained above, and at most W(F ) = w extra pebbles are needed to find a
literal satisfying C.

When a clause is erased, Spoiler deletes the corresponding literal satisfying the clause from ρt if
necessary (i.e if |ρt| = |Ct|).

At last, for inference steps, Spoiler sets ρt = ρt−1 since, by induction, ρt−1 must satisfy the resolvent.
Indeed, suppose a clause D ∨D′ ∈ Ct+1 is derived by resolving two clauses D ∨ x,D′ ∨ x ∈ Ct over x.
Then ρt(D ∨ x) = ρt(D ∨ x) = 1 by our inductive hypothesis, and at least of of these clauses is satisfied

13-11



by some literal over a variable other than x. This same literal appears in D ∨D′, and so ρt must fix this
resolvent to true.

As we can see, ρτ cannot satisfy Cτ since it contains ⊥, so whatever Duplicator does he must fail to
satisfy an axiom downloaded at some time prior to time τ . Therefore, Spoiler has a winning strategy with
a number of pebbles smaller than or equal to (s− 2) + w.

Theorem 3.5 ([AD08]). For any unsatisfiable CNF formula F it holds that

Sp(F ⊢⊥)− 3 ≥ W(F ⊢⊥)−W(F ) .

Proof. This theorem is a direct consequence of Theorem 3.3 and Lemma 3.4. Indeed, from the theorem
we know that if Spoiler wins the existential (p+ 1)-pebble game on F , then W(F ⊢⊥) ≤ p. The lemma
then says that if W(F ) = w and Sp(F ⊢⊥) = s, then Spoiler wins the existential (s+ w − 2)-pebble
game on F .

Remark 3.6. One way of rephrasing what Theorem 3.5 means in words is as follows. Any resolution
refutation of a nontrivial formula needs to do at least one resolution step, and that requires clause space 3 (to
keep the two clauses resolved as well as the resolvent in memory). Thus, the left-hand side Sp(F ⊢⊥)− 3
of the inequality in Theorem 3.5 measures the amount of space needed over the bare minimum necessary.
Similarly, if F is a minimally unsatisfiable formula it is clear that any resolution refutation needs to have
width W(F ) since all clauses are needed to refute the formula. Hence, the right-hand side of the inequality
W(F ⊢⊥)−W(F ) is the width needed on top of the obvious minimal requirement. What Theorem 3.5
says is that the minimum extra space needed is lower-bounded not asymptotically, but exactly, by the
minimum extra width needed.

Using this theorem, we can rederive all optimal (i.e, linear) lower bounds on space we know. To do so,
all we have to do is to use lower bounds on width from, e.g., [BW01] and then the lower bound on space
in terms of width in Theorem 3.5. In particular, in this way we can obtain Theorem 2.10 (for instance, by
using Tseitin contradictions).

In view of that we have just proven that width is a lower bound on clause space, and that as we saw
above these two measures seem to coincide for a number of formula families, it is very natural to ask
whether this is always the case. That is, more formally we have the following question:

Is it true for an unsatisfiable k-CNF formula that the width of refuting it and the clause space
of refuting it always coincide asymptotically?

We will return to this question, and answer it, later during the course.
An interesting corollary of Theorem 3.5 is that if a k-CNF formula is easy with respect to clause space,

it is also easy with respect to length.

Corollary 3.7. If a k-CNF formula F over n variables is refutable in constant space, then F is also
refutable in length polynomial in n.

Proof. The proof of this corollary is very direct. A constant upper bound on clause space implies a
constant upper bound on width. As the number of clauses of constant width is polynomial, we obtain an
upper bound on the length by simply counting.

Space is still not a very well understood complexity measure, not even for such a (seemingly) simple
proof system and resolution, and there are a number of easy to state but (apparently) hard to resolve open
problems regarding space. Let us very quickly give a few examples.

The first question is whether Corollary 3.7 can be strengthened by relaxing the necessary upper bound
on clause space to logarithmiv.

Open Problem 1. Is it true that a logarithmic upper bound on clause space implies a polynomial upper
bound on length?

13-12



The second question is whether something can be said about the length of a refutation in constant
clause space.

