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Proof Complexity as a Computational Lens 2025/26 Dec 4, 2025

Lecture 12

Lecturer: Jakob Nordstrom Scribe: Lukas Polacek, Add-scribe-name-here

1 Quick Recap of Lower Bounds on Length in Terms of Width

Recall that in previous lectures we proved two bounds by Ben-Sasson and Wigderson [BW01] on length
in terms of width. For an (unsatisfiable) CNF formula F' over n variables, we have the bound

(W(EFHL) - W(F»?)) i

Lp(FEL)>exp <Q < n

in general resolution, whereas for tree-like resolution we proved the cleaner (and stronger) bound
LAF L) gl Wiy, (1.2)

A natural question is: can we improve (1.1) to an expression similar to (1.2)? The short answer is: no, we
cannot. The purpose of today’s lecture is to show that the bound (1.1) is in some sense essentially optimal
for general resolution. As a byproduct, we will also see an example which shows that general resolution is
exponentially stronger than tree-like resolution with respect to length.

INSTRUCTOR’S COMMENT 1. The discussion above needs to be updated with that a similar bound as in (1.1) holds for polynomial calculus
size versus degree, as we have talked about in previous lectures, and that a similar question can be asked about the tightness of that relation.

2 Formulas with Wide and Short Refutations

Suppose F' is a k-CNF formula for some bounded & = O(1). Then what (1.1) says is that if W(F L) =
w (\/W), it must hold that Ly (F' F L) is superpolynomial. Rephrasing our question above, what we
are asking is whether a weaker lower bound on width can also provide guarantees for superpolynomial
length lower bounds. We will prove that if one weakens the bound by only a v/log n factor, there are no
longer any guarantees. Namely, we will find £-CNF formulas that require width on the order of \/n but
nevertheless have refutations of polynomial length.

The fact that the relation between size on the one hand and width/degree on the other hand is tight
was proven for resolution by Bonet and Galesi [BGO1] and for polynomial calculus by Galesi and
Lauria [GL10].

INSTRUCTOR’S COMMENT 2. We should maybe sharpen the statement of the result to say that the size of the formulas is O(n*/*) and that
the length/size of the refutations is also O(n>/2).

Theorem 2.1 ([BGO1]). There are 3-CNF formulas F,, over n variables with poly(n) clauses such that
Ly (F, L) =poly(n) but W(F, FL1) =0 (y/n).

As discussed above, this implies that (1.1) is essentially optimal. By (1.2), a refutation in tree-like
resolution for F,, has to have length at least 29UV7)_ Thus, we have the following corollary.

Corollary 2.2. General resolution is exponentially stronger than tree-like resolution with respect to length.

There are stronger separations of tree-like and general resolution—the best one is in [BIW04] as far as
the lecturer is aware—but the nice thing with Corollary 2.2 is that we get it “for free” from Theorem 2.1.
A word of caution: Above, the parameter n was the number of variables in the formula. This will
change in a few seconds, and from then on n will instead be the natural parameter for a family of formulas
{Fn}22 ; with poly(n) variables. This might be a bit confusing, but these are standard conventions in
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the literature. Thus, rather than trying to shield course participants from the harsh realities of life by
changing these conventions, we instead add this caveat to help deal with these realities head on.

Nevertheless, as an extra service to the reader we will also try to denote the number of variables by IV
below for increased clarity.

INSTRUCTOR’S COMMENT 3. Not clear if N is a great choice, since | think we reserved this for the size of the input formula in the first
lecture. .. Maybe think about whether this new usage of N here could be eliminated without losing much.

In the rest of the lecture, we will prove Theorem 2.1. We will use formulas which encode ordering
principles. Suppose we have a finite set S, = {e1, ..., en} of partially (or totally) ordered elements, then
Sy, must have a minimal element. Note that this statement is not true for infinite sets, e.g. {1/n | n € NT}.

Since we want unsatisfiable formulas, we will use CNF formulas saying that .S, is ordered but that
despite of this there is no minimal element in the set. Below, we should interpret the variable z;; to mean
that e; < e;. We will use the following 4 types of clauses, where indices 7, j, k& range from 1 to n.

MG k) = %y v T V T foralli #j#k#1 (transitivity) (2.1a)

By = T V %5 for all 4 # (anti-symmetry) (2.1b)

CLE = \/ i for all j (non-minimality) (2.1c)
1<i<n,ifj

s 3) = Bz V255 for all 7 # j (totality) (2.1d)

Clauses of type (2.1a), (2.1b) and (2. 1c) form the partial ordering principle formulas and we denote
the formula for .S,, by POP,,. By adding clauses of type (2.1d), we get linear ordering principle formulas
and we denote these formulas by LOP,,. We remark that these formulas go under a number of different
names in the literature, but we will stick to POP,, and LOP,, in this lecture It is easy to check that both
types of formulas have © (n?) variables and © (n?) clauses.