Open Problem 2. Is it true that a resolution refutation in constant space can also be carried out in
polynomial length, or can at least be modified to a refutation in simultaneous polynomial length and
constant space?

We remark that Corollary 3.7 does not give any information regarding this question. When we take a
small-space refutation and run it through Theorem 3.5, what pops out is a potentially completely different
refutation, and we do not know anything about this refutation except that it is narrow, and therefore also
has to be short. It would be interesting to get a more constructive proof of Corollary 3.7 that can provide
some understanding as to why constant space implies polynomial length.

Open Problem 3. Is there a direct proof showing that constant clause space implies polynomial length,
and explaining why this is true?

In a sense, the problem is that the upper bound on width in terms of space by Atserias and Dalmau is
fairly non-constructive. It just says that small space implies the existence of a narrow-width refutation, but
does not tell us anything about how to construct such a narrow refutation if we are given a small-space
refutation. Hence the final open question that we want to mention in this context.

Open Problem 4. Is there a constructive, explicit version of Theorem 3.5 that can tell us how to convert
space-efficient refutations to narrow refutations?

A question which is not open however is the following:

Is it true that the space-efficient refutation can itself also be narrow?

The answer to this question is “no.” Interestingly, this was proven in [Ben02] even before the paper
[AD03] appeared. We turn to this topic next.

4 Pebbling Contradictions

We want to find CNF formulas exhibiting a trade-off between clause space and width in the sense that they
are easy for both width and space, but that one cannot minimize both of these measures simultaneously.
It turns out that such formulas can be constructed by using pebble games, but these games are not the
existential pebble games discussed above but instead the pebble games discussed at the beginning of this
lecture.

So what does this game have to do with proof complexity in resolution? Not a lot, it might seem, but it
turns out that one can define CNF formulas encoding specific instances of pebble games on graphs, and
such formulas have interesting properties.

In the last couple of decades, there has been renewed interest in pebbling in the context of proof
complexity. The way pebbling results have been used in proof complexity has mainly been by studying
so-called pebbling contradictions (also known as pebbling tautologies2 or pebbling formulas). These are
CNF formulas encoding the pebble game played on a DAG G by postulating the sources to be true and the
sink to be false, and specifying that truth propagates through the graph according to the pebbling rules.
The idea to use such formulas seems to have appeared for the first time in Kozen [Koz77], and they were
also studied in [RM99, BEGJ00] before being defined in full generality by Ben-Sasson and Wigderson
in [BW01].

Definition 4.1 (Pebbling contradiction). Suppose that G is a DAG with sources S and a unique sink z.
Identify every vertex v ∈ V (G) with a propositional logic variable v. The pebbling contradiction over G,
denoted PebG, is the conjunction of the following clauses:

2Recall that we warned already during the first lecture for this sometimes confusing convention in proof complexity to consider
contradictory CNF formulas to be tautologies (since they are used to encode negations of tautological statements).
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(a) Pyramid graph Π2 of height 2.
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∧ (u ∨ v ∨ x)

∧ (v ∨ w ∨ y)

∧ (x ∨ y ∨ z)

∧ z

(b) Pebbling contradiction PebΠ2
.

Figure 5: Pebbling contradiction for the pyramid graph Π2.

• for all s ∈ S, a unit clause s (source axioms),

• For all non-source vertices v, the clause
∨

u∈pred(v) u ∨ v (pebbling axioms),

• for the sink z, the unit clause z (sink axiom).

If G has n vertices and maximal indegree ℓ, the formula PebG is a minimally unsatisfiable (1+ℓ)-CNF
formula with n+1 clauses over n variables. We will almost exclusively be interested in dags with bounded
indegree ℓ = O(1), usually ℓ = 2. We note that DAGs with fan-in 2 and a single sink have sometimes
been referred to as circuits in the proof complexity literature, although we will not use that terminology in
this course. For an example of a pebbling contradiction, see the CNF formula in Figure 5(b) defined in
terms of the graph in Figure 5(a).

Clearly, such formulas have to be unsatisfiable since all sources are postulated to be true and truth
propagates from predecessors to successors but the sink is required to be false.

Though this might not a priori be obvious at all, there are close relations between resolution refutations
of pebbling contradictions and pebblings of graphs. It is not so hard to see that a black pebbling of G can
be turned into a resolution refutation of PebG in length and space corresponding to the pebbling time and
space. What is more interesting, though, is the result in the other direction that any resolution refutation
of PebG can be translated into black-white pebbling of G in the same way.

5 Reductions Between Pebbling and Resolution

The formal statement of how any black pebbling of a graph can be simulated by a resolution refutation of
the corresponding pebbling contradiction is as follows.

Observation 5.1 ([BIW04]). If G is a DAG with constant fan-in and a single sink, then from any
complete black-only pebbling P of G one can extract a resolution refutation π : PebG ⊢⊥ of the pebbling
contradiction over G such that L(π) = O(time(P)), W(π) = O(1), and TotSp(π) = O(space(P)).

Proof of Observation 5.1. Suppose that G is a DAG with indegree ℓ and unique sink z. Let n = |V (G)|.
Sort the vertices of G in topological order. We will show how to derive the unit clause v for all vertices
v ∈ V (G) in this topological order in length n(1 + ℓ) and width 1 + ℓ. Once we derive z, we then resolve
with z to get the empty clause. Since ℓ is assumed to be constant, this is sufficient to prove the observation.

The argument is by induction. If s is a source vertex, then the unit clause s is an axiom of PebG and
there is nothing to prove. If u is a non-source, say with immediate predecessors pred(u) = {v1, . . . , vℓ′}
for ℓ′ ≤ ℓ, then by induction we have already derived all the unit clauses vi for i = 1, . . . , ℓ′. Download
the axiom v1 ∨ · · · ∨ vℓ′ ∨ u and resolve in ℓ′ steps with vi, i = 1, . . . , ℓ′, to derive u. This is a total of at
most 1 + ℓ steps per vertex, and the widest clauses that appear in the refutation are the axiom clauses.
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The other direction is much less obvious, but essentially says that any resolution refutation of a pebbling
contradiction can be simulated by a black-white pebbling of the underlying graph.

Theorem 5.2 ([Ben09]). If G is a DAG with constant fan-in and a single sink, then from any resolution
refutation π : PebG ⊢⊥ of the pebbling contradiction over G one can extract a complete black-white
pebbling Pπ of G such that time(Pπ) = O(L(π)) and space(Pπ) = O(VarSp(π)). In more detail, the
pebbling time will be at most linear in the number of axiom downloads in π.

Proof sketch. This might also become part of a problem set, but let us drop some heavy hints.
The general idea is to let positive literals correspond to black pebbles and negative literals to white

pebbles. Using this correspondence, one gets a pebble configuration from every clause configuration.
Then one needs to glue these pebble configurations together in such a way that one obtains a correct
pebbling for which the bound stated above holds.

There are two helpful technical observations that one needs to prove. Namely, without loss of generality
one can make the following assumptions:

• Any clause appearing in any configuration of the proof (other than the final empty clause) is resolved
over at least once before being erased.

• When a clause is erased from a configuration after having been used in a resolution inference for the
last time, it is erased immediately after this final resolution inference step.

The rest is just figuring out how to put the pieces together. Note that the hard part is to show that you really
get a correct pebbling strategy for the graph, and this needs to be argued carefully.

6 A Trade-off Between Width and Clause Space in Resolution

When we showed that clause space is an upper bound on width in resolution, we observed that the proof
of this fact it [AD08] worked by taking a space-efficient resolution refutation π and and transforming it
into a potentially completely different narrow resolution refutation π′ (namely, by first using π to derive a
good strategy for the Spoiler in the combinatorial game characterizing width, and then using the Spoiler
strategy to obtain a refutation π′ in small width). It is natural to ask whether such a transformation is really
necessary. Maybe one can prove that a space-efficient refutation is also narrow simply by virtue of having
small space? Or maybe a refutation in small space can at least be massaged into one that has small width
also without blowing up the space?

It turns out that this question had been answered even before we knew there was this reason to ask
it, namely in the conference paper [Ben02] preceding [AD03]. (These papers later appeared as journal
versions [AD08] and [Ben09] in reverse chronological order.) The answer is that in general it is impossible
to optimize space and width simultaneously in any meaningful way.