3 An Upper Bound on Refutation Length of Ordering Principles

The ordering principle formulas were conjectured to be hard to refute in resolution by Krishnamurthy [Kri85]
(note that this is close in time to the first exponential lower bounds for resolution by Haken [Hak85]),
but were instead proven to be easy by Stalmarck [Sta96] a decade later. We will follow an adaptation of
Stalmarck’s resolution refutation by Bonet and Galesi [BGO1].

Note that POP,, C LOP,,, so arefutation for POP,, is also a refutation for L OP,, and hence it holds
that L(LOP,, 1) < L(POP, +-_L). Our goal in this lecture is to prove an upper bound on resolution
refutation length for POP,, (which will automatically hold for LOP,, as well).

Already a couple of lectures back, we proved a degree lower bound for graph ordering principle
formulas. Upper bounds for POP,, imply upper bound for these formulas, and lower bounds for graph
ordering principle formulas imply lower bounds for POP,,.

Theorem 3.1 ([Stda96]). There exist resolution refutations of POPy, in length O (77,3).

Proof. Forn = 1, we have POP1 = (T12 V Ta1) A T12 A 21, and this formula can clearly be refuted in
a (small) constant number of steps by a resolution refutation 7. For bigger n our strategy is to derive
POP,,_; from POP,, in polynomial length. If we have such resolution derivations 7, : POP,, = POP,,_1,

we can then string all these derivations 7, 7, 1, ..., 73, 72 together to get a refutation of POP,,.
Note that clauses of type (2.1a) and (2.1b) from POP,,_ are all present in POP,,, so we only need to
show a way to derive clauses of type (2.1c). Namely, we will derive clauses Cot et Gr— i =1)

from A(%, j, k), B(%, j) and Cy(j) (for all needed 4, 7, k). The intuition behind this derivation is that we
can extract a smaller set S,,_1 from S,, which is also ordered and does not contain a minimal element by
showing that since e,, is not minimal, some element in {e1, . .., en_l} must be.

More formally, we claim that any clause C,, 1 (%) can be derived in polynomial length, and state this
formally as Lemma 3.2 below. Assuming this lemma, which we will prove shortly, we can apply it for all
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1=1,2,...,n — 1to obtain all clauses of POP,, ; from those of POP,,, and Theorem 3.1 follows by
induction. O

Lemma 3.2. Forany j < n—1, the clause C,,_1(3j) is derivable in polynomial length from Cy,(1), . . ., Cy,(n),
A(l,n,j7),...,A(n—1,n,j), and B(j,n).

Proof. For any i # j, we can do the inference step

GaXi) e A, g) 3.1
Cn—l (J) V Tin

by resolving over z,,;. We can interpret this step as follows. Suppose e; is not minimal in \S;, and none of
the elements {e1,...,€j_1,€;541,...,€n_1} is smaller then e; (this corresponds to C,,_1(j) being false),
then e, has to be smaller than e;. This implies that e; £ ey, since if on the contrary e; < ey, then we
would also have e; < e; by transitivity contrary to assumption. Thus, x;, must be false in this case.

To derive Cy,—1(j) V Tjn, we instead resolve

Cu(j)  B(j,n) (3.2)
Cnf 1 (]) Vv Ejn

over Zn;. In this way, we can derive C,,_; V T;y, for all 1.
Using these clauses one by one and resolving over the variables 1y, Ton, . . ., Tn—1,, in that order, we
get the resolution derivation

C’n(n) C’n_l(j) V T1n

Ca1(3) V Viz en Cr—1(4) V Tan
Cn-1 (.7) W ng_gl Ten G (_7) V T3y,
Ca1(9) V VEZ; Ten (3.3)
Cn—1 (.7) VTp-1n Cn_l(j) VTn_1n
Cna(4)
which also clearly has polynomial length, and which derives Cy,—1(j). This concludes the proof of
Lemma 3.2. O

Note that all the clauses appearing in the resolution refutation have width O (n), which is O (\/N ) if
we let N denote the number of variables in POP,,.

4 3-CNF Versions of Wide CNF Formulas

So now we are done with the first half of our program for today, and if we can also prove a lower bound on
width for LOP,, we will be done. Except...

Except that if we look closer at the definitions of POP,, and LOP,, these formulas have clauses of
width 7, but Theorem 2.1 is stated for 3-CNF formulas. Intuitively, if the width of the clauses themselves
is already 7, then we would have to work very hard indeed to prove a lower bound on W(LOP,, I-_L) that
could give anything interesting in (1.1).

So what can we do? One approach would be to proceed as for the pigeonhole principle formulas,
where we defined “sparser versions” with constant-width clauses and showed that these formulas were
also hard. That is in fact something one can do for ordering principles as well,' although one has to be a
bit more careful, but that is not what we are going to do today.

INSTRUCTOR’S COMMENT 4. Well, in this edition of the course this is exactly what we will do, or already did, in fact.

'See Lemma 8.17 in [SB104] for the details.
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