Theorem 6.1 ([Ben09]). There is a family of k-CNF formulas Fn of size Θ(n) such that Sp(Fn ⊢⊥) =
O(1) and W(Fn ⊢⊥) = O(1), but for any resolution refutation πn : Fn ⊢⊥ it holds that Sp(π) ·W(π) =
Ω(n/ log n).

What this theorem says is that although the formulas Fn can be refuted in essentially minimal clause
space and essentially minimal width, when we optimize one of these measures the other has to blow up to
almost worst possible. (Recall that the worst-case upper bound is linear in n, and the lower bound we get
here is linear except for a log n factor.)

We will spend the rest of this section proving this theorem. Let us start by an easy observation.

Observation 6.2. For any resolution refutation π it holds that Sp(π) ·W(π) ≥ TotSp(π).

Proof. The refutation π never has more that Sp(π) clauses in memory, and each clause has size at most
W(π). Thus the total number of literals in memory at any point during π, i.e., the total space, is at most
Sp(π) ·W(π).
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Now we can present the formulas we want to use to prove Theorem 6.1. Namely, we take the
graphs Gn from Theorem 1.4, which are very hard with respect to pebbling space, and look at pebbling
contradictions over these graphs. Using Theorem 5.2, we can conclude that for these formulas it must hold
that TotSp(PebGn

⊢⊥) ≥ VarSp(PebGn
⊢⊥) = Ω(n/ log n).

All that remains now is to prove that these formulas are easy with respect to both width and clause
space. But this is in fact the case for any pebbling contradiction. We already observed this for width in
Observation 5.1, and the formal statement for clause space follows below.

Lemma 6.3 ([Ben09]). For any DAG G of size Θ(n) there is a refutation π : PebG ⊢⊥ with L(π) = O(n)
and Sp(π) = O(1).

Before proving Lemma 6.3, let us just note that if we can do so then we are done also with Theorem 6.1.
We already argued above that TotSp(PebGn

⊢⊥) ≥ VarSp(PebGn
⊢⊥) = Ω(n/ log n). This means

that although we can refute the formulas PebGn
in width W(PebGn

⊢⊥) = O(1) by Observation 5.1
and also in clause space Sp(PebGn

⊢⊥) = O(1) by Lemma 6.3, any refutation π optimizing one of the
measures must have the other measure being large.

Proof of Lemma 6.3. Suppose that G is a DAG with unique sink z and number of vertices n = |V (G)|.
Sort the vertices of G in reverse topological order. We will consider the vertices in this order v1 =
z, v2, . . . , vn−1, vn and derive in constant clause space (in fact, minimal clause space 3) for each vi a
clause Di =

∨
w∈Wi

w such that Wi ⊆ {vi+1, . . . , vn}. When we reach vn, this means we have derived
the empty clause.

Start by downloading the sink axiom z as well as the pebbling axiom
∨

w∈pred(z)w∨z for the sink, and
resolve these two clauses to get D1 =

∨
w∈pred(z)w. This clause clearly satisfies the invariant specified

above for W1 = pred(z).
When we get to the vertex vi, the clause Di−1 =

∨
w∈Wi−1

w must contain the literal vi since vi is the
predecessor of some vi′ for i′ < i, and the literal vi was added to the clause when the pebbling axiom
for vi′ was downloaded. Now download the pebbling axiom

∨
w∈pred(z)w∨vi for vi and resolve with Di−1

to get a new clause Di =
∨

w∈Wi
w for Wi = (Wi−1 ∪ pred(vi)) \ {vi}, and then erase everything except

Di from memory. Since the resolution step removed the literal vi and all new literals added must be for
vertices before vi in the topological ordering, the invariant is maintained. Since the derivation works by
always keeping one clause in memory and downloading axioms and resolving with this clause, the space
of the derivation is 3. We make exactly one resolution inference (plus two erasures) per vertex, so the
length of the derivation is linear in the number of vertices (independent of the fan-in of the graph). The
lemma now follows by the induction principle.
